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Dynamics for an electric pendulum
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The Lagrangian formulation is an extensive tool for the analysis of physical systems. In particular, we have applied the Lagrangian procedure
to deduce the dynamics and stability for an electric pendulum system. We have considered two cases; repulsive and attractive electric
interactions which modify the dynamics of the classical simple pendulum model. We contrast both scenarios studying their restrictions,
phase trajectories and stability points for this purpose.
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1. Introduction of the orbits and the nature of the motion in each region of
the system evolution are also analyzed.

Classical mechanics for a system of particles is beautiful €x-  The remainder of this work is organized as follows. In
plained in Landau’s textbook [1]. The approach employedsec. 2, we present the physics of the problem and provide
by Landau corresponds to the Lagrangian formulation, wherghe motion equations for the system. We analyse the regions
the energy and degrees of freedom play an important rolesnd restrictions for phase trajectories, which synthesizes the
Since the Galileo Galilei’s era, a simple pendulum has beedynamics of the system, in Sec. 3. The next section is de-
widely studied [2]. This model corresponds to the descriptionyoted to identify the range of evolution as well as the stabil-

of harmonic oscillations for a convenient limit, this is a ba- ity points. Finally, in Sec. 5 we provide the conclusions and
sic mechanical system, which is applied to diverse branchesome closing remarks.

of knowledge [3]. The simple pendulum model consists of a
mass tied to a string that is attached to a fixed point and theE Electric Pendul
from a certain angle is released to analyze its movement [4]" ectric Fenauium

The electric pendulum studied in this letter is composedrye |aws of movement for any mechanical system can be
by a metallic ball of mass: and charge, this ball is tied  gequced from the universal principle of least action or the
to a nylon isolator string of length which is released from  amiiton’s principle. This statement establishes that all me-
anglep. Another metallic ball with charge) and massno s chanical systems can be described by a function for all pos-

placed in a fixed position of vertical axis, as can be observedjpie continuous trajectories. This is called the Lagrangian
in Fig. 1. Charges and masses of both balls are chosen to b gives rise to the so called Euler-Lagrange equations of
different. Interaction of the hanging mass with gravitational j,otion [1,4].

field of the Earth is important for the developed model, the e analyze a simple pendulum restricted to a one-degree
mass of the fixed ball in vertical axis does not represent @ freedom with variable, which is depicted in Fig. 1. Here,
considerable contribution to the system because both MasseScorresponds to a fixed length from the lower position of the
are much smaller than the mass O‘f th? Ed@ 2> m, Mo pendulum to the second vertical fixed particle. There are two
and1 kg > m,mg > 0; thus, gravitational interaction be- 45 with masses:, m, and charges, ¢, respectively. For
tween the two balls can be neglected compared with that of,e system developed at this work and for the maswhich

the Earth. Besides, the length of the string much bigger s peing considered as the dynamic body, we define the La-
than the dimensions of the balls, which can be considered ebsrangian function as

punctual particles but mass of the string can be neglected in
this model since it is lower than mass of the suspended ball L. = lmy —U(2), (1)
[5,6].

Our main objective in this work is to formulate the equa- where the first element.i? /2 represents the kinetic energy
tions of motion for the electric pendulum system. The studyandU (z) is the potential energy of the system. Note



214 0. AGUILAR LORETO, A. MUNOZ AND A. JIMENEZ FEREZ

X U

N—T /2 3

ZO
FIGURE 2. Potential for the electric simple pendulum with values,

Tm q mgl = 2, qqo/4meoy/2lo = 0.5, (1 + lo)? + 12) /21lo = 1.02.
0>4Y0

¢ = 0. It is worth noting that for the case= 0 within a

v y range of values, as we shall see, gravitational potential can
be much bigger than the electric repulsive interaction, thus

FIGURE 1. Model for an electric pendulum. the shape of the potential is quite similar to an ordinary sim-

that even though motion of the system takes place in a bif'e Pendulum.
at even though motion of the System lakes place n a b p. e considered system, the Lagrangian function

dimensional frame, actually the motion is one-dimensional .
according to the degrees of freedom. L <¢’ ¢)’ corresponds to

The termU (x) is expressed as 1
L. = imlzgi.)z + mgl cos ¢

U(x)=Uy(z)+ Uy (x), (2 ‘
wherelU, = —mygl cos ¢ means the gravitational potential _ (—1) 940 7 (4)
energy withg = 9.8 m/s® the acceleration due to Earth’s 47750\/(1 + 10)2 112 — 2lly cos &

gravity, we have taken thg axis vertical downwards. The

other termU,; (z) = (—1)" qqo/4meos corresponds to the here we apply the formal theory of Euler-Lagrange equations,

electric potential energy,, denotes the electric permittivity which are given by

in vacuum, and is the positive rectilinear distance between

charges. Observe that= {0, 1} refers to a repulsive or at- L) (dL) - dL

tractive interaction respectively [5,6]. Also, we must men- dt \ d¢ de

tioned that nature of electric interaction depend; on the sigﬂ)r the one-dimensional case, thus

of chargesyqqy, but we have taken them as positive in mag-

nitude and leave the repulsive or attractive interaction depen- dL.

dent exclusively on the sign. do
We can set in terms of¢ by means of cosine’s law

