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This article illustrates a practical way to connect and coordinate the teaching and learning of physics and mathematics. The starting point is
the electrostatic potential, which is obtained in any introductory course of electromagnetism from the Coulomb potential and the superposition
principle for any charge distribution. The necessity to develop solutions to the Laplace and Poisson differential equations is also recognized,
identifying the Coulomb potential as the generating function of harmonic functions. Correspondingly, the convenience of expressing the

electrostatic potential in terms of its multipole expansion in spherical coordinates, or as integral transforms based on harmonic functions in
different coordinate systems, is also established. These connections provide a motivation for teachers and students to acquire the necesse
mathematics as a basic tool in the study of electromagnetic theory, optics and quantum mechanics.

Keywords: Electrostatics; Laplace and Poisson equations; spherical and circular cylindrical Harmonic functions.

Este arculo ilustra una manera gctica de conectar y coordinar la efiaeza y aprendizaje de lgsica y las matedticas. El punto de
partida es el potencial electrésico que se obtiene en el curso introductorio de electromagnetismo a partir del potencial de Coulomb y del
principio de superposioh para cualquier distribun de carga. Tambn se reconoce la necesidad de construir soluciones de las ecuaciones
diferenciales de Laplace y de Poisson, identificando al potencial de Coulomb como uia fyerceradora de funciones a@micas. Cor-
respondientemente, tangi se reconoce la conveniencia de expresar al potencial elattostn érminos de su desarrollo multipolar en
coordenadas esficas, o de transformadas integrales basadas en funcionesieasen diferentes sistemas de coordenadas. Estas conex-
iones proporcionan una motivaci para maestros y alumnos para adquirir las matieas necesarias como una herramiessida en el
estudio de la teda electromaggtica, labptica y meénica céantica.

Descriptores: Electrosética; ecuaciones diferenciales de Laplace y de Poisson; funcionésieas esfricas y cilndricas circulares.

PACS: 41.20.Cvl

1. Introduction This article addresses the general problem of connecting
and coordinating the study of physics and mathematics in dif-
ferent areas and on different levels. Specific facets of the

Mathematics and physics have always been closely inteiyroplem have been explored in [5] and in a series of dialogues

woven in a two-way process. The former is not only theynder the title of "Mathematics motivated by physics” [6].

language of the latter; in addition, it often determines to agmphasis was placed on the construction of mathematical

large extent the content and meaning of physical conceptgridges to make the transition from introductory courses
and theories themselves. Consequently, progress in the stugly mechanics, fluids, thermodynamics, electromagnetism
of fundamental physics increasingly depends on the availang quantum mechanics to their junior/senior/graduate level
ability of new mathematical tools. It is a well-known fact counterparts. The second half of the title of this manuscript
that there has been a close interrelationship between mathgrends the physical and mathematical elements to guide col-
matics and physics throughout their historical developmentieagues and students in their respective tasks of teaching and

Modern mathematics and physics were born in the 17th cenearning electrostatics, identifying and constructing the ap-
tury through Newton's formulation of the laws of mechanics propriate mathematical tools.

and the invention of the infinitesimal calculus [1-2]. New-

ton changed the face of scientific research by placing the full  The starting points are the physical laws of electrostatics
force of mathematics at the service of physical enquiry, beexpressed in their integral and differential equation forms, re-
coming a unique example of coordination in invention andviewed in Sec. 2. Section 3 is devoted to the solutions to
discovery by a single individual. In contrast, Einstein hadthe Laplace equation in some illustrative coordinate systems,
to learn Riemannian geometry in order to formulate the thecorresponding to the so-called harmonic function bases. In
ory of general relativity [3], while Born recognized the ma- Sec. 4, the harmonic function expansions of the Coulomb
trix mathematics behind Heisenberg's formulation of quan-potential in spherical and circular cylindrical coordinates are
tum mechanics [4]. comparatively analyzed, contrasting their discrete and con-
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tinuous natures, respectively. The physical and mathemat- The Coulomb force of Eg. (1) is conservative and can
ical elements identified in Secs. 3 and 4 are the basis fdoe written as the negative of the gradient of the so-called
representing the electrostatic potential as harmonic functio@oulomb potential energy,

expansions in Sec. 5, characterizing them according to the

specific coordinates involved. Seption 6 contains discussions }’Hz - v (ke 4105 —s L _ > =—v(Un) @

of the extensions to other coordinates, and to other areas of i — 73

electromagnetism. . . -
Correspondingly, the electric intensity field of Eq. (4) can

