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With the aim of developing experiments for teaching dynamics of complex systems and stabilization methods in lasers, we study the dynamics
of a diode-pumped Nd:YVO4 laser under periodic loss modulation produced with an acousto-optic modulator and a function generator. Our
goal is stabilization of the laser oscillations in a chosen dynamical state. The results obtained with the rate-equation model for different
modulation schemes are in a good agreement with the experiments.
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1. Introduction

Compact solid-state lasers are the most important source of
laser light widely explored in industry and technology nowa-
days. These lasers are highly efficient and robust and they
can work in diverse industry environments [1]. Neverthe-
less, at powers medium to high the lasers suffer from dynam-
ical instability and their emission becomes unacceptable in
many applications like those requiring high precision, such
as micro precision processing of drilling, welding, mark-
ing and cutting, rapid prototyping, and so on. Dynamical
fluctuations arise from inherent laser dynamics and in some
cases are forced by mechanical and thermal effects of strong
pumping [2]. Among different active media of compact solid
state lasers, a Nd:YVO4 crystal is widely used laser crystal,
because of its larger emission cross section compared with
Nd:YAG, higher efficiency in converted pumping energy, and
lower lasing threshold. On the other hand, Nd:YVO4 crystals
are birefringent and have anisotropic emission cross section,
they suffer from stronger thermal effects than Nd:YAG. Nev-
ertheless, it is one of the best crystals when the pumping is
done with diode lasers. Because of the involved laser state
lifetimes, Nd:YVO4 can be modulated at much higher fre-
quencies than Nd:YAG, that makes the laser a good candidate
for high speed processing.

Solid state lasers like Nd:YVO4, Nd:YAG, and Nd:YALF
are known as type-B lasers [6,7], which dynamics is regulated
by two variables, the optical field and the population inver-
sion. These lasers are usually adiabatically stable. However,
they become chaotic if an additional variable is introduced to
the system. Unwanted chaos can be caused nonlinear interac-
tion between laser modes,e.g., between longitudinal modes
when a second harmonic generation crystal is inserted into
the cavity [9]. This so-called ”green problem” became rel-
evant with the need to miniaturize cw intracavity frequency

doubled solid state lasers. Chaotic lasers have been exten-
sively studied for application in secure communication sys-
tems, where information is encoded into chaotic light carri-
ers and then transmitted through optical fibers. The message
is decoded in the receiver with another chaotic laser, which
is synchronized with the laser in the transmitter [10]. In this
area, generation and control of chaotic laser oscillations are
very important.

Chaos in a laser can be generated either by direct opti-
cal feedback from an external mirror, by parameter modula-
tion [3,4], or by light injection from another laser. As soon
as chaos emerges, its control becomes an important prob-
lem. Several control methods have been developed to stabi-
lize an unstable periodic orbit embedded into a chaotic attrac-
tor. Some of them use parameter modulation, like the OGY
(Ott-Grebogi-Yorke) method [14], the others imply the mod-
ulation of a system variable, like the Pyragas method [12].
The available modulated parameter can be either the pumping
power or the optical losses. The disadvantage of these control
methods is that they require a full mathematical description
of the underlying nonlinear model of the laser system, since
the exact knowledge of the attractor is needed in advance in
order to analyze and control the system. In practice, this is
a difficult task although feedback control of chaos has been
demonstrated in Nd:YAG [4] and other lasers [5].

The simplest method of stabilizing chaotic laser dynam-
ics is the open loop control by applying periodic modulation
to a single laser parameter, specifically, to cavity losses as
a = a0[1−m sin(2πfct)], wherea andfc are the modulation
amplitude and frequency, respectively. With this method, the
weak modulation brings the system to a nearby orbit even-
tually stabilizing the laser in a periodic orbit. Such non-
feedback control can be performed by applying resonant,
fc = (1/n)fn, where n = 1, 2, ..., near resonant
fc ' (1/n)fn, or nonresonantfn À fc perturbation, where
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fn is the characteristic or natural frequency of the laser. The
nonfeedback nonresonant control can be realized in the form
of fast or slow parameter modulation, slow means that the
frequency of the control modulationfc is much smaller than
the characteristic laser frequencyfn, i.e. fc ¿ fn. Some of
these stabilization methods are used to suppress unwanted os-
cillations of semiconductor laser devices, such as DVD play-
ers [16], which are very sensitive to destabilizing unwanted
optical feedback, and where harmonic modulation prevents
the chaotic output. The same control principles can be ap-
plied to diode-pumped solid-state lasers.

In this work, we apply weak modulation to laser losses
to observe changes in dynamical states occurring under the
modulation. The aim of this study is to distinguish differ-
ent dynamical states in laser dynamics by varying laser and
modulation parameters within accessible ranges. Our study
intends to help in didactics of dynamical systems providing
visualization of different dynamical regimes. We do not in-
tend a full characterization of the laser dynamics, but just
use our setup for the didactic purpose. The paper intents to
provide students with the experimental practice besides high
theoretical background by offering them to observe complex
laser dynamics using the simplest control technique. In such
a way, the students get involved into the experimental study
working with lasers and collecting time series with a great
number of samples through PC-based A/D samplers. They
will also improve their skills in programming and data anal-
ysis.

