
EDUCATION Revista Mexicana de Fı́sica E59 (2013) 1–7 JANUARY–JUNE 2013

Fourier description of lock-in
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In this study, a new interpretation about the operation of a traditional lock-in and dual lock-in is presented from the viewpoint of Fourier
analysis. Once the mathematical principles under which these devices operate are understood, we could take full advantage of the magnitude
and phase of the Fourier coefficients to measure the physical variables, as shown in the final example of this study. Also, a comparison
between signal-to-noise ratio (SNR) of a square reference lock-in and a pure sinusoid lock-in is also presented.
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1. Introduction

It is often the case that undergraduate and graduate students
in electronics or experimental physics obtain poor results in
their experiments due to the presence of large amounts of
noise in their measurements, caused by the relatively large
bandwidth of the instruments commonly used in an under-
graduate laboratory, such as the oscilloscope and the multi-
meter, which makes them use lock-in. However, when stu-
dents begin to use a traditional lock-in (non- traditional lock-
in techniques [1,2] are not considered in this work), it is diffi-
cult for many of them to understand its operation principles,
and this causes, in some circumstances, inappropriate use or
under-utilization. There are numerous studies on the use of
lock-in, but there are only a few discuss the analysis of its op-
eration [3-5], which, in most cases, is difficult to understand
(additional references are summarized in Ref. 4). For this
reason, this study focused on providing a simple interpreta-
tion of the lock-in based on the basic analytical arguments.

2. Mathematical analysis

Before starting our analysis, it must be pointed out that a
lock-in can only be used for measuring periodic signals; if
this condition cannot be achieved, then it is not applicable.
Once this indispensable condition is satisfied, let us suppose
that we want to measure a voltage or currentf(t), which, due
to its periodicity, can be represented in a Fourier series as
follows:

f(t) = a0 +
∞∑

m=1

{am cos (mω0t) + bm sin (mω0t)} (1)

wheream and bm are them-th Fourier coefficients,ω0 is
the fundamental angular frequency off(t), andT is its pe-
riod. From Eq. (1), iff(t) is multiplied by a constantα, all
Fourier coefficients are multiplied by the same constant, and
thus, any of them allows us to measureα, i.e., any physical

parameter that affects the amplitude off(t) can be measured
in this way.

Let us derive an expression for the coefficientsam and
bm. To calculateam, the signalf(t) is multiplied by a ref-
erence signal, which corresponds to the function associated
with the coefficientam; in this case, it iscos(mω0t + φ0),
whereφ0 is the phase difference that may exist withf(t) (for
simplicity, it will be assumed thatφ0 = 0; the general case
will be discussed later) and the product is integrated over a
period as follows:

T∫

0

f(t) cos (mωot) dt = a0

T∫

0

cos (mωot) dt

+
∑

l





T∫

0

al sin (lωot) cos (mωot) dt

+

T∫

0

bl cos (lωot) sin (mωot) dt





Owing to the orthogonality of the sine and cosine [6] func-
tions, all terms on the right-hand side of the previous equation
are zero, except the term of equal frequency (l = m) in the
expression of the desired coefficient,

am = 2


 1

T

T∫

0

f(t) cos (mωot) dt


 (2)

Thebm coefficient is calculated in a similar way, except that
here,f(t) is multiplied by the quadrature signalsin (mωot),
thus obtaining the following equation:

bm = 2


 1

T

T∫

0

f(t) sin (mωot) dt


 (3)
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FIGURE 1. General block diagram of a lock-in (dual lock-in includes dashed blocks).

3. Implementation of the analytical method

To demonstrate that a lock-in is an apparatus that physically
implements Eq. (2), let us analyze Fig. 1, which corresponds
to the general block diagram of a lock-in [5] (in Fig. 1, dual
lock and common elements incorporated to a lock in Ref. 15
are also included). The phase detector (PSD) multiplies the
input signalf(t) and reference inputcos (mω0t) [16], hence,
it remains to corroborate that the low-pass filter (LPF) car-
ries out the averaging operation, subsequently providing the
coefficientam, and we proceed as follows.

Taking into account the fact that the LPF used in a lock-
in is usually a first-order one, let us consider the simple RC
network shown in Fig. 2, which is a representative of all first-
order LPFs.

According to the voltage law of Kirchhoff, the input
(vi)−output (vo) relationship of theRC network is:

τ
dvo

dt
+ vo = vi (4)

whereτ = RC is the constant time of the network (R is the
resistance andC is the capacitance).