] be written as
2. The laws of electrostatics

—
/
Coulomb’s law describes the radial and inverse-square of the E —= —k, \V/ /‘p(r)dv’ =—vé(T) (8)
-

distance force between two electrically charged point parti-

cles[7-12]:
- (77— 73) where
Fioo=keqiqge———3 1)
[T — 72|

o) =k / r_)dV’ 9)
v —7‘

’I"

The superposition principle applies in electrostatics, and
states that the force of a collection of charges on a test charge
is the vector sum of Coulomb forces: is the electrostatic potential produced by the charge distribu-
tion {p,V}. This is the quantity giving rise to the second half
of the title in this manuscript. The reader can appreciate the
physical and mathematical elements in it. In Sec. 5, sev-
eral alternative mathematical representations are introduced

l @) explicitly.

l

—
F - = —>—> F’L — —>—»
(7.7} —(7.7) Z (707 )=(7.7)

N
=k Z%q
=1

Fl

—~

*l ﬁl

| F,’| If the line integral of electric intensity field is evaluated
_ _ ) . _using Eq. (8),
In the case in which the collection of charges is contin-
uously distributed in a volum¥, so that the charg_g element /N r
associated with a differential volume i&' = p(r')d®V’, / E.-dr = */Vsﬁ AT =—¢(7T)+ (7)) (10)

wherep(ﬁ) is the charge volume density, the sumin Eq. (2) r,

becomes an integral: . . . .
the result depends only on the initial and final points of the in-

. . (7’ — 7) tegration path, and is independent of the path chosen. When

F,, Vi (aF) = keq/p(rl)ﬁdvl (3) the path is closed, and therefore both points coincide, the

' o ‘? — closed-line integral vanishes. Also, the curl of Eq. (8) van-

ishes:
Since the forces in Egs. (2) and (3), are proportional to -
the magnitude of the charggit is possible to identify vxE(T)=0 (11)

= Fal — (7 - 7“/) , Equations (7)-(11) are different forms of expressing the

E(7) = 7 =k /P(T )7_> : av (4) conservative character of the electrostatic field. While Eq. (4)

v r-r indicates thalE( ) is the force per unit charge at a given po-

sition, Egs. (7) and (8) point out tha{7") is the potential
energy per unit charge.

The reader may also inquire about the equationdiiat )
must satisfy. The answer follows from the substitution of
Eq. (8) into Eq. (6) with the result:

§ B a7 =i V/ ARV =A@ © V() = —dmkep(T), (12)

whereSis the closed surface bounding the volumjeandQ  the so-called Poisson equation, involving the Lapacian or
is the electric charge contained inside that volume. The diflaplace operatot;®.

ferential equation form of Gauss’ law is obtained by applying At the points where there is no charge, Eq. (12) reduces
Gauss' flux or divergence theorem to Eq. (5): to the so-called Laplace equation,

V- E(F) = drkep(T) 6) V2o(T) =0 (13)

as the electric intensity field produced by the charge distribu=
tion {p, V'}.

Gauss’ law of electrostatics follows from the evaluation
of the flux integral of Eq. (4), becoming
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3. Harmonic functions in spherical and circu- is the well-known Fourier basis. The real and imaginary parts

lar cylindrical coordinates cos (mp) andsin (my) correspond to the alternative even
and odd (undep — —¢) Fourier bases. The orthonormality

The solutions to the Laplace equation are called harmoniand completeness properties of the basis are expressed, by

functions. Here we review the explicit forms of the equa- o

tion in spherical and circular cylindrical coordinates, illus- e(in'e) ling)

trating their separation and integration leading to the respec- / o dip = On' n (24)

tive spherical harmonics and circular cylindrical harmon- 0

ics [13,14]. In fact, the Laplace equation in the familiar o (ing) (ine’)
spherical {,,¢) and circular cylindrical R9,») coordinates Z — Yy = 5 — ) (25)
has the respective forms: n=-—00 T
respectively, in terms of the Kronecker-delta symbol and the
10 ,0 1 1 9 0 : : . e
25" 5 T2 |snd 99 sin 19% I_Dlr_ac-delta function, Wher_e the Iat'Fer is zero fpr;_é ¢’ in-
reoror sin finity for ¢ = ¢/, and its integral is one in the integration

