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Schrodinger and Planck oscillators: not quite
the same physics for a modified Einstein solid
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In the statistical mechanics of quantum harmonic oscillators, the zero-point energy can either be includeting@atwscillators) or omitted

(Planck oscillators). For the usual results, the type of oscillator makes no difference but, looking more closely, it turns out that including or
not this energy is not without consequences. A simple model called modified Einstein solid (MES) is introduced. In this model, the frequency
of the oscillators changes with the volume of the solid, and this change is characterized by a certain value'oftiseBparameter. The

specific heat is the same as in the standard Einstein model, but the pressure, equation of state, and bulk modulus can be evaluated in tf
MES. Using Planck oscillators, the pressure shows an anomalous behavior in terms of the volume, and the bulk modulus becomes negativ
for certain temperature and volume values, which is physically incorrect. Wheddbeger oscillators are used, the bulk modulus is always
positive. Therefore, the different behavior of both types of oscillators indicates that onydBuler oscillators lead to correct results.
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1. Introduction sumed thafV atoms are fixed in a crystal lattice, and each can
oscillate independently in the three spatial directions with a
The harmonic oscillator is ubiquitous in physics: it pops Upcharacteristic frequenay. Thus, we consider here a set of
in all the branches of the discipline, and is consequently &y oscillators that share the same frequency. To perform the
recurring topic in the teaching of both classical and quantungajculations we can use Sélinger or Planck oscillators but
mechanics. It is in relation to the quantum harmonic oscillathe results for the specific heat are the same. For further use,
tor that the concept of “zero-point energy” appears [1]. Theye sketch the computation with both kinds of oscillators.
zero-point energy is usually overlooked and often omitted in  The energy of a Scbdinger oscillator with frequenay
the calculations on the argument that it merely changes thg g, — (1/2)hw+n/iw, wheren is a positive integer that in-
starting point from which energy is measured and that it hagjjcates the quantum state of the system; as Usualh /2,
no physical consequences. This is often the case, but ocC@jith 1, being the Planck constant. The first term is the so-
sionally it can be relevant; in quantum electrodynamics, folcalled zero-point energy which is the topic of this article. In
example, it is responsible for the Casimir effect [2]. In this the case of a Planck oscillator, the zero-point energy is omit-
article, we will focus on statistical mechanics, and we will ted, so tha#,, = nhiw. If we call k3 the Boltzmann constant

show that considering or not the zero-point energy can havgs ysual, the partition functions for Sutringer (subscrip§)
consequences in some cases. After Pathria [3], we will calhnd Planck oscillators (subscripy are:

Schibdinger oscillators those which include the zero-point
energy, and Planck oscillators those which omit it. We will
analyze an improved version of the Einstein solid, in which

o0
Z, = Z e~ (Bn/kpT) _ ,~hw/2kpT
considering or not the zero-point energy is clearly important. n=0

We will show that the zero-point energy should be included < " N e—hw/2kpT

to get a well-behaved bulk modulus. x D (e /ey = T ohwriar:  18)
The structure of this paper is the following. In Sec. 2 n=0

some results of the usual Einstein model are remembered (af- = _& JknT ad —hw/kBT\n

ter all, this is an educational journal!). In Sec. 3 a modified p= Z e = Z(e )

Einstein solid (MES) is introduced and its properties are stud- n=0 n=0

ied. Finally, in Sec. 4 the main results are gather together and _ 1 (1b)

discussed. 1— e hw/ksT"

From these expressions, if we have a system formed by
2. The standard Einstein solid 3N oscillators, the partition function of the solid will be
Zp = (2,)3N for Planck oscillators, ands = (z5)3" for
Einstein introduced the simplest model for solids that in-Schibdinger oscillators. The internal energyin terms of the
cluded characteristics of quantum mechanics [3-5]. It is aspartition functionZ is easily obtained [3,4]. Consequently,
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we get two different formula for the energy depending on thea certain value of the parameter The simplest assump-

kind of oscillators used: tion is to take the Qineisen parameter as a constant:y If
ol Z is constant, then Eg. (4) can be easily solved and we get
U=kpT? ( ) , (2a) w = CV~7" whereC is an integration constant that can be
or Jy evaluated as follow. Iy is the frequency of the solid when
1 1 it is subjected to atmospheric presspgeand its volume is
Us = 3Nhw <6hw/kgﬂ’1 + 2> ) (2b) Vo, we can get an expression forand finally obtain:
U, = 3Nhw ! 2 VT
=3 (o ) (20) o=an(7:) - 5)
0