For periodic voltages with frequencies greater than unit,
∣∣∣∣τ

dvo

dt

∣∣∣∣ > |vo| (5)

therefore, Eq. (4) can be approximated to

τ
dvo

dt
≈ vi

FIGURE 2. First−order low−pass filter.

asτ is increased, the previous approximation trends to equal-
ity in such a way that the exit of the LPF corresponds to
Eq. (6) in the limitτ →∞ and the observation time in which
the measurement is performed (tobs) trends to infinity [17].

vo =
1
τ

tobs∫

0

vi(t)dt. (6)

Here,v0 represents the exact temporal average [18] and cor-
responds toam or bm according to the case. To conclude this
section, we state that a lock-in amplifier implements Eq. (2)
[dual lock-in implements Eqs. 2 and 3 named X and Y out-
puts respectively] divided by

√
2 when calibrated to deliver

the root mean square (rms), and therefore, is a Fourier coef-
ficient meter.

4. Noise reduction

In the process of measuring, there are always undesirable sig-
nalsen(t) (noise) that contaminate the signal to be measured,
introducing an element of uncertainty in the measurements.
A lock-in processes such noisy signals according to Eq. (2),
as follows:

2
T

T∫

0

(f(t) + en(t)) cos (mω0t) dt = am

+
2
T

T∫

0

en(t) cos (mω0t) dt. (7)

The new term of on the right-hand side of Eq. (7) represents
the noise at the output of a lock-in (the same goes forY out-
put of a dual lock-in). The value of this integral is virtually
zero because every strange signal that does not have the fre-
quency and phase of reference will be orthogonal to it, and
therefore, eliminated. This is the great advantage of this de-
vice, although in practice, there are contributions from adja-
cent components tomω0 of en(t), which, at the input of LPF,
do not meet the condition given in Eq. (5). For example, if
en(t) represents a pass-band source of noise with constant
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power density spectrumK, then the power of noise (n2) at
the output of a lock-in with a first-order LPF is [7,8]:

n2 =
K

2π

(π

2
ωc

)
(8)

The expression in brackets in Eq. (8) is the bandwidth
noise [10] andωc = 1/τ is the cutoff frequency of the LPF;
hence, according to Eq. (9), it is now easy to understand
why τ has to be chosen as large as possible. However, we
must not forget that this implies that the observation time
also increases, and therefore, a compromise between output
power noise and observation time must be done. It must be
remarked that the assumption of noise sources of constant
power density is not a restriction, becauseωc is usually less
than a few Hz, whereas the power density for most noise
sources,e.g., shot noise, is approximately constant up to fre-
quencies of 80 MHz [7].

n2 =
K

4τ
(9)

5. The phase

Before carrying out an experimental demonstration of our hy-
pothesis, let us reconsider the phase differenceφ0 that may
exist between the signal to be measured and the reference
signal. To simplify the notation, let us make the following
definitions: The cosine and sine functions are represented as
vectors in a Hilbert space [6]

im ≡ cos mω0t (10)

jm ≡ sin mω0t (11)

The scalar product of periodic signalsf(t) andg(t) with pe-
riod T can be denoted as

f · g =
1
T

T∫

0

f(t)g(t)dt (12)

Thus, with the exceptioni0 · i0 = 1, the orthogonality of sine
and cosine functions can be written as

il · im = 1
2δlm

jl · jm = 1
2δlm

il · jm = 0 ∀ m, l





(13)

where δlm is the Kronecker delta. Under this notation
Eqs. (1)− (3) can be rewritten as

f = a0i0 +
∞∑

m=1

(amim + bmjm) = a0i0 +
∞∑

m=1

sm (14)

am = 2 (f · im) (15)

bm = 2 (f · jm) (16)

where the Fourier Vector Component (FVC) can be defined
as

sm = amim + bmjm (17)

Whenφ0 = 0, (making the analogy with the Cartesian com-
ponents of a vector), a dual lock-in measures theX andY
components of the FVC divided by

√
2 when calibrated to

deliver the rms value (similar to the lock-in model SR530
of Stanford Research Systems), whereas a lock-in only mea-
sures theX component.

Let us now investigate the caseφ0 6= 0, where the refer-
ence with a phase shiftφ0 is expressed as follows:

cos(mω0t + φ0) = cos φ0im − sin φ0jm (18)

and the quadrature is

sin(mω0t + φ0) = sin φ0im + cos φ0jm (19)

The outputX is the rms dot product between the signal and
the reference given by Eqs. (14) and (18), respectively, there-
fore,

X =
1√
2

(cos φ0am − sin φ0bm) (20)

and the quadratureY output is the rms dot product of
Eqs. (14) and (19) [19]

Y =
1√
2

(sinφ0am + cosφ0bm) (21)

Equation (22) summarizes Eqs. (20) and (21) in matrix form,
and represents the general expression of the outputs of a dual
lock-in as follows:[

X
Y

]
=

1√
2

[
cosφ0 − sin φ0

sin φ0 cosφ0

] [
am

bm

]
(22)

Thus, we conclude, thatφ0 6= 0 makes a dual lock-
in to measure the rms componentsX and Y of the
anticlockwise−rotated FVC (a lock-in, of course, only mea-
sures theX component).