1 52 interval includes the valug = ¢'.
+sin2196<p2} } o(r,d,0) =0 (14) The polar coordinatd < ¢ < = and its associated

) ) Eq. (19) determine the singularities &t= 0 andx, or
{1838 + %iz + 9 2} G(R,9,2)=0 (15) €08 W) =1 and_—l. _Eq. (19) is kno_vvn as the associat_ed
ROR OR R?0p* 0z Legendre equation; its regular solutions are the associated

Legendre polynomials
In both cases, the equation is satisfied by separable solu- g poly !

tions in the following forms: im| ™ Py (cos )

0 () = P\™ (cosd) = (sin®) (26)
8(r,0.0) = F(1)0(0)(5) (16) | d(cos0)™
T’ 7()0 = r 80
of degreel/ — |m|, wherel = 0,1,2,... and P (cosv) are
(R, 0, 2) = g(R)®(p)Z(2) (17)  the ordinary Legendre polynomials of degrée They also

_ . _ _ _ have a well-defined parity—1)" ™! undery — 9 — = or
The successive factors satisfy the ordinary differential. o _, _ o5 0.
equations

The products of the angular functions
#o

gz = —m® (18) Yim (9, @) = Nim P! (cos ) exp (img)  (27)
2

5 5 ) are known as the angular spherical harmonics, wh&feis
1 m At

0(9) = — 1 1 a normalization factor such that
Lmﬁ 59 1n198?9 i 19} (9) (I+1)6(09) (19)

1d ,d I(+07], .

mara e s =0 0)
d’Z
e

T 27

/ / Vi (9, ) Yom (0, ) sin ddpdd — 1 (28)

It is known that the Fourier basis in Eq. (23) is orthonor-
mal. In a similar way, the angular spherical harmonic basis
{1 d . d m of Eq. (27) is orthonormal

2
o pt Y — 2
ratan - = Ram @
/ /Y—Z’(m’ (197 @)vam (197 90) sin 7.9d<)0d19 = 5E/,E6m/,m (29)
0
and complete

=k*Z (21)

where n?, -I(I+1), andk? are the respective separation con-

stants. Notice that Egs. (18)-(22) have the form of eigen-
value equations, involving second-order differential opera-
tors which, upon application to the eigenfunction, lead to the

same function multiplied by a constant, called the eigenvalue. Z Z Y (0, ') Yem (9, )
The angular coordinate and the associated Eq. (18) are £=0 m=—¢
common to both cases. 8o —@)o(W — ")
The solutions are chosen to those of periodic = sin (30)

®(p + 2m) = D(yp), restricting the values of the separa-
tion constant to be an integer = 0, +1,+2,. ..
The set of such solutions,

The completeness property implies that any quadratically
integrable function of) andy can be expanded in terms of

such a basis,
elime)
(I)m(gg) = \/ﬂ (23) (19 90 %:;a/mnm(ﬁ QD) (31)
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where the expansion coefficients follow from Eq. (29): In Egs. (21) and (22) the separation constant could be
chosen with the opposite sign, which we express by the an-
n T alytical continuationt — ix. Then, instead of Egs. (34)
A = //Y[;n (9, p)F (9, p)sinddedd  (32)  and (35), the solutions become
0 0 . .
Z(z) = Cel"?) 4 Del=142) (41)
The radial Eq. (20) is satisfied by two independent power 9(R) = El,(kR) + F K (kR) (42)

solutions

respectively, involving the Fourier basis in longitudinal co-
ordinates, and the modified Bessel functions in radial coordi-
nates. The latter are monotonically increasing and decreasing
as their arguments change fratnk = 0 to kR — oo.

In conclusion, the general solutions to the Laplace
Egs. (14) and (15) can be written as a superposition of spher-
i’gal harmonics, from Egs. (27) and (33),

f(r) = Arf + By~ (33)

for each given value of. The positive powers are regular
at the origin and diverge as— oo, and the inverse powers
diverge at the origin and tend to zero asymptotically.

