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Introduction of the concepts of hole and effective mass using an
alternative to the E-k diagram
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An alternative to thé=-k diagram is proposed as a mean of teaching the concept of hole to undergraduate students who have never studied
Quantum Mechanics. Some background on the application of Quantum Mechanics to crystalline solids is given in order to discuss the
concept of effective mass and the concept of hole. Then, the so-¢ggllledy diagram is geometrically derived from tBek diagram, using

their critical points as a reference. Finally, the new diagram is used as part of a full explanation of the concept of hole and conclusions are
given.

Keywords: Hole; effective mas<E-k diagram.

Se propone una alternativa al diagraf& como medio de enar el concepto de hueco a estudiantes de licenciatura que nunca han
estudiado Megnica Cantica. Se dan algunos antecedentes sobre la aflicdeila Meéanica Céntica a élidos cristalinos necesarios para
discutir el concepto de masa efectiva y el concepto de hueco. Bgsplllamado diagrama| — v se deriva geogtricamente a partir del
diagramaE-k, usando sus puntositicos como referencia. Finalmente, el nuevo diagrama se usa como parte de una éxplioagileta

del concepto de hueco y se sacan algunas conclusiones.

Descriptores: Hueco; masa efectiva; diagrarak.

PACS: 71.20 Mq; 72.80 Cw; 01.40.-d

1. Introduction In order to maintain simplicity, all the derivations will
be restricted to the one-dimensional case. The more precise
tridimensional case does not introduce new information and

The difficulty for grasping the concept of hole in introductory would not be appropriate for the target students

courses of Solid State Physics is widely known [1]. In spite
of this, the concept of hole is often introduced early to Elec-

trical Engineering students, in order to make the distinction2. ~General background
betweerp-type andn-type semiconductors. However, in the

absence of a Solid State Physics background, holes can Onlﬁ}ectrons in crystalline materials are immersed in a period-
be introduced in a qualitative and inexact manner. iCal potential. For the steady-state case their wavefunction

) ) ) ‘must meet the time-independent Sidinger equation
These misleading explanations can cause the student dis-

orientation when they are pursuing more advanced studies. W(@) = hidj
For example, without an understanding of the concept of ef- Y= om da

fective mass, positive Hall voltages cannot be explained in i )
terms of electrons [2], which can lead students to think ofVNe€réf: is Planck constanty the mass of electron in vac-

holes as positive particles that can exist outside a solid. AUM andU(z) the potential energy. Alsdy is the Hamilto-
very good explanation of positive Hall voltages, intended forMian operator whereas is its eigenvalue, which represents
Electrical Engineering students is found in the old Hemen2n allowable energy level for the electron. _
way'set al. book [3]. However, most discussions of the con- N @ crystalline material/(z) is periodical and according
cept of effective mass can only be found in books intended® Bloch theorem, any wavefunction for a periodical potential

for students familiar with Quantum Mechanics [4,5]. can be expressed as

n U(a:)} ba) = Eox) ()

Effective mass is defined by means of the diagram Yi(z) = e'“m‘uB(g;) , )
and this can lead one to think that there is no manner to
precisely explain effective mass without using this diagramwhereug(x) is a function with the same period &§),
Nevertheless, an absolute value of crystal momentum versugown as Bloch function. There is a range of valuesiftrat
group velocity diagram can be easily derived fromEakdi-  complies with Bloch theorem, and a corresponding range of
agram. Thigp| — v diagram has all the information needed wavefunctions.
to discuss effective mass, while using only quantum concepts The parameter defined by

that are analogous to the classical concepts of momentum and
velocity. p=hk 3)
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is known as crystal momentum because it is related to the Nevertheless, students without a background in Quantum
external applied force by Mechanics will find theE? — k diagram meaningless and its
introduction will not be useful in any way. An option is to
Fexternal = dﬁ’ (4) attemptto give the student a review of Quantum basics be-
dt fore the concept of hole is introduced. This approach will
which is a relation analogous to Newton’s second law. A pos€onsume class time and may even not be enough to solve the
itive force will be associated with an increase of crystal mo-Problem. A better alternative is to turn to the use offgije-v
mentum, whereas a negative force with a decrease of crystdiagram, the derivation of which is described as follows.
momentum. It is important to note that this behavior is not
dependent on the particle being positive or negative.
Because of the wavelike properties of electrons, the only
velocity that can be defined for them is the group velocity of a
wavefunction package formed by the neighboring wavefunc-
tions. That is

dE

dk

E

_1dE

=T (5)

Vg

k

Crystal momentum and group velocity are concepts analo-
gous to classical momentum and velocity and can be used tc
define a concept analogous to mass, that is, effective mass
Effective mass definition is

«_ dp
m = P

= (6)

7
v

which can also be expressed as

h2
= 2E/dk?

