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On the Sackur-Tetrode equation in an expanding universe
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In this work we investigate the thermodynamic properties satisfied by an expanding universe filled with a monoatomic ideal gas. We show
that the equations for the energy density, entropy density and chemical potential remain the same of an ideal gas confined to a constan
volume V. In particular the Sackur-Tetrode equation for the entropy of the ideal gas is also valid in the case of an expanding universe,
provided that the constant value that represents the current entropy of the universe is appropriately chosen.
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En el presente trabajo investigamos las propriedades teramdias que son satisfechas por un universo en ex@aralicual es lleno por

un gas ideal monoamico. Se prueba que las ecuaciones para la densidad de léagmhedensidad de la entrigpy el potencial gimico

son las mismas que las de un gas ideal, el cual se encuentra confinado en un volumen V. En particulafedec8ackur-Tetrode, para

la entropa del gas ideal continua siendalido en el caso de un universo en expansisiempre que el valor constante que representa la
entropa del universo actual sea escojido adecuadamente.

Descriptores: Universo en expangn; gas ideal; ecuaon de Sackur-Tetrode.

PACS: 95.30.Tg; 98.80.-k

1. Introduction sional relativistic gas [8] and Einstein’s equations for spheri-
cally symmetric static configurations of ideal gas [9]. All this

The thermodynamic properties of an ideal gas have beeﬁhows that_ the ideal gas model is still peing widely_exploited
known since the beginning of the nineteenth century througl‘?lnd sometimes generalized to many different applications.

the works of Clapeyron, Boltzmann and other. Although it The re|ati0nship between the internal ene@yof an
is only a theoretical model, since the particles are considereeal gas and the pressufeis given by the equation of state
isolatedly and not interacting with each other, the ideal gagy — (2/3)U/. This relationship is very close to that of

is a model that reproduces with great precision most of they very important real system, the electromagnetic radiation,
gases at high temperature and low pressure. At normal CORyhich satisfiePV = (1/3)U.

ditions such as standard temperature and pressure, most real ) )

gases behave qualitatively like an ideal gas. Many gases such Recently there has been a great interest in the study of
as air, nitrogen, oxygen, hydrogen, noble gases, and sontBermodynamic systems satisfying an equation of state in the
heavier gases like carbon dioxide can be treated like idedl€neral formPV = wU, with w a constant, positive or neg-
gases within reasonable tolerances [1]. The theoretical modéfive. The main motivation is that several kinds of comple-
of the ideal gas tends to fail to describe substances at lowdpentary astronomical observations indicate that the Universe
temperatures or higher pressures, when intermolecular forcd$ €xpanding in an accelerated manner [10]. In the context
and molecular size become important. It also fails for mosPf general relativity, an accelerating stage and the associated

heavy gases, such as water vapor [1]. These must be modeldtnming of type la Supernovae are usually explained by as-
by more complex equations of state. suming the existence of an exotic substance with negative

. : ressure sometimes called dark energy, with< —(1/3).

Recently.the modgl C.)f the ideal gas hgs been object ngee [11] for a good review and [12] for a recent discussion

several studies, both in journals of education and researck - ; ;
. . including chemical potential.)