The products-“Y;,,(¥, ¢) are known as solid spherical
harmonics. The axial coordinate and its associated Eq. (2

lead to the exponential solutions S(R,0,2) = Z Z (aﬂe n bﬂ—(eﬂ)) Yom (9, 0) (43)

Z(z) = Cek?) 4 Del=F2) (34) e
or circular cylindrical harmonics,
which are regular and singular at— —oo, respectively, and
the other way around at— oo. (imp)
The corresponding solutions of Eq. (22) in the circular SR, ¢, = Ze /[akam(kR) + bk Non (K R))]
radial coordinate are the ordinary Bessel functions " 0

X [cke(kz) + dke(sz)] k‘dk} (44)

oo

9(R) = EJim(kR) + FNp (kR) (35)

of the first and second kind, respectively. They are regula];rom Eas. (23), (30) and (33), or

and singular at the origi® — 0, o
, 6(Rep,2) = 0™ 3 [ (il (5F) + bk N5
Jo(kR) — 1, No(kR) — - In (kR) (36) m 0
5k — R X [enel™) 4 dye =) i} (45)
m 2|m\ |m|'7

| using Egs. (41) and (42).
Non(kR) — _glml (m —1)! (kR)f\m\ (37) The 'potent.ial in Eq. (43) i§ expressed as the §pherica|
m harmonic multipole expansion in which the terms with each

oscillate for intermediate and larger values of their argument\,'alue of¢ are designated &s order poles [12]. The potential

and their asymptotic behavior is of the form in Egs. (44) and (45) are expressed as Fourier series in the
angular coordinate. Besides, Eq. (44) involves a Laplace-

2 cos (k;R — (m 4 l) ﬂ) ordinary Bessel integral transform, and Eqg. (45) involves a
I (kR) = \/7 N 2/ 27 Fourier-modified Bessel integral transform in the longitudi-
T kit nal and radial coordinates, respectively. The expansion coef-
N,y (kR) 2 sin (kR—(m+3) %) (38) ficients in _Eqs. (43) - (45) are to be det_e.rmined. by.the bound-
" ™ VER ary conditions according to each specific application.

The ordinary Bessel functions are quadratically inte-4 Harmonic expansions of the Coulomb po-
grable and form an orthonormal and complete set of func-

tions: tential

0o ) In order to solve the Poisson differential equation, Eq. (12),

/ I (K'R)J(kR)RAR = ok — k) — ) (39)  forany source distribution with electric charge dengity”),
k it is sufficient to use the Green function technique. The Green

0 function G(7”, 7') satisfies the Poisson equation for a unit

by 5(R—R) electric point charge located at the positioft:

/ I (kR)Jy (kR kdk = 7 (40)

0 VEG(T, 7)) = —4ns(T — 7T) (46)
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where the Dirac-delta function represents appropriately the Then the reader can identify Eq. (50) with the Coulomb
electric charge density of the chosen source. Its volume inteéntegral transform of the charge density already discussed in
gral that contains the point where the charge is located is connection with Eq. (9), in Sec. 2.

/5 (F = 7)dv' =1 (47) The Coulomb potential, or inverse of the distance be-
tween the source point and the field point, is known to be
The solution to the Poisson Eg. (12) is given by the in-the generating function of the spherical harmonics [13, 14]
tegral of the product of the electric charge density and the

Green function: 1 1 o 4
o(7) = [ p(FHG(T, T )aV" 48 T > PG
)= [ p(r T, T |7 — 7] r2 42— 2yl (7 )Z0r>

If the Laplace operator is applied to both sides of the last -
equation, the result is _ Z
£=0

V26(7) = / A(FIV2G(T, T7)dV

47 Z
21 ET Z Vi (0,9 )Yem(9,90)  (51)

> m=—~

_ e = gt — wherer . andr- represent the smaller and largeroéind

- _47r/'0( rO(r = T)dV = —Amp(T)  (49) Expansion of the -1/2 power of powefs. /r~ ) of the
where use is made of Eq. (46) and of the integration with thdrinomial generates the Legendre polynomials with argument
Dirac-delta function, showing that( ") is indeed a solution

to Eq. (12). . o ) -1 = sindsin®’ cos(p — ') 4 cos v cos ¥’ (52)
On the other hand, the potential of the unit point charge is
simply the Coulomb potential, with which the Green function

can be identified: and the latter in turn generate the spherical harmonics, via the
o, 1 so-called addition theorem involving the sum ower
G(r,7r") = = =5 (50) . . . .
K The inverse of the distance in Eq. (9) is also the generat-

| ing function of the circular cylindrical harmonics [15]:

1 15 r
2 Jm (kR)Jp (kR e~ k(z>=2<) g (53)
2 2 _ / — _ Z /
VR2+ R? —2RR cos(p — ¢) + (z — 2/) T~ )
— ! _ = 1 i emle=¢') 7Im(/<;R<)Km(mR>)e_m(Z_zl)dn (54)
12 __ / . / !
\/R =+ R 2RR COS(QO ¥ ) + (Z z ) & m=—00 0

Notice that the spherical and circular cylindrical harmonic expansions of Egs. (51), (53) and (54), are particular cases of the
general solutions to the Laplace Equation described by Egs. (43), (44) and (45) in Sec. 3. Notice also, that the Poisson Eq. (12
reduces to the Laplace equation for all pointg ', making possible the harmonic expansions of the Coulomb potential.