*

. (7 FIGURE 2. Basic sketch of a group velocity versus crystal momen-
k tum diagram, obtained from the derivative of tae& diagram.

The standard manner to manage these concepts in Solid State
Physics is by plotting the eigenvalug=of the wavefunctions P

versus the parametér This is anF — k diagram, like that - | __
shown in Fig. 1.

The dynamics of the electron in the crystalline lattice are
fully contained in this diagram. The crystal momentum, re-
lated to the parametel, can be obtained from the abscise
axis whereas the group velocity and effectve masscanbe ~  F—————————
extracted from the slope and concavity of the plot, respec-
tively. In the context of a course on Solid State Physics for
students who are knowledgeable in Quantum Mechanics, the
E — Kk diagram is irreplaceable.

K FIGURE 3. Basic sketch of a crystal momentum versus group ve-
locity diagram, obtained by switching the axes in Fig. 2.

FIGURE 1. Basic sketch of ai-k diagram.
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3. Diagram derivation 4. Introducing the |p| — v diagram

Regardless of the actual form of the periodical potential, alll "€ first|p| — v diagram to be presented to students is in
theE-k diagrams share many characteristics, like mirror symfig: 5. This is the|p| — v diagram of a classical particle,
metry and zero slope &t= 0. For the positive half, the slope which the student should find obvious. The slope in the right
increases with increasiriguntil it reaches a maximum, and half of the plotis constant, like the mass of a classical particle
then it decreases until reaching zero again at the boundary &f SUPPosed to be. The presentation of this diagram has the
the first Brilloin zone atk = =/a. The five critical points PUrPose of making smoother the transition to more compli-
can be easily spotted on the typidal- k diagram, shown in ~ Cate concepts.

Fig. 1. The secondp| — v diagram that the students should ad-
dressisin Fig. 6. This is th| — v diagram of a relativistic

From the critical points of thé, — k diagram, to sketch . . . . L
its derivative is straightforward, and the result is shown inpar'ucle. The slope in the right half of the plot is the relativis-

Fig. 2. The abscise and ordinate axes have also been muIH-C mass [6] rather'thfan the cor)stant_mass def”?e‘?' by partif:le
plied and divided respectively by the Planck constant so tha?hysmsts [7]. This is convenient since relativistic mass is

they correspond to crystal momentum and group velocity. Increased as th_e velocn)_/ Qf _the par_tlcle 'S mcregsed and it
i o : grows asymptotically to infinite. This concept will help to
According to Eq. (6) the derivative of this plot must be

i _ ) o introduce the student to the idea of a variable mass.
the reciprocal of effective mass, which can be verified by Finally, |p| — v diagram of Fig. 4 should be introduced,
calling it a Solid Statép| — v diagram. The students should
<1 dE ) — id27E 8) be invited to accept the diagram in Fig. 4 as a consequence of
h d(hk) h? dk? Quantum Mechanics applied to a crystalline material, in the
same manner as they already accepted the diagram in Fig. 6
If the axes are interchanged, the slope will be the effective
mass, as in Fig. 3. However, this diagram is problematic be-
cause the mirror symmetry of thié — &k diagram is lost and
energy bands are split. It is convenient to take the absolute
value of this plot, as it has been done in Fig. 4, even when
now, only the right half of the plot will have a correspondence
between slope and effective mass. This is|the- v diagram
that can be used as an alternative to fhe- k£ diagram to
explain effective mass and the concept of hole.

From Eq. (4), a positive force will tend to increase the
crystal momentum of the particle, while a negative force will
have the opposite effect. It can be noted that a particle mov-
ing counterclockwise in thg|—v diagram is increasing crys-
tal momentum whereas one moving clockwise is decreasing
crystal momentum. In practice, particles will never cycle the
entire|p| — v diagram because of scattering, but they will still
tend to move in that direction. FIGURE 5. A classical|p| — v diagram.

[p|

|P]
|p|

O+ — — —

A — ———— e ———————

FIGURE 4. Solid statep| — v diagram.
FIGURE 6. A relativistic |p| — v diagram.
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as a consequence of Relativity Theory. This is a good ar- P
gument in favor of the usefulness of the relativistic massfor - -———-—-————— - oxc-"—"—"—-—————— — -
teaching basic concepts [8].

This simple approach will skip the introduction of Quan-
tum Mechanics concepts, without sacrificing rigor. The stu-
dents will be able to clarify in more advanced studies the real
meaning of group velocity, crystal momentum and effective

Band
mass, when they are in conditions to find a meaning in such
a clarification.
5. Using the diagram to explain the concept of
hole v

The explanation of the concept of hole found below, wasricure 8. Solid state|p| — v diagram: almost empty band, no
based on that in Hemenwagt al. book [3], although the electric field.

|p| — v diagram is used instead of tiie— k diagram. Since

the|p| — v diagram only needs axes and slopes for parameter

extraction, it is expected that the connection between verbal
explanations and visual illustrations will be easier for the stu-

dents. For the sake of simplicity, momentum, velocity and

mass will be used in place of crystal momentum, group ve-
locity and effective mass, without further explanation.