6. Signal-to-noise ratio

The quality of a signal in the presence of noise is measured
through the signal-to-noise ratio (SNR), defined as the ratio
of the output power signalPs to the output power noisePn,

SNR =
Ps

Pn
(23)

The early lock-in or the most simple and inexpensive ones
uses a square wave as the reference signal (we will name
it as sq-lock-in). Let us calculate its signal-to-noise ratio
(SNRsq) and compare it with theSNR of a lock-in with
pure sinusoid reference signal (SNRs).

We will assume that the square reference signal (rsq)
raises from0 to A in the origin of time (t = 0), and let us de-
fine its duty cycle asδr = th/T whereT is its period andth
is its time of high state, which is 0.5, because for this value,
rsq has the simplest Fourier representation and the Fourier
coefficients are the maximum (this is why a reference signal
with these characteristics is used).

rsq =
A

2
i0 +

∞∑

l=1

Bljl (24)
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FIGURE 3. Process of measurement a physical variable.

6.1. SNRsq of a square reference lock-in (sq-lock-in)

6.1.1. Signal power

Before calculating the signal power (Ps), let us analyze Fig. 3
which represents the process of measurement of a physical
variable [9]. As shown in the figure, we first perform a mea-
surement without the sample, obtaining an output signal at
the sq-lock-in whose power isPout1, and subsequently with
the sample, the output signal power changes toPout2. Thus,

Ps = Pout2− Pout1 = ∆Pout (25)

We now proceed to calculatePs. Letf(t) be the signal deliv-
ered by the transducer illustrated in Fig. 3. The power (Pp)
of the product off(t) andrsq(t) is:

Pp = lim
T→∞

1
T

T∫

0

(f(t)rsq(t))
2
dt (26)

Taking into account the characteristics ofrsq(t), its power is
Psq = A2/2 and Eq. (26) can be expressed as

Pp = 2Psq


 lim

T→∞
1
T

T/2∫

0

f2(t)dt


 (27)

The expression between the parenthesis of Eq. (27) repre-
sents only a fraction of the total power (Pf ) of f(t) given
by

Pf = lim
T→∞

1
T

T∫

0

f2(t)dt (28)

Hence Pp ≤ 2 Psq Pf , the equality is only met if
f(t) = krsq(t) where k is a constant of proportionality.
Therefore, this is the best signal we can use to measure with a
sq-lock-in. From Fig. 3, we can observe that the signal deliv-
ered by the sq-lock-in is the zero-frequency component of the
product off(t) andrsq(t) (because the cutoff frequency of
the LPF is usually very small). As the component at zero fre-
quency of a square signal contributes half of its total power,
we conclude, that for the best signal the output power is pre-
cisely

Pout = PsqPf (29)

According to Eq. (25) the maximum power of the signal
achieved with a sq-lock-in is

Ps = Psq∆Pf (30)

6.1.2. Noise power

For sources of noise with noise spectral density constant and
considering the noise at each component of the reference as
pass-band noise [7], the noise power at the output of the filter
can be calculated as follows:

n = noi0 +
∞∑

l=1

(nclil + nqljl) (31)

Using Eqs. (24) and (31) at the output of the sq-lock-in, the
noise can be given as

nout = n · rsq =
1
2

∞∑

l=1

nqlBl +
1
2
An0 (32)

Therefore, the output power noise (Pnout) considering that
n2

ql = n2 for every l (n2 is given in Eq. (9)), is the sum-
mation of every component of Eq. (32):

Pnout =

(
1
4

∞∑

l=1

B2
l +

1
4
A2

)
n2 (33)

the expression between the parenthesis of Eq. (33) is
(3/4)Psq, and for stationary noise sources and non-memory
measurements, then, the signal noise isPn = 2Pnout; there-
fore, the maximum SNR for a sq-lock-in is

SNRsq ≤ 4
6

∆Pf

n2
(34)

6.2. SNRs of a sinusoid reference lock-in (lock-in)

If the physical variable that we want to measure only affects
the amplitude off(t), which occurs commonly, (see Fig. 3),
we can use the Perseval theorem to show that the changes in
the signal power [Eq. (28)] are equal to those of the power
contained in every Fourier coefficient,i.e.