2. Modeling

The laser is modeled with the four level rate equations, which
assume a single mode lasing. The Nd:YVO4 is birefringent
but it normally oscillates in a preferential polarization, so

FIGURE 1. Energy diagram for the laser modeling.

that we model the oscillation with a single polarization. The
four level laser scheme is shown in Fig. 1. As distinct from
other models of this laser, the parameters in the model we use
[8,15] are closer to real laser parameters.
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whereϕ is the photon density,Ni is the population density
of the laser level(i = 1, 2, 0), σ is the laser stimulated emis-
sion cross section,tij is the decay time of transition between
levelsi andj. We neglect the population of level 3 assuming
that all atoms pass to level 2 very fast without emission.lg
is the active medium length,c is the light velocity,R is the
reflectivity of the output coupler,P is the pumping rate. The
round-trip cavity loss is defined as

ε = L + γ(t), (5)

whereL is the static loss andγ(t) is the modulating function.
The parameters used for Nd:YVO4 areσ = 2.5×10−18 cm2,
τ21 = 90 µs,L = .04, Nt = 1.37× 1020 cm−3, and the (ap-
proximated values ofτ20 = 3.9× 10−4 s,τ10 = 3× 10−8 s).
The parameters of the resonator are given in the next sec-
tion. Using the above parameters of our Nd:YVO4 laser, we
numerically solve the set of equations using the fourth order
Runge-Kutta method in order to obtain time series of the laser
output intensity.

3. Experimental

The experimental set-up is schematically shown in Fig. 2.
We use a 2×2×3 (mm) Nd:YVO4 laser crystal end-pumped
by a fiber coupled semiconductor laser at a pump wavelength
of 809 nm (LD). The maximum pump power is 5W and the
polarization of the pump beam is aligned with the crystal c
axis. The resonator consists in a mirror (M1) with high re-
flectivity at 1064 nm and AR coating to the pump radiation
and the second mirror (M2) with reflectivity of 94% as output
coupler. Both mirrors are flat, the resonator length is 125 mm,
the pump radiation is focused by convex lens (L) with 25 mm
focal length. The cavity loss is modulated with an acousto-
optic modulator (AOM) Intraaction mod AOM405AF1. The
modulation signal from a signal generator (SG) is applied to
the driver of an acousto-optic modulator (RF). The use of
flat mirrors make a near unstable resonator, but the thermal
lens in the laser crystal generated by the pumping ensure that
the resonator works well in a stable region. The resonator is
made to work in TEM00 mode using a small aperture. Power
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FIGURE 2. Experimental setup.

measurements of the pumping beam and the laser output are
performed with a Nova laser power meter (PM) from Ophir
Instruments. With these values, the characteristic time is
τc = nl/(1 − R)c, τc ' 13.6 ns. The laser output pass
through a 1064-nm pass band filter (F) and directed to a pho-
todiode (PD), then the signal is displayed on an oscilloscope
and simultaneously recorded with an A/D card on a PC run-
ning Labview software to perform post time series analysis,
such as Fourier spectrum, Lyapunov exponents, and visual-
ization of a phase diagrams in order to recognize chaos [7].

In visualizing time series it is sometimes difficult to rec-
ognize meaningful patterns, especially when the waveforms
are not periodic but rather quasiperiodic,i.e., when the oscil-
lations have multiple periods. The analyses of more complex
patterns, like chaos, is even more difficult, it requires special
mathematical techniques, like Fourier analysis, which can be
easily performed with PC or as a built-in mathematical func-
tion in modern digital oscilloscopes. Although the Fourier
analysis is very important, the spectrum recognition by eye is
also difficult. In the case of chaotic output, it is sometimes
difficult to distinguish chaos from simple noise. The Fourier
analysis shows that chaotic series have a bell shape spectrum,
but in some cases it is better to use other tools, like Lyapunov
exponents, which measure the system sensitivity to a change
in initial conditions. If the system is allowed to evolve from
slightly different initial states,x andx+ε, aftern interactions
their divergence may be characterized approximately as [7]
ε(n) ≈ εeλn, whereλ is the Lyapunov exponent, defined as

λ = lim
n→∞

1
n

n−1∑

i=0

loge |f ′(x)| . (6)

If λ is negative, the trajectories converge and the evolu-
tion is not chaotic, but ifλ is positive, nearby trajectories
diverge and the system becomes chaotic. Although this con-
cept is very useful, numerical estimations of the Lyapunov
exponents from time series is rather a sophisticated task. We
calculate the Lyapunov exponents using the algorithm from
Ref. 11.

