ENSENANZA REVISTA MEXICANA DE FiSICA E 51(2) 99-101 DICIEMBRE 2005

The relation between momentum conservation and Newton’s third law revisited
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Under certain conditions usually fulfilled in classical mechanics, the principle of conservation of linear momentum and Newton’s third le
are equivalent. However, the demonstration of this fact is usually incomplete in textbooks. We shall show here that to demonstrate
equivalence, we require the explicit use of the principle of superposition contained in Newton’s second law. On the other hand, un
some additional conditions the combined laws of conservation of linear and angular momentum, are equivalent to Newton'’s third law v
central forces. The conditions for such equivalence apply in many scenarios of classical mechanics; once again the principle of superpo:
contained in Newton’s second law is the clue.
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Bajo ciertas condiciones que se cumplen con frecuencia en lamoeacchsica, los principios de conservagidel momento lineal y la tercera

ley de Newton son equivalentes. No obstante, la demoétratg este hecho éstisualmente incompleta en los textos sobre el tema. En este
arficulo se demuestra dicha equivalencia, para lo cual requerimos del uszitexggl principio de superposimn contenido en la segunda ley

de Newton. Por otro lado, bajo algunas condiciones adicionales las leyes combinadas de cons#gl/amdmento angular y del momento
lineal, son equivalentes a la tercera ley de Newton con fuerzas centrales. Las condiciones pémmasquivalencia tambn son 1lidas

en muchos escenarios de la raeica chsica; una vez s el principio de superposir contenido en la segunda ley de Newton es la clave
para la demostragn.

Descriptores:Leyes de Newton; conservaci del momento lineal; conservaai del momento angular.
PACS: 01.30.Pp; 01.55.+b; 45.20.Dd

A very important part of the foundations of classical mechaniNewton’s third law automatically. However, in the case of
ics lies on one hand in Newton’s third law or, in the otheran arbitrary number of particles, Newton'’s third law is only a
hand, on the principle of conservation of linear momentumsufficient condition in this step. The proof of necessity is the
Thus, the link between both approaches is of the greatesine that is usually absent in textbooks.

interest in constructing the formalism of classical Physics.

. In order to prove the necessity, we shall use the principle
Common mechanics texts [1] usually state that Newton’s op . y, princip
. . S of superposition stated in Newton’s second law. Consider-
third law automatically leads to the principle of conserva-

ing a system of: particles, let us take a couple of particles

tion of Imea'r mome'n.tum: However, _the converse is a}lso_tru% andl. They undergo the force of each otheg and Fy
under certain conditions; the proof in reverse order is either

absent or restricted to systems of two particles in most text[espectively, plus the internal forces due to the other parti-
y P S . cles of the system. However, according to the second law, the
books. We start from the statement of the principle of linear,
. ! f?rcesFM andF;; are not altered by the presence of the rest
momentum conservation for a closed and isolated system U the f (e the other f d terf ith th
article$, with respect to a certain inertial frame ofthe orce§|(e.t ept ertorces onotln.ter ere with them).
P ' Therefore, if we withdrew the other particles of the system
P, +P,+...+ P, = constant (1) leaving the particleg and! in the same position, the forces
Fy, andF,;; would be the same as those when all particles
were interacting. Now, after the withdrawal of the other par-
dP,  dPq dP, ) ticles, our system consists of two isolated particles for which
+ ot =0, (2) the third law is evident. Therefor&, = —F;;. We pro-

dt dt dt
but according to Newton's second lastl; /dt refers to the ceed in the same way for all the pairs of particles and obtain
! thatF;; = —F}; for all ¢, j in the system. Observe that the

total force applied to théh particle. Further, since there are ) . S
no external forces, Eq. (2) becomes proof of necessity requires the use of the principle of super-
' position contained in Newton’s second law. Since we have
n n n . . .
demonstrated the necessity and sufficiency, we have proved
Z Fij+ ZFZJ T Z Fnj =0 the equivalence. Notwithstanding, this equivalence is based
on many implicit assumptions:

Deriving with respect to time gives

j#1 i#2 j#n

- LY R-0 @
i=1 j#£1 . . . .
U 1. Newton'’s second law is validAs is well known, in