At temperatures higher than absolute zero, all particles
are always moving and electrons in a solid are not an ex-
ception. However, this movement is not associated with an
electrical current unless electrons move as a group and theil
net velocity is different from zero.

In Fig. 7, the velocity of the electrons can be extracted
from their position in the abscise axis. Electrons in the right-
half of the plot have positive velocities and those in the left-
half have negative velocities. If the band is completely filled,
the positive velocities will cancel out the negative velocities g, re 9. Solid statep|
giving a net velocity of zero. Therefore, electrons in a filled gjectric field.
band cannot participate in an electrical current.

Even if the band is not completely filled, there will not be In Fig. 9 a positive force will make the electrons go coun-
an electrical current if there is not an electric field for drift- orcjockwise. However, because of scattering, the result will
ing the electrons. Electrons will occupy the lower positionsye 4 stationary state with more electrons in the right-half of
in the |p| — v diagram in @ symmetrical manner as shown iNhe piot than in the left-half, giving a positive net velocity.
the almost empty band of Fig. 8. It can be seen that positiv&ince electrons are negative, the electrical current will be
velocities cancel out negative velocities as before. negative. Also, the positive force must have been originated

by a negative electric field, as sketched also in Fig. 9.

Againin Fig. 9, only the electrons in black are relevant to
the current, and the slope of the plot shows they have a pos-
itive mass. Nevertheless, their mass is not the same as they
would have in vacuum. The slope of the — v diagram and,
therefore, the mass of the electrons, is different for different
materials and even for different bands inside the same mate-
rial. These are called effective masses and their experimental
values should be consulted in reference tables.

Figure 10 is similar to Fig. 9 with the exception that the
band is almost filled. The electrons still go counterclockwise
and have a positive net velocity giving rise to a negative elec-
tric current. However, there is an important difference: the
slope of the plot, and therefore the mass of the electrons, are
FIGURE 7. Solid statep| — v diagram: filled band. now negative.

—uv diagram: almost empty band, positive

P
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FIGURE 10. Solid statdp|—v diagram: almost filled band, positive

electric field.

FIGURE 11. Solid statgp|—wv diagram: almost filled band, positive

E v
-—

electric field. Holes.

to
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same negative current as the electrons they are replacing,
holes must be regarded as positive particles. Because of this,
a negative electric field would give rise to a negative force
and holes would tend to go clockwise in th — v diagram.

Holes have an effective mass that is negative to that of the
electrons they are replacing, so holes in Fig. 11 have a posi-
tive effective mass. This can be verified by inspection of the
|p| — v diagram: they are decreasing momentum when they
decrease velocity. As a matter of fact, the effective mass of
holes can be extracted from the slope of the left-half of the
|p| — v diagram in the same manner as the effective mass of
electrons can be extracted from slope of the right-half of the
|p| — v diagram.

In summary, electrons in almost empty bands have a posi-
tive effective mass which does not represent a problem. They
are called “electrons” and their masses are obtained from ta-
bles depending on the material they are immersed. On the
other hand, electrons in almost filled bands have a negative
effective mass and that it is seen as a problem. They are
treated as positive particles with a positive effective mass and
called “holes”.

6. Conclusion

Although necessary for telling-type andn-type materials
apart, the concept of hole is difficult to understand for stu-
dents not conversant with Quantum Mechanics. The risk of
distorting the concept when trying to make it simpler is high,
and this can compromise the ability of an Electrical Engi-
neering student to pursue further studies in device physics.
Although theE-k diagram is meaningless for someone who
does not know about wavefunctions, it is possible to derive

In order to spare the concept of a negative mass, almogt/|p| — v diagram that uses only concepts that are analogous
filled bands are treated differently from almost empty bandsto those in classical physics: crystal momentum, group ve-
In almost filled bands, electrons are not counted but, inlocity and effective mass. The| — v diagram has the same
stead, the energy levels that are not occupied by electrons a¥@formation as thelz — & diagram and can be used in the
counted. These non-occupied energy levels are called hole§ame manner to explain the behavior of electrons in a solid
Holes are drawn in Fig. 11 as open circles, and those relevaMtithout going deep into its quantum meaning. This approach

the electrical current as thick open circles.

gives the student a sketchy but correct explanation of the rel-

The holes relevant to current are in the left-half, so theyevant phenomena, which can be strengthened later in more
have a negative velocity. In order for them to represent th@dvanced courses.
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