Among the studies related to education we can quote the
spectral and thermodynamical properties of systems with There are many candidates to represent this extra non-
noncanonical commutation rules [2], the exact calculation ofuminous relativistic component. In the case of cold dark
the number of degrees of freedom of a rigid body composedhatter cosmologies, for instance, it can be phenomenologi-
of n particles [3], the theoretical aspects concerning the thereally described by an equation of state of the faPWi=wU.
modynamics of an ideal bosonic gas trapped by a harmonithe casev = —1 corresponds to a positive cosmological
potential [4] and the description of the ideal gas free expaneonstant, or vacuum energy, while for< —1 we have the
sion obtained with the aid of a computational modeling [5].so called phantom dark energy regime [13], or phantom flu-
We can also cite numerous research topics, including coses. Indeed, in the standard lines of the thermodynamic, we
mological applications [6], interaction with a nonrelativistic have showed in Ref. 14 that it does not make sense to speak
Kaluza-Klein gas [7], statistical properties of a two dimen-of phantom fluids for systems with null chemical potential.
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In this article we consider only the case= 2/3, which  whereG = U + PV — T'S is the Gibbs free energy. By
corresponds to a universe filled with a monatomic ideal gassubstituting the above expressions we obtain
We will show that the evolution laws for energy, entropy and V e\ 32
chemical potential are reduced to those of an ideal gas con- pu=—kgTln {( B ) ] ) (6)
fined to a constant volume V, even though the laws of evolu- N\ 2rh?
tion seem to be quite different in an expanding universe.  An interesting aspect about this equation is the negative sign.

In Sec. 2 we review the thermodynamic properties of aWwhy is it negative? This question was very well explored by
monoatomic ideal gas. In Sec. 3 we present the thermodycook and Dickerson [16]: “Actually, in the classical limit,
namics of an expanding universe with an equation of statéhe quantity in square brackets is large, much greater than 1,
in the general form. In Sec. 4 we consider the particulamakingu a negative number. This is so whene¥eis large,
case of a universe filled with a monoatomic ideal gas, and wand the volume per particld//N, is large compared to the
show that the same properties of the second section can leaibe of the thermal de Broglie wavelength= h//3mkgT.
obtained. We finish by presenting a simple estimate for thén fact, , must be negative, because in order to add a particle,
entropy and chemical potential of a neutrino gas filling thewhile keeping the entropy and volume constant, the particle
universe, showing that this estimate is in accordance with thenust carry negative energy, or rather, it must be added while
limits set by primordial nucleosynthesis theory. the internal energy of the ideal gas is allowed to decrease,
by cooling”. In the last section we make a simple applica-
tion to a gas of neutrinos and we see that in fact the chemical
potential is negative in our simplified model.
Considering the classical thermodynamics, it is well known ~ Followings we will consider that the volume varies, so it
that the entropy of a classical ideal gas can be given only§ more convenient to express the above equations in terms
within a constant. For a monoatomic classical ideal gas, aff the energy density = U/V/, the particle number density
exact expression can be reached using quantum considera= /V/V and the entropy density= 5/V,

2. The monoatomic ideal gas

tions. At the beginning of the last century, around 1912, p_ 2 7
Hugo Tetrode and Otto Sackur independently developed an =3/ ™
equation for the entropy using a solution of the Boltzmann 3
statistic. This equation is named Sackur-Tetrode equation, p= §nkBT, (8)
and is represented by [15] 3/2
exp(5/2) (mkgT
5 VY 3 mkpT s =nkpIn [ : 9)
1 mkpT\*?
wherekp = 1.381 x 1023J/K is the Boltzmann constany pw=—kpTIn [ (T;L 22 ) } ) (10)
is the particle numbeiy is the volume the temperature of AT
the gasm is the mass of the particle afig=1.054 x 10~34J.s Our aim is to show that these equations remain valid even

is the Planck constant. The last term represents the quaf! an expanding universe where the thermodynamical param-
tum correction. In classical thermodynamics this constant reters are not constant.
mains undefined, and it can be determined only through the
quantum statistical treatment. This expression can be reducgdl  Thermodynamics of an expanding universe
to a more compact form
3/2 Let us consider that the universe is described by the homo-
S = Nkgln |:Cxp(5/2)v <kaT) ] ' ) geneous and |s_otr9p|c Frledmar)n-Robelrtson-WaIker geome-
N\ 27h? try [17,18] and is filled with a fluid described by the general

The monoatomic ideal gas satisfies the ideal gas Iavgquatlon of state

PV = NkgT and its internal energy is given by P = wp, (11)
3 wherew is a constant parameter.
= —NkgT. 3 S : R
v o B 3) The equilibrium thermodynamic states of a relativistic