4. Results and Discussion

In this work, we study the laser dynamics using time series
analysis numerically and experimentally and compare the re-
sults. In the experiment, we observe the dynamics that allows
us to see immediate changes in states while adjusting the laser
parameters. In order to ease visualization, we construct phase
diagrams with I(t) vs dI(t)/dt, where we can see the transition
from a fixed point to closed orbits and a more dense type
of trajectories, and in some cases we recognize chaos with
its characteristics. These phase diagrams are intended to be
an important visual tool for analyzing one-dimensional time
series, but from the dynamics point of view they are not a
true dynamical phase state, since the last is multi-dimensional
space, not accessible from the experiment. The characteriza-
tion of the saved time series is made in a posterior numerical
analysis.

The laser without modulation works in a cw regime (fixed
point) with the output power being in the range of tens of
mW. Near the threshold these lasers exhibit instabilities due
to small perturbations due to natural relaxation oscillations,
which result from the interplay between the population inver-
sion and the photon density in the laser medium. Their char-
acteristic frequency depends on the pump power and static
losses. Figure 3 shows the variation of the relaxation fre-
quency with the laser pumping power. Near the threshold, the
relaxation oscillations range from 80 to 160 kHz. These val-
ues are consistent with theoretical values obtained by using
the cavity parameters andfn=

√
(r − 1)/τcτ − (r/2τ)2 [8],

wherer = P/Pth is the normalized pumping power,P is the
pump power,Pth is the pumping threshold,tc is the cavity
decay time, andτ is the laser level decay. With the pumping
power near thresholdr ' 1.049, we havefn ' 200 KHz,
nevertheless, with stronger pumping this frequency grows up
rapidly. In the experiments, this frequency sets the lower

FIGURE 3. Experimental measurement of relaxation oscillation
frequencies.
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FIGURE 4. Modeled time series for sinus wave control signals.

FIGURE 5. Experimental and modeled laser output.

limit in the time scale of the observed changes. Thus, we
restrict the measurements to the lowest pumping, where the
frequency is low enough to enable time series measurements
with a relatively low resolution.

Pumping above the lasing threshold, the laser output is
stable in a fixed point, but instabilities may occur if there is
some optical feedback or some noise in the pumping. In our
case, the instabilities are caused by the loss variation by an
intracavity acousto-optic modulator. Even though the mod-
ulation used is very small, the laser output is modified by
the modulation. Modulating with a sinus wave, the laser
output follows the modulation signal, thus for low frequen-
cies (few kHz) the output is a sinus wave (Fig. 4). In this
case of modulation, visible changes in the dynamics occur
only for higher frequencies. Nevertheless, some more com-
plicated dynamics is set when we modulate the losses with
other waveforms, ase.g. those shown in Figs. 5, 7, 8,
where the modulation function is a square wave. In the case
of very low frequencies and small modulation, the laser ex-
hibits natural relaxation oscillations at each cycle. Increasing
the modulation frequency, these oscillations are not damped
and laser output oscillate in a more complex manner, like a
collection of periodic orbits. For higher frequencies, these
multi-periodic outputs change to patterns like chaos shown
in Fig. 6. Chaos is recognized by the wide spectrum and also
by the positive Lyapunov exponent.

The time series obtained with the model are in agreement
with the experimental waveforms. Although there are some

FIGURE 6. Laser Intensity and power spectrum ( Arb. Units) with slight chaotic contribution, Lyapunov exponentλ=0.402.
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FIGURE 7. Modeled time series for different modulation frequencies, Intensity (A. U., and time), Power spectrum (A.U. ), and phase
diagrams, a) 12 KHz, b) 14 KHz, c) 16 KHz, d) 18 KHz.

FIGURE 8. Experimental time series for different modulation frequencies , Intensity (A. U., and time), Power spectrum (A.U. ), and phase
diagrams. a) 12 KHz, b) 14 KHz, c) 16 KHz, d) 18 KHz.
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limitations of the model, perhaps the most important would
be the limitation of modeling only one mode whilst in the
experiment several modes may oscillate. Since it is easier to
have a emission with several modes, the oscillation in a num-
ber of modes increases the complexity of the output wave-
forms, generating chaos in some cases, while in a single-
mode model it is harder to find chaos. Another limitation is
that noise in the model is not taken into account. However, in
practical situations, noise is very a important factor because it
can modify dynamics. Even though the model can accurately
describe the laser output, there are also some limitations for
the accuracy in the input data. It is found that the dynamics is
very sensitive to some parameters, such as internal reflectiv-
ity, cavity length, internal losses, and so on, which are some-
times difficult to know with great accuracy. When comparing
the experimental waveforms with the results of the numerical
simulations, even if the time series made for a great number
of points, only a few of the last data are shown in the graphs
in order to see the stabilized output after the initial transitory
at the start up of the laser.

5. Conclusions

In order to help students to understand dynamics of complex
systems in the fields of optics and lasers, the dynamics of a
Nd:YVO4 laser under low frequency loss modulation have
been studied both numerically and experimentally. The mod-
ulation produces a very rich dynamics which can be exper-
imentally visualized and analyzed. The experimental setup
can be used to further study of control methods to stabilize
the laser on particular states and to study conditions for which
the laser falls into chaotic states. The results of numerical
simulations display a qualitative agreement with the experi-
ment. The future work involves the observation of the effect
of modulation on the laser dynamics at much higher frequen-
cies.
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