∆Pf =
1
2
∆b2

l (35)

Therefore, the signal power for the optimum case of sq-lock-
in is equal to that measured with the sinusoid lock-in, with
reference being in phase withf(t). We already calculated
the noise output powern2 in Eq. (9); thus, for this lock-in,
Pn = 2n2 for the same reasons mentioned earlier. Therefore,
we conclude that

SNRsq ≤ (0.667)SNRs (36)
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7. Experimental set up

In this section, we will experimentally demonstrate that a
lock-in is a Fourier coefficient meter. To carry out this task,
we will use an SR530 dual lock-in of Stanford Research Sys-
tems to perform the following: First, the magnitude of the
first 40 Fourier components of a periodic positive square sig-
nal (named SIG) of amplitudeAs = 0.5 V and duty cycle
δs = 0.1, applied at the input of the SR530, will be measured
and compared with the theoretical values. Second,δs will be
varied to observe its effect on the first FVC [Eq. (17)] and the
results will be compared with those of the theory of Fourier
predicts, namely [13].

am = 2
As

mπ
sin (mπδs) (37)

bm = 0 (38)

φm = −mπδs + θ0 (39)

The experimental set up is shown in Fig. 4, and was imple-
mented with a signal generator Telulex model GS-100, an

FIGURE 4. Experimental set up for measuring the Fourier coeffi-
cients of SIG.

FIGURE 5. Theoretical and experimental amplitude of the Fourier
coefficients (am) of SIG.

SR-530 and a self-designed correlating circuit [20]. It is im-
portant to note that in measurements with a lock-in, the ref-
erence signal (named REF) and SIG must be correlated to
have the same frequency and phase difference, and a common
way to meet this requirement is to generate REF from SIG;
however, here, the opposite will be done-the signal genera-
tor provides REF, which is a periodic positive square signal
TTL. SIG is generated from REF through two mono-stable
timers (see frame at the bottom of Fig. 4), the first delivers
a positive square signal of 100 Hz frequency, regardless of
the frequency of REF, which is present at its input, and the
second is used to adjust the duty cycleδs of the signal of the
first mono-stable. In this way, SIG is generated as a positive
square wave of constant frequency of 100 Hz whose magni-
tude in high state isAs = 0.5 V and duty cycle isδs = 0.1.

For the first part of the experiment, the frequency of
REF (fREF) is modified according to the following equation:
fREF = m × 100 Hz, wherem = 1, 2, ...40. For the second
part fREF = 100 Hz andδs is varied from 0.05 to 0.95 in
increments of 0.05.

8. Results
In Fig. 5, a comparison between the theoretical values of the
magnitude of Fourier coefficientsm = 1, 2,. . . 40 of SIG cal-
culated using Eq. (40) is presented, with respect to the values
obtained experimentally by the arrangement described in the
previous section, and where two important aspects have to be
taken into account: a) To obtain the amplitudes from the rms
values that SR530 delivers, the experimental data were mul-
tiplied by

√
2, and b) all SR530 Notch filters were disabled.

If the filters are not disabled, then the coefficients whose fre-
quencies are within the bands of rejection of those elements
are attenuated, because its transmittance is less than 1 within
these bands; in our case, this effect was clearly observed on
the first coefficient of SIG located at 100Hz, which had 0.83
times greater magnitude (see inset in Fig. 5) than that ob-
tained with the filters disabled.

FIGURE 6. Transmittance of the Notch filters of the lock-in SR530.
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FIGURE 7. Experimental and theoretical polar plot of (a1,φ1) as
function of duty cycleδs.

For a better understanding of the effect of the filters, we
present the filters transmittance versus frequency (Fig. 6), and
as can be corroborated, at 100 Hz, the transmittance was 0.83.
Figure 6 was obtained by measuring the normalized ampli-
tude ofa1 when the frequency of SIG was varied from 10 to
250 Hz, having all filters enabled.

In Fig. 7, the theoretical and experimental values of the
magnitude and phase of Fourier coefficients (a1, φ1) are plot-
ted in polar form, which were obtained by changing the duty

cycle of SIG (δs). We can see an excellent concordance be-
tween these values, with the exception of an unimportant91◦

shift corresponding toθ0 = 91◦ in Eq. (39). Finally, we con-
clude that a lock-in is a Fourier coefficient meter and the co-
efficient is selected by the frequency of the reference applied
to its input.

9. Using a lock-in

The following example illustrates the use of a lock-in. Cur-
rently, we know that it is common to use optical fibers
to transmit pulses of light representing binary information.
Such pulses, as they travel in a fiber, suffer attenuation and
broadening due to dispersion. To measure such attenuation
and broadening with a lock-in, we can send periodic pulses
(p(t)) at the input of the fiber;p(t) can also be used to gener-
ate the reference signal (REF). The attenuated amplitude of
the signal at the output of the fiber (SIG) can be considered as
p(t) multiplied by a factorα < 1; therefore, the attenuation
α and the broadening of the pulses can be measured through
the magnitude and phase of any of the Fourier coefficients
of SIG, respectively, as we did in the experimental section.
Also, in reference [13], a good experiment showning the im-
portance of the phase and amplitude has been presented.
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