The pressurd is related to the energy by the equation of simple fluid obeying the equation of state (11) can be com-

state pletely characterized by the conservation laws of energy, the
PV — EU. 4) number of particles, and entropy. In terms of specific vari-
3 ablesp, n ands, the conservation laws can be expressed as
Finally, the chemical potential of the ideal monoatomic gas a
can be obtained by p+3(1+ w)pg =0,
oG . a . a
m= (6N)T,p’ ®) nt3n- =0, $+3s- =0, (12)
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wherea = () is the scale factor of the evolution, or roughly will analyze a simple model of a gas of neutrinos and show
speaking, the universe radius, so thatc o varies with the  that our estimate is in agreement with one of these models.
universe expansion. The above equations have general solu- Finally, let us see how the expression for the chemical

tions of the form; potential is. Using the relation (5), the chemical potential is
- <a0>3(1+w) given by
P=ry ’ p— s0To — (L +w)po | T (19)
3 3 n Ty~
n =ny (E) , S§=298¢ (@) ) (13) ’ ’
a a

Note that the negative sign was purposely left in evidence.

wherepg, ng, sg andag are present day (positive) values of

the corresponding quantities. On the other hand, the quant, Universe filled with a monoatomic ideal gas
tities P, p, n ands are related to the temperatufeby the

Gibbs law In order to shown that the equations of a monoatomic ideal
s i gas remain valid even in an expanding universe, let us take
nT'd (—) =dp— udn, (14) w =2/3inthe above equations:
n n

. i . T 5/2 T 3/2
and from the Gibbs-Duhem relation there are only two inde- _ _
P = Po , M =T"o Ty )

pendent thermodynamic variables, sagnd7. Therefore, Ty
by assuming thap = p(T,n) and P = P(T,n), one may

. . . T 3/2 SoTo ) Po T
show that the following thermodynamic identity must be sat- s =g, — . o= — S (20)

isfied Th ng 3ng | Ty’
P 0 A very interesting feature of these equations is that all of them
T<E)T) =p+P—n <8n> , (15) have a temperature dependence very different from those of
n T

Egs. (8)-(10). We also see that as the universe is cooling
an expression that remains locally valid even for out of equidown, all these quantities decrease with evolution.
librium states [19]. Now, inserting the above expression into ~ Let us consider the equation for the energy density. It can
the energy conservation law as given by (12) one may shoke€ written as

that the temperature satisfies 7\ 5/2 T 7\ 3/2
_ p=n(z) =m(z)(3)
T (0P\ n a To To ) \To
—=|—=—) —=-3w-, (16)
T op /). n a n (T P0
=r —\7 )=+ nT'. (21)
and assuming # 0 a straightforward integration yields 0A70 070
But this expression has exactly the same form as Eq. (8) if
T—T, (a>3w7 (17) we define )
a
0 ”OT = Cka, (22)
so that the Egs. (13) can be written in terms of the tempera- Toto
ture as so that
3
7\ p=-nkgT. (23)
P = pPo T ) 2
0

Thus we see that the energy density of the expanding uni-
7\ 7\ ¥ verse behaves exactly like that of an ideal gas. Furthermore,
§=50 <T0> » M=To (To> ‘ (18)  the expression (22) is very interesting, relating the present
day values of the constanig, p, andTj with the Boltzmann
These relations simply tell us that today, when the temperaconstant: .
ture of the universe i$), these quantities are equaldg, no Regarding the entropy expression, apparently the Sackur-
andsg, which represent constants still undefined. Let us talkTetrode Eq. (9) has nothing to do with the corresponding one
a little about these constants, particularly Just as the clas- of Eq. (20). In the first, the temperature dependence is log-
sical ideal gas entropy is defined up to an additive constantrithm, while in the second, it is a power law. But note that
here we find the same problem because we can not calcy; is a constant that needs to be determined, corresponding to

late the current value of the entropy of the universe, neithethe actual entropy of the universe. Defining theconstant
the number of particles, and energy densitieg). We need as

some model to infer the values of these constants. The ob- 3/2
servational data and recent theoretical models constrain very so = kpnoIn {exp(f)/ 2) <T0mk3> } (24)
accurately the values of these constants. In the last section we no 2mh?

