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It is well known that a charged particle cannot be in stable equilibrium in a purely electrostatic field. The situation is different in a magne-
tostatic field; consequently, magnetic levitation is possible while electrostatic levitation is not. In this paper, motivated by an analogy with
a mechanical system, we show that the addition of a small oscillating electrical field to an otherwise electrostatic configuration leads to the
stabilisation of unstable equilibrium points. Therefore, levitation becomes possible in an “almost electrostatic” field.
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Se sabe que una pBtila cargada no puede estar en equilibrio estable en un campo puramente atazirds$ta situadn es diferente para
el caso de un campo magne#tisto y en consecuencia la levitanimagretica es posible, mientras que no lo es la elecit@st. En este
arficulo, motivados por un problema&ngo que aparece en sistemas amcos, mostramos que la adinide un pequ® campo dctrico
oscilante a una configurdmi electrositica conduce a la estabilizaci de los puntos de equilibrio inestables. De esta forma, la lebitaci
resulta posible en ese campo “casi” electtiso.

Descriptores: Levitacion; electrositica; puntos de equilibrio.

PACS: 3.50; 41.20

The picture of a superconductor floating over a magnet id. Equilibrium in electrostatic and magneto-
well known, and it is a good proof that magnetic levitation static fields

is possible. Neither Maxwell equations nor potential theory

are needed to convince someone about the feasibility of thieet us imagine a patrticle in a static fieliqr). If this particle
phenomenon. The situation is quite different with electro-is in equilibrium atry, the net force on it should be zero:
static levitation. One can prove it is not possible, but some

considerations from potential theory should be done [1]; in F(rg)=0 Q)

old textbooks [2] the demonstration, pompously called Earn-

shaw'’s theorem, establishes the non existence of stable equitowever, this condition does not guarantee that the equilib-
librium points in a purely electrostatic field. In this paper werium is stable. To get such a condition, the particle should
show that a completely different physical problem could givereturn to its original position if it is displaced from the equi-
us a clue to override the impossibility of levitation in an (al- librium point, i.e. the force should push the particle back to
most) electrostatic field. The level of the article is adequatedhe initial condition. In mathematical terms, this means that:
for a student who has taken a first course in Electrodynamics,

and it may be used as an introduction to a subject of clear VF(rp) <0 (2)

technological interest.

. - : The above conditions needed for the existence of a stable
For mechanical systems it is well known that an inverted_ " ~. - .
. . equilibrium are general. If the force can be derived from a
pendulum cannot be in a stable equilibrium, but the pendu- otentialy, i.e. F = -V equations (1) and (2) is rewritten
lum can be indefinitely in that position if a small oscillatory P . e T q
motion is applied to the support point. It is a typical exercise

in control theory courses to find out the way to stabilise an in-

verted pendulum. Motivated by this result, this article shows Vi (ro) =0

that a small oscillating field superimposed on an electrostatic V24 (rg) > 0 3)
field can stabilise a charged particle that otherwise would be

in unstable equilibrium. A rigorous proof of this can be found in the well-known book

The structure of this paper is as follows. In Sec. 1, the re9f Kellog about potential theory [3]. o
sults concerning the existence (or not) of stable equilibrium  |f we consider an electrostatic field, it is described in
in magnetostatics (or electrostatics) are briefly reviewed. I£MPty space by Laplace’s equation:

Sec. 2, the stabilising effect of an oscillating electric field on )
a charged particle in unstable equilibrium is proven. Vip =0 (4)
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Therefore, there is no way that conditions (3) are fulfilled at2. ~ Stabilisation through a small oscillating
any point and there is no stable equilibrium point, in a purely field
electrostatic field for a test charged particle.

Now let us consider the case of a small dielectric body inln this section we analyse what happens when a small oscil-
an electrostatic field. In this case a polarisatis induced lating field is added to an electrostatic configuration. It turns
in the body by the electric fielE, and both quantities are out that the additional field can stabilise a charged particle,

related to each other by: and consequently, electrostatic levitation becomes feasible.
Let us assume an electrostatic fiélglr), and an unstable
P=xE (5)  equilibrium point at ; i.e. if a test particle with chargeand

_ _ o massmis placed at , then:
wherey. is the electrical susceptibility.