5. Harmonic expansions of the electrostatic potential

Substitution of the harmonic expansions of the Coulomb potential Egs. (51), (53) and (54) into Eq. (9) leads to the respective
harmonic expansions of the electrostatic potential:

4 . re
or0.0) =3 gy 3 [ [smar [ a0 ) Ve, 0, om0, (59
£=0 m=—L7 0 0
1 00 00 oo 2 oo
(R, 0, z)== Z(?—ém’o)/kom(kR)/dR’Jm(kR’)R’/d(p’cosm(cp—go’) / d2'p(R',¢', 2" )e kz>—2<)  (5g)
T
m=0 0 0 0 “so
1 50 oo 0 2m o0
¢(R719,z):; 2(2_57”’0)/ dn/dR’Im(nR<)Km(/iR>)R’/dgp’ cosm(p—¢') / dz'p(R', ¢, 2") cos k(z—2") (B7)
m=0 0o 0 0 “
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Equation (55) gives the familiar spherical multipole ex- sake of space and illustration, the analysis in this paper has
pansion of the electrostatic potential, described in detail irbeen limited to spherical and circular cylindrical coordinates.
Ref. 14 for the regions inside and outside the region where The interested reader may consult [15] for the harmonic
the sources are located. It must be pointed out that in mosixpansions of the Coulomb potential harmonics in prolate
books, the study of this type of expansion is limited only tospheroidal, oblate spheroidal, and paraboloidal harmonics.
the region far from the sources. The expansions in circulaalso the relationship between the electrostatic potential and
cylindrical harmonics of Egs. (56) and (57) involve Fourier the electric charge density has its counterpart in the relation-
series in angular coordinates, and integral transforms of thehip between the magnetostatic potential and the electric cur-
Laplace-ordinary Bessel and of the Fourier-modified Besselent density, being connected by a Coulomb integral trans-
types in longitudinal and radial coordinates, respectively.  form and by the Poisson equation [14]. The same ideas are

Integrations of the charge density with harmonic func-extended to the case of electromagnetic fields. Instead of
tions over the primed coordinates provide the coefficients inhe Laplace and Poisson equations, the sourceless and source
the complementary harmonic expansiorp¢t). The steps  Helmholtz equations must be used. The Coulomb potential as
followed from Eq. (9) of Sec. 2 passing through Secs. 3a Green function is replaced by the outgoing spherical wave
and 4 and ending in Egs. (55) - (57) of the present sectioni*|™~7"| /52 _ 7/ The complete electromagnetic multipole
provide the bridge for arriving at the mathematical integralexpansion is also available in Ref. 16.
transforms mqtivated t_)y the physical integral transform of |t myst also be pointed out that the mathematics of elec-
the electrostatic potential. tromagnetism is also useful in quantum mechanics, where
the superposition principle is also valid. For instance, the
spherical harmonics are the eigenfunctions of angular mo-
mentum¢2 and/, with eigenvalue&?/¢(¢/+1) andm/ for the
The contents of this article, as anticipated in the Introductiongquare of its magnitude and its components along-#ves.
take the review of the laws of electrostatics, in particular theplane waves and spherical waves are the mathematical tools
connection between the electric source density and the elegor describing the scattering of electromagnetic and quantum
trostatic potential, Egs. (9) and (12), as the motivation forwaves. In conclusion, the interested reader is invited to iden-
learning about the solutions to the Laplace equation in Sec. 3ify and develop the appropriate mathematics for the field of
the harmonic expansions of the Coulomb potential in Sec. 4physics of his/her choice.
and the harmonic expansions of the electrostatic potential in
Sec. 5. The outline presented here emphasizes the special
place that harmonic functions play in the study of electro-Acknowledgement
statics and it is the aim of the authors to motivate the reader,
whether teacher or student, to learn about them in detail. AlOne of the authors (E.L.K.) on sabbatical leave at the Uni-
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