Rev. Mex. is. E57 (1) (2011) 11-15



14 S.H. PEREIRA

and substituting in the entropy expression we have, aftefhe estimate for the current density of neutrino is of or-

some algebraic manipulations der n,,=115.05x10° particles/md, which corresponds to
, no=8.84 x 10~%° Ge\® in natural units [20], and the neu-
- < T )3/ . trino energy density is
—20\ 7 — 20
T no )
po =2.95x 1071 J/m’ = 1.41 x 107°! GeV*:.
1 [exp(5/2) ( Tomkp 3/2
=nkp In no 2 h2 One of the successful predictions of primordial nucleosyn-
) 32 32 thesis provide strong indirect evidence that for each neutrino
[ mkgT 1 (Tp flavor the relation (see page 180 of [18
=nkgIn exp(5/2)<27rh2) n(T> ] (see pag [18])
) ’ o 27)
, - <
ke In | ER0O/2) (kaT)s/? (25) )
B 2mh2 ’ is satisfied. The primordial nucleosynthesis also sets an upper

. . limit to the individual neutrino chemical potentials of [18]
which is exactly the Sackur-Tetrode equation.

Finally, we analyze the chemical potential. Using the re- p<89x107% eV. (28)
lations (22) and (24) and substituting,
Using the model of an ideal gas, we can estimate the en-
o= {50 5 }T — —kpT K S0 _ 5” tropy densitys, of a neutrino gas filling the whole universe
no  3noTlo kpng 2 and then verify if this relation is satisfied today, when the

3/2 temperaturdy is of the order of the temperature of the cos-
In FXPW 2) (Tomk3> - ln[exp(5/2)]”

=—kpT

512 mic microwave background, = 2.75 K. Taking the neu-
T

o trino mass asn, = 0.01 eV= 1.78 x 1073 kg (a rea-

T\ 372 sonable value), and substituting it into the Eq. (24), we get
= kgTln 1 (m 320) 5o = 1.28 x 10~ J/Km? = 9.29 x 103/m3. Thus we see that
no \ 2mh the relation (27) is satisfied, since we obtajysq = 0.12in

natural units.

, (26) Another important result is the calculation for the chemi-
cal potential of the neutrino gas filling the universe. Making
the substitutions in the Eq. (20), we get= —1.76 x 10722

= — kBTln

1 (mkpT 3/2
n \ 2wh?

exactly the same as obtained in (10). _ J= —1.10 x 10~% eV for the current value of the chemi-
_ Thus we show that all the equations of an ideal gas arga| potential. We see that the relation (28) is satisfied and
still valid even in the case of an expanding universe. the negative sign shows that it is in agreement with what was
previously discussed in Sec. 1.
5. Concluding remarks Remember that the ideal gas model is valid for high tem-

peratures, but in this work we are making estimates using

We studied the thermodynamic properties satisfied by an ex@ Very low value tdl, which is the temperature of cosmic
panding universe filled with a monoatomic ideal gas. Webackground radiation of 2.75 K, and even so we get a good
showed that, although the relationships appear to be diffe@greement with the predictions of other models. This shows
ent, when we define the constaptsand s, in a convenient that the ideal gas model is a powerful tool to make estimates
way, the same relations of an ideal gas confined in a regiognd even obtain good results for some situations that appar-
of constant volumé’ are obtained. ently require more sophisticated models.
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simple estimates with this model assuming that neutrinop\cknowledgements
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