The polarisatiorP produces a dipolar momeptin the qEo(ro) =0
k_)ody. If the volumeV is small er_10u_gh so that the electric qV.Eo(ro) > 0 (11)
field can be taken as a constant inside the body, then we can
write: A small oscillating fieldE,,(r, t) is added. The particle
position is now written as:
pz/PdVZ/XeEdV%XeVE (6) r=ro+f (12)
14 \4

Since the added field is small and rapidly varying, it is
The force acting on a charged body in an electrostati@ssumed that is also small and oscillates fast. It is also
field is given by [2,4]: supposed that the fast changing vedta controlled by the
oscillating fieldE., (r, t), while the static component of the
F.=(p.V)E (7)  position vector is ruled by the electrostatic fidg(r). For

. . . this reason, the equation of motion is written as follows:
Using (6) and a well-known vectorial identity, Eqg. (7) can be g

rewritten as: mf = gB,(r,1)

1 > qE, (ro,t 13
F. = Sx.V VB ® 7Eu(ro. 1) =
To write the second line of (13), it has been taken into account
This last equation can be restated for the case of a smathat| f| < | ro|.

magnetic body in a magnetostatic fiéld In this case, Eq. (8) To solve the above equation, an explicit expression for the
becomes: oscillating field should be chosen. It is assumed that the field
1 ) is described by:
F,,=-xnwVVH 9 .
g XV VIH] ®) E,(r,t) = A(r)e™" (14)
wherey, is the magnetic susceptibility. A is the amplitude of the field and may change with position.

From Egs. (8) and (9) we can understand why there is a  Given (14), Eq. (13) can be solved and the result is:
magnetic levitation, but not an electrostatic one. According q
to (3), a stable equilibrium point requires that the force on the f= _WEw(rov t) (15)
body to be zero at that point, and the divergence of the forc@ca|ly, this is an approximate solution of (13) since the
to be negative. In the present case, this means that: field atrohas been taken. We may improve the solution by
expanding the field aroung, resulting in:

mf = qEy(ro,t) + £.VE,(ro, t) + ... (16)

To get a physically significant result, the magnitudes
However, the Laplacian of a positive defined quantity is al-should be averaged over a complete period of the oscillating
ways positive; therefore the only way to fulfill (10) is with a field. This temporal average will be denoted with brackets
negative susceptibility. But all known substances have posi.. .). Itis clear that the first term of the right side vanishes,
tive electric susceptibility, and consequently electrostatic levand using (15) as an approximate valueffat turns out that:

V2 IE]? <0
Ym V2 [H? <0 (10)

itation is not feasible. Certainly there are materials with $
. . o : . f) = (¢E,(ro,t f.VE, (ro,t

negative magnetic susceptibilities —the diamagnetic ones and (mf) = (¢Bu(ro, 1)) + (vo,1))
superconductors- and for that reason magnetic levitation is ___1 5 (Eu(ro,t).VE,(ro, t))
possible. muw

The next section will show that the addition of a small os- ___4 <V Ew(ro t)|2>
cillating electrical field to an electrostatic one allows the exis- 2m w? WA
tence of stable equilibrium points. Thus levitation becomes, 1y A(r )|2 (17)
atleastin principle, possible in an “almost” electrostatic field. 4maw? 0
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Notice that an additional forck,, = <m'f>acts on the par- conditions are fulfilled, the pointy, becomes a stable equi-
ticle; however, the amplitude of the oscillating field may belibrium point in an “almost” electrostatic field. This situation
chosen in such a way that this new force becomes zearg at is completely analogous to the inverted pendulum, initially in

What really matters is the divergencergf: unstable equilibrium, that is stabilised by an oscillating mo-
tion applied to the pivot point.
V.F, = 1 q 5 V2 |A(ro))” <0 (18) The purist may argue that the field is not more electro-
mw

static, and that is certainly true. In this sense, Earnshaw’s
As we have seen above, the Laplacian of a positive functiotheorem is still valid. However, since we have control on the
is always greater than zero; consequently the divergence &ld frequency, it may be chosen high enough as to fulfil the
this extra force is negative. A fine-tuning of the oscillating S€cond line of (19) with a very small oscillating field ampli-
field amplitude is needed to assure that the net force on thiglde. That is why we talk of an “almost” electrostatic field.
particle is zero, but the net divergence is negative. From (11), In summary, this exercise shows that a test charged parti-

(17) and (18), we conclude that: cle can be stabilised in an electrostatic field with the help of
a small, high frequency oscillating field. And thus, electro-
V |A(ro)]* =0 static levitation becomes possible. The demostration is sim-
ple enough as to be within the scope of an undergraduate stu-
V2 [E(ro)]? — 4mle V2 |A(ro)]* <0 (19)  dent with an intermediate course in Electrodynamics.
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