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Applications of the double and the dual numbers. The Bianchi models
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We show that by using complex, double, and dual nhumbers one can find the invariant one-forms employed in the metrics of the Bianchi
cosmological models. The result is equivalent to find, locally, all the Lie groups of dimension three.
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Mostramos que usandaimeros complejos, dobles, y duales uno puede hallar las uno-formas invariantes empleadagtitissde los
modelos cosmalgicos de Bianchi. El resultado es equivalente a hallar, localmente, todos los grupos de Lie debdinesisi
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1. Introduction and

The double and the dual numbers can be regarded as gener- (a + hb)(c+ hd) = ac + h2bd + h(ad + be).

alizations of the complex numbers. The double numbers are

objects of the fornu + jb, wherea andb are real numbers, Then one can show that the sum and the product are commu-
andj? = 1 (butj # +1), while the dual numbers have the tative and associative, and that the product is distributive over
form a + b, wherea andb are real numbers, with?> = 0 the sum.

(bute # 0). As shown in Ref. [1], even though these num-  If 2 + hy is the multiplicative inverse of + hb # 0, then

bers do not have all the algebraic properties of the real and th@e must have

complex numbers, they are useful in the solution of the dif-

ferential equations that appear in some problems of classical ar +h*y = 1,

mechanics. These three sets of numbers are also useful to ex-

press the nonequivalent actions3df(2, R) on the Cartesian br+ay = 0.
plane [ﬁ] h hat th lex. doubl dd Kence,cﬂ—hb possesses a multiplicative inverse if and only if
In this paper we show that the complex, double, and dualy _ 2 _ 1,22 is different from zero. Thus, the double num-

numbers can be employed to .find the invariant' one-forms €Merq +jb does not possess a multiplicative inverse # +b,
ployed in the metrics of the Bianchi cosmological models O\and the dual number - =b does not possess a multiplicative

equivalently, in finding locally all the Lie groups of dimen- jyase if, — . This implies that the double and the dual
sion three, without making use of the exponential map. I, hers are not fields with the operations defined above, but

Sec. 2, we summarize the algebraic propertles of the dc’Ubl%’nly rings; however, this fact does not limit their usefulness
and the dual numbers to be employed in the rest of the P&or some purposes

per. In Sec. 3, with the aid of the formalism of differential
forms, we show that the complex, double and dual numbers
are very useful in finding the metric tensor for the cosmologi-3. The Bianchi models

cal Bianchi models or, equivalently, the Lie groups of dimen- _ _ o o
sion three. In the Bianchi models of the relativistic cosmology, it is as-

sumed that the space-time is foliated by three-dimensional
hypersurfaces with a metric admitting a three-dimensional
isometry group that acts transitively on these hypersurfaces
(see,e.g, Refs. [3—6]). This means that the metric tensor
plex’ numbers of the formu + hb, wherea andb are real of each of these three-dimensional hypersurfaces possesses

numbers and the unit may bei, j, or . By definition, the three Killing vectors, which are linearly independent at each

hypercomplex numbers + hb andc + hd are equal to each point, and Qe_”efate aLie algebra{K,, Xi’ X3} is a basis
other if and only ifa = ¢ andb = d. The real numbera  1°" these Killing vectors, thefX;, X;] = c; X, where the

andb will be called the real and imaginary partsofr hb, ~ Cij &€ constants, the Latin indiceg, &, ... runfrom 1 to 3,

respectively. The sum and the product of these numbers afthd there is summation over repeated indices. The structure

defined in the natural manner constants have to satisfy the relations

2. Algebraic preliminaries

In the following section we shall make use of “hypercom-

(a+hbd) + (c+hd) =a+c+h(b+d), ko= c?}-cink + c?}ccﬁm» + c’,;'}cﬁnj =0. (1)
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All the solutions of these conditions can be given explicitly Separating the real and imaginary parts of the first of these

and constitute the various Bianchi types [3—6]. equations (assuming that thé are real) we see that the one-
The metric of the hypersurfaces mentioned above is of théormsw® defined by Eqs/5) satisfy Egs.2) with

form aijwi ® w?, where thez,; are the entries of a symmet-

ric positive definite matrix, constants on each hypersurface, c33=—h% =1, =1 (6)

and the one-forms* are invariant under the transformations

generated by the vector field§;. The one-forms.” can be  The other structure constants are equal to zero or are obtained

chosen in such a way that from those given in Eq.6) making use of the antisymmetry
P of the structure constants in the two subscripts. (Note that, in
dw' = §C§kwj AW?, (2)  all cases, these constants are real.)