Up to now, the only difference between both kinds of os-
cillators is a constant in the internal energy that is unobsery- Notice that this dependence on frequency with volume
able. From an experimental point of view the internal energymplies that the frequency decreases as the volume increases.
cannot be determined but the specific heat can be measuretf}is is a behavior found in other well-known oscillatory sys-
and from (2b) and (2c) we get the same expression for théem. Remember that the frequency of a simple pendulum

specific heaCy of the Einstein solid: goes gsL*l/2 .where_L is the length of cord i.e: the frequency
diminishes with an increase of the system size.
Cy = (3U> It should be remarked that Eq. (5) does not modify the
or ).’ result of the specific heat. However, the pressure can now be
. AN [hw\2  ehw/ksT - evaluated with the usual formula:
vV = 5T — —_—5 .
kp ( T ) (ehw/ksT — 1)2 0lnZz
P =kgT . 6
o (5 ), ©

So far there is no observable difference between both
kinds of oscillators; both predict the same expression for the At this point, it is useful to introduce dimensionless vari-

specific heat that agrees reasonable well with experimentalyqs 1hat will facilitate subsequent analysis. A characteristic
data [S]. - , temperaturd, is defined a®, = fwy/kg and based on it a

It should be noted that the partition function does noty;yansjoniess temperatutean be introduced Likewise,
depend on volume, consequently there are many thermodyc Vo is the volume of the solid at atmospheric pressure, a di-

namic magnitudes of interest that are not defined. Thus,angjonless volumecan be defined. In mathematical terms:
for example, the pressure or compressibility module cannot

be calculated. In the next section we will improve Einstein g

model by introducing an explicit dependence on frequency 0o = kg’
with volume. And in this model we will see that Planck or
Schibdinger oscillators yield different results. T = tbo,
V =ol. )

3. The modified Einstein solid (MES)
From Eq. (6) two pressures are obtained,Pa if
A simple way to show the effect of the zero-point energy isScrbdringer oscillators are used andP if Planck oscil-
to generalize the Einstein solid. For this, we will assume thatators are utilized. Two state equations are thus obtained for

the frequency of the oscillators depends on the volume, buhis solid according to the type of oscillator used:
first let us remember some definitions.

The Giineisen parametey can be defined in various (14 e /MYw=1=7y 3N kg,
ways [5,6], but the definition that better suits our purposes Py = 2(ev Tt —1) Vo (8a)
is the following:

vy  3Nkgby

V ow Pp = —— (8b)
=_ = 4 ev 7/t — 1 \%,
Y= a5y 4) ( G
Much can be said about the @eisen parameter, but for It is interesting to write the equation of state of this solid

our aim it is a measure of the change in the oscillatory frein a compact form. Thus after some algebraic manipulations,
quencyw when the volumé’ of the solid changésThe rela- it comes out that:

tions of this parameter with thermodynamic and microscopic U
s

properties of a solid have been explored elsewhere [7,8]. P, = \ (9a)
Here we can introduce a model, which we will call the 14

modified Einstein solid (MES), where the frequency is a p - Upy (@b)

function of the volumev (V') and which is characterized by P v
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& p The bulk modulugy is given by:
2 oP
K=-V|=—]) . 10
3t . <8V>T (10)
) ' And if we remember that the pressure can be evaluated in
2| Yy * 1 terms of the partition functio@ as shown in (6), it turns out
that:
| —— ] 2*’(In 2)
K=-KgTV|——= ) . 11
r o1 (Tv), o
8 - . R . - s . s At this point, we find that there are two different bulk
a)n'“ 03 1 1 28 moduli: K p for Planck oscillators andss for Schivdinger
oscillators:
5_ A%
p 0?(In Z,)
B K, =—-3NKgTV (aw )T, (12a)
. 9?(In Z,)
3r e ] K, =-3NKpTV | —% . 12b
orv (T L )
Bt e - 3 All is left to do now is to replace the expressionsand
o ] zp given by Eqg. (1a) and (1b) in Eq. (12) and to perform the
calculation. This gives:
v
0r -
. rg 9 opa va @ g . 3Nkgby [ €2t (1 4+ 4)y
0.6 0.8 1.0 1.2 1.4 K, =
g = T (P

FIGURE 1. The dimensionless pressyrés shown here in terms of
dimensionless temperatutga) and dimensionless volume(b). —1—x (v /), —1—27.2

2 , : v+ y)y e v gl
It has been taken = 2 which is a typical value of the Gineisen (e 2 )2 (13a)
parameter [9]. The solid line corresponds to the Planck oscillators (e -1 (e -1

while the dashed line corresponds to the $dimger oscillators. In ANl (0™ /1) y=1-7(1