WherEFij stands for the force on thi¢h partiCIe due to the scenarios such as quantum mechanics the Concept of
jth particle. In the case of two particles, Eq. (3) leads to force is not meaningful any more.
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2. The time runs in the same way for all inertial ob- identity by induction:
servers We have used this condition since in the time nel n

derivative of Eq. (2), we do not mention what inertial - r: X 3 F.. | = ri—1.) x F..
system we have used to measure the time. Besides, this ; ’ ; N ;;K £=13) gl

icnogl(ljlit:)err]t:;nseycs‘igrsnasr.y to assume that the force is equ%Iearly, Newton’s third law with c_entral fo_rcesi.e(.
. All the momentum of the system is carried by the par-.%s . ¥ s and(r; = r;) parallel toF;;) is a sufficient con-
3 ﬁcles In this approach Weyare ignoring theypossigledltlon for the conservanop of angu_lar and linear momentum
o > (we shall refer to the third law with central forces as the
storage or transn_ussmn .Of mome”‘Pm fro_m the fields trong version of Newton’s third laWwenceforth). To prove
gener.ated by the mFe.ractmns. (see d!scu35|on ”? Ref. 3iecessity, we resort again to the argument of isolating one
4. The signals transmitting the mteracuong travel instan- pair of particlesk, I without changing their positions. Since
taneously In Eq. (1), each momentu; is supposed s two-particle system is now isolated, its total angular mo-
to be measured at the same time. If any particle ofyenium must be constant, and remembering that the forces

the system changes its momentum at the timen F), = —F;;, have not changed either, we have
to preserve the law of conservation of momentum (at dL (two particles
the timet), it is necessary for the rest of the to par- P = (ry —1;) X Fiy = 0.

ticles to change their momentat the same time in dt

such a way that they cancel the change of momenturoW. since both particles have different positions and we are
caused by théth particle. This fact is in turn related to 2SSUMIng that they are interacting¢ # 0)", we obtain

the condition that all the momentum be carried by theth@t (rx — 1) must be parallel t@};. We can proceed in a

particles (mechanical momentum). In other words, thesimilar way for all possible pairs of particles in the system.
other particles must learn of the change in momenturﬂ” this case, we have used the combined laws of conserva-

of the ith particleinstantaneously. tion pf _Iinear and angular momentum because Nevx{ton_’s third
law in its weak version was assumed from the beginning. Of
As has been emphasized in the literature, even in the cagurse, the conditions for this equivalence to hold are those
in which all these assumptions fail, the principle of conser-cited above, but with analogous assumptions for angular mo-
vation of momentum is still maintained while Newton'’s third mentum as well.
law is not valid any more, from which follows the advan-  As before, when the conditions for this equivalence fail,
tage of formulating the empirical principles of classical me-the laws of conservation of linear and angular momentum are
chanics in terms of the concept of momentum. Even whestill valid, while the strong version of Newton’s third law no
the assumptions given above are satisfied, the formulation ipnger holds.
terms of momentum is advantageous [2]. Nevertheless, we Animportant issue arises when we consider non-isolated
emphasize that under the conditions cited above, Newton'systems, since we have assumed that the system is isolated
third law is equivalent to the principle of conservation of lin- throughout this treatment. If we add external forces, once
ear momentum, but the complete proof of that statement reagain the principle of superposition states that the internal
quires the principle of superposition of forces established byorces do not interfere with them, and so Newton’s third law
Newton’s second law. is maintained. A similar argument holds for possible external
On the other hand, by a similar argument we can showorques and Newton'’s third law in its strong version.
the equivalence of combined conservation of linear and angu- In conclusion, we have proved that under certain con-
lar momentum with Newton’s third law with central forces. ditions, the principle of linear momentum conservation is
Starting from the conservation of angular momentum for aequivalent to the weak version of Newton’s third law. Analo-
closed isolated system with respect to an inertial frame, gously, under similar conditions, the combined laws of con-
servation of linear and angular momentum are equivalent to

L= Latlat... + L, = constant @ e strong version of Newton’s third law. We emphasize that
and deriving this equation, we find for both demonstrations we should invoke the principle of
dL, dLs, dL, superposition contained in Newton’s secondfawrinally,
W+ﬂ+ e +W =0. it is worth mentioning that the assumptions necessary to ob-

tain these equivalences are implicit in the original formalism

From the definition ofL,;, and taking into account that the of classical mechanics [4]. Therefore, such equivalences de-

system is isolated, the derivative of the total angular MOMENzerve more attention, at least until reaching relativity, quan-

tum reads tum mechanics or classical (quantum) field theories.
dL n n
— = ; F,; | =0
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For a closed system, we mean a system in which patrticles are
the same at all times.e. no particle exchange occurs with the
surroundings.

The case oF'; = 0 could be considered as a trivial realization
of the strong version of Newton'’s third law.

Of course, Newton’s first law is also in the background of all

menta are valid.
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