= —mglsin ¢

(—1)" qgo2llg sin ¢

5)
2 (I 410)2 +12 - 20 . + R
s =+h)+ ocos ¢ dreg ((l+10)2+z2 21l cos¢)2
We replace above expressions in Eq. (2) to obtain the
total potential for the electric pendulum and dL, _
—< =mil%p (6)
U (¢) = —mglcos ¢ deo
i so the equation of motion for the system is given by
(=1)" q90
+ : ) 2o
47750\/(1 +1o)" + 12 = 2llgcos ¢ mZQW = —mglsin ¢
notice that the potential function hol@s(¢) = U (—q/))_, 'Fhen (=1 qgo2llo sin ¢
the system is governed by an even symmetry as it is known + = (7
for the simple pendulum. 4meq ((l + 10)2 + 12 — 2lly cos ¢) ’

In Fig. 2 is shownU (¢) for specific constant values, as
can be seen far = 0 the repulsive electric potential creates observe that all dynamic information for the electric pendu-
a shape with three extreme points. Meanwhile,ifer 1 we  lum is contained in the equation above. It is worth noting
observe an attractive electric potential, which is very similarthat if one of the chargeg ¢, = 0 in Eq. (7), we recover the
to an ordinary simple pendulum with stable point around  typical simple pendulum motion equation.
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FIGURE 3. Trajectories on phase space for potential¢) with
a=1c=1.135and—n < ¢ < 7.

3. Orbits in Phase Space

Instead of working with the equation of motion (7), we an-
alyze the dynamics of the system by using the phase space
formulation. In this context, the graph iny axes where po-
sitions and momenta are represented, is called phase space,
every point depicted in it is called phase point, and the drawn
curves correspond to phase curves; usually they are known
as orbits or trajectories in phase space. Those which corre-
spond to single points, are called stable or unstable equilib-
rium points [7,8].

The phase space gives a complete description about the
dynamic behaviour of such system. Every phase point repre-
sents a dyad with coordinates of position and momentum of
the particle at a given instaty. We begin by analyzing such
orbits withi = 0, which are plotted in Fig. 3. The case- 1,
corresponds to rigid oscillations of the simple pendulum type,
which are not considered in this work. From equations (5, 6)
the one-dimensional Euler-Lagrange equation is

() (%)
dt\ dap) “do\dop)’

from where is obtained

‘9 b _
(z) —aCOS¢+m—EQ. (8)

Observe that coordinate(&%, ¢) are given for an specific

value of energyFy, wherea = 2g/1, b = qqo/ml>meg\/2llo,

¢ = ((L+1y)* +12)/2lly. According to this, trajectories in
the upper half plane are depicted for positive values of veloc-
ities, meanwhile negative momenta are drawn in down half
plane.

In Fig. 3(a) we observe that trajectories correspond to an
stable equilibrium poing = 0, which is quite similar to sim-
ple pendulum. In Fig. 3(b) and 3(c), we note a splitting of
two more stable points meanwhile the paint= 0 becomes
an unstable equilibrium point given as a separatrix between
both stable points. For the case 3(d) we observe a restricted
region of motion around the poiat = 0, and there are also
two orbits around stable points at symmetric angigsPhys-
ically this means that the electric interaction is stronger than
the gravitational for the system.

Orbits in phase space occur around stable and unstable
equilibrium points of the system. This is illustrated in Fig. 4
where we have plotted both cases {0,1} in order to con-
trast equilibrium points. If we maximize the functiéf(¢) in
expression (3), we must calculat® (¢)/d¢ = 0, from this
relation we find a constriction for critical points according to

(=1)" bsin ¢ _0
(c—cos¢)% 7

with a = mgl, b = qq/8meov2ly, ¢ =
(1 + 1) + 12)/2lly. Equilibrium points are given as the in-
tersection of functions

(c—cos¢)2

asin ¢ +
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FIGURE 4. Stable and unstable equilibrium points for potential
U(p)witha=1,b=1and—7 < ¢ < .
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FIGURE 5. Range for evolution ofh with a = 2, b = 0.45 and
—m/2< p < 7/2

Note that in Fig. 4(a), there are three intersections
{=¢0,0, ¢o} for the case = 0, meanwhile fori = 1 there is
just one critical point inp = 0 which coincides with a typical
simple pendulum system. In Figs. 4(c) and 4(d) for 1

a pair of stable equilibrium points appedrs¢o, +¢o} and

for i = 0, there are no stable or unstable points. We note
a restricted region in the neighbourhood¢of= 0 for both
cases = {0, 1}.

The case illustrated in Fig. 4(b) corresponds to a unique
stable pointp = 0 for both cases = {0,1}. They behave
similar to simple pendulum systems, in other words, the elec-
tric interaction does not give a significative contribution.

4. Range of Evolution

Let us examine the regions in which the motion of the sus-
pended particle occurs. Observe that the regions for motion
are governed by constraint imposed in Eq. (8). This can be
deduced from the positive argument in the square root radical
with respect tap. If we look for the evolution of the particle,
the angle must evolve restricted to

b
Ve—cosd’

which is plotted for several cases in Fig. 5. The intervals
of oscillations are shown as bounded by shaded areas dis-
played on vertical axis. As parameter— 1, the range of
motion goes from a real interval to imaginary values. The
casec = 0.5 is not shown in Fig. 5 because interval of mo-
tion now turns into imaginary values.

acos ¢ >

5. Conclusions

In this work, we have deduced the equation of motion that
describes the dynamics of the electric pendulum. The study
of the orbits and the nature of the motion in each region of the
system are also studied. We analyze the regions and restric-
tions for phase trajectories, which are different from those
typically observed in a simple pendulum model, physically
this is because bodies involved have electric charge as well
as mass adding a new electric potential energy term to the
Lagrangian which modifies considerably the original system.
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As a consequence the ranges of stability are restricted de-
pending on the values of parameters given in the potential
function. Through this work we have contrasted the repul-
sive and attractive electric interaction which depends on the
nature of the charge.
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