(a) it has been taken = 1 while in (b) it has been takeh= 1. K = BY [ € v 1+

Observe the anomalous behavior of the pressure belewl when b Vo (ev™7/t —1)2

using Planck oscillators: the pressure decreases as the volume de-

creases. This is not right. On the other hand, with Sdimger v (1 )y e T 12042 13b
oscillators the behavior is normal: higher pressures are necessary o (ev—'v/t —1)2 B (ev—’Y/t —1)2% ( )

to compress the solid.
. o The two expressions are clearly different; there are fac-
Us andUp are given by Egs. (2b) and (2c) buttaking into 55«27 in the K, formula that are absent ii,. This means
account that now the frequenaydepends on the volume as yat when a volume-dependent frequency is introduced, the
shown in Eq. (5). Once again, both kinds of oscillators lead,se of Planck or Sciidinger oscillators leads to different re-
to the same result. _ _ _ sults which can be observed quite easily because measuring
It is appropriate to define a dimensionless presgure the pulk modulus is a routine experiment (see [10] and refer-
as: P = p3Nkpby/Vy. Figure 1 shows the dimensionless gnces therein). Anyway, the MES is too simple of a model to
Schidinger (dashed line) and Planck (solid line) pressuregioy a detailed comparison with experimental data.
in terms of the dimensionless temperaturgFig. 1a) and It is convenient to define a dimensionless bulk modu-
volumev (Fig. 1b). It has been takep= 2 whichis atyp- |s ks and kp as: Kg = kS3Nkpo/Vy and Kp =
ical value for the Giineisen parameter as can be seen fromy p3 Nk .6, /V;. Figure 2 showsks (dashed line) andp
experimental data [9]. _ _ (solid line) as a function of the dimensionless temperature
Note the anomalous behavior of the pressure in the Casig. 2a) and of the dimensionless voluméFig. 2b) using
of Planck oscillators: as the volume decreases below1, a Giineisen parameter = 2.
the pressure decreasesThis result is contrary to our physi- - The significant outcome from Fig. 2 is that the bulk mod-
cal intuition: the pressure is expected to increase to decreagfys hecomes negative when Planck oscillators are used, and
the volume. And this is exactly the behavior when usinghs is physically impossible. From this it can be inferred that
Schidinger oscillators. With this result we could conclude the yse of Planck oscillators leads to incorrect results. In-
our task: it has been shown that using Planck oscillatorgteaq, with Sctirdinger oscillators, the bulk modulus results

in this modified Einstein solid, a non-physical result is ob-nsitive in the entire range of temperatures and volumes, as
tained, while using Scladinger oscillators everything works it should be.

correctly. But it will also be shown that both types of oscilla-

tors lead to different mechanical properties.
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FIGURE 2. a) The dimensionless bulk modulésas a function of the dimensionless temperatuaed b) of the dimensionless volume

The solid line is obtained from Planck oscillators, while the dashed line corresponds tafdger oscillators. As it is a typical value, a
Griineisen parameter = 2 was used. In (a) the case for a fixed volume: 1 is considered, and in (b) for a fixed temperattire 1. Note

in both cases thdt becomes negative for Planck oscillators, and that is physically incorrect. The result that makes physical sense is obtained
with Schidinger oscillators.

4. Conclusions used. This result is unphysical. If Séinger oscil-
lators are considered, the bulk modulus is always posi-

The intention in this article has been to show the physical im- tive.

plications of taking into account or not the zero-point energy

of an oscillator. The term/2Aw in the energy of a quantum In summary, a simple generalization of the Einstein

oscillator is not irrelevant. model has been introduced and it has been shown that it is

We have considered a modified Einstein solid (MES),not the same to use Planck or Satlinger oscillators.
characterized by a certain characteristic temperatgir@nd Finally, it should be noted that some statistical mechanics

a certain value for the Gneisen parameter, i.e. thisis a  textbooks omit the zero-point energy when dealing with the
solid where the frequency of the oscillators changes with théarmonic oscillator and the Einstein solid, both in the canon-
volume. Our analysis has shown that: ical and the microcanonical ensembles. And surely, many
university lecturers (the present author included) also omit

a) The specific heat of the MES is the same as that of thd: But in this article, such a practice has been proven in-
usual Einstein solid. correct. Although there are no differences in the common
results, when we look into subtler questions, differences do

b) The MES equation of state is given by Eq. (9) and it isarise. Certainly, Scliiﬂinger.and Planck oscillators do not
formally the same for both kinds of oscillators. lead to the exact same physics.
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