Whenh = j (i.e, h? = 1) the structure constant6)(cor-
respond to the type VIl algebra in the Bianchi classification,
and (using the fact that? = cosh ¢ +jsinh ¢) Egs. ) give

wheredw® denotes the exterior differential of the one-form
w'.

In the study of a particular cosmological model of this
class, one starts by selecting the structure consteﬁ;\ts
[which have to satisfy the relationg){, and then one looks
for the one-forms satisfying Ec2), in order to construct the w? = sinh 1) df — cosh 1 sin 0 d¢, @)
space-time metric. As we shall show in Sec. 3.1, starting
from a solution of Eq.2), with specific values of the structure
constants, expressed with the aid of the imaginaryiyoite
can readily construct solutions for other values of the struclcf- Eas. B)].
ture constants by simply replacingy j or e. In Sec. 3.2, we Whenh = ¢ the structure constant§)(correspond to
solve Eq. ) simultaneously for six different Bianchi types, the type VI algebra and Egs5{ amount to (note that
making use of structure constants that depend on a paramefésﬁb =1+¢ey)
that may take the valuésj or .

w! = cosh 1) df — sinh ) sin 0 d¢,

w? = di) + cos 0 do

wl'=df, w?=1df—sinbdg,

A ini Bianchi f .
3 Obtaining two Bianchi types from one ¥ = dip + cosfdob ®)

In this subsection we make use of a solution of 2)jf¢r the _ _
structure constantg, = ¢;;; and use it to find the solution [cf. Egs. B) and ([7)] and one can readily verify that these

of (2) for other values of the structure constants. one-forms satisfy
One can readily verify that the one-formsg, w2, w3,
given by dw' =0, dw?=w?Aw!, dw®=w'Arw? (9)

1 . o
w' = cosydf +sinysind dg, in agreement with Eqsey, for h = ¢. It should be remarked

w? = sint df — cosbsin 6 do, (3) thatEgs.[{) and 8) have been obtained without making use
s of changes of coordinates or limiting processes.
w” = dy + cos b do, The three Lie algebras considered in this subsection are

the Lie algebras of the dynamical symmetry groups found in
Ref. [1] and they correspond to the rotation gr@(y(3), the
Lorentz group in two spatial dimensions, and the group of
rigid motions of the Euclidean plane.

whereg¢, 0,1 is a local coordinate system, satisfy the rela-
tions 2) with cé-k = &;j%, corresponding to the type IX alge-
bra in the Bianchi classification (semg, Ref. [3], Exercise
[26.2]). Equations3) are equivalent to

152 _ iy P
w' +iw” = e¥(df —isin6 dg), 3.2. Direct integration. Six Bianchi types for the price

w?® = dyp + cos 0 dg, 4) of one
and if we replace the ima.gi_nary unigppearing in Eqsi4) | this subsection, we follow a direct approach specifying a
by the unith, which can be, j, or ¢, we obtain family of structure constants, similar t6)( and looking for
W'+ hw? = " (dh — hsinfde), solutions of Eqs.g}. _
We shall consider the family of structure constants deter-
w? = dip 4 cos 0 dg, (5)  mined by
which define new sets of one-forms (which we shall denote |

: _ 2 2 3 _ 3
by the same symbols?), depending on the choice af In cip=—K, ey =-b, =1 ¢ =K (10

fact, a straightforward computation shows that , ,
g P whereK is a real constant and, agalngcan be the unit, j or

d(w' + hw?) = hw?® A (W' + hw?), dw?® =w! AW ¢. Depending on the choice afand K, we have six different
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Bianchi types; ifK' = 0, they belong to the class A (charac- For the type V, the structure constants can be chosen as
terized by the conditioﬁj = 0) and if K # 0, they belong
to the class B (with; # 0). ch=-1 =1
Substituting the valuesl() into Eq. 2) we have the ex- . L ) L ) 5
plicit expressions Then Egs.[2) give dw' = 0, dw = —w AW’ dw® =
—w' A w3, The first of these equations leadswb = dz,
do' =0,  dw? = —Kw' Aw? - h2W3 AW, wherez is some real-valued function, and the last two equa-
dw® = W Aw? + Kw? Awl. (11) tions can be combined in the form
The first of these equations is equivalent to the existence of a d(w?® + hw?) = —w' A (w® + hw?)

functionz such thats' = dz. The remaining two equations

: . : . = —dz A (w? + hw?),
in (11) are equivalent to the single equation

d(w2 + th) _ (h _ K)wl A (w2 + hw3) which leads to
= (h— K)dz A (w? + ho?), w? + hw?® = e7*(dy + hdz), (16)
henced[e~ (=57 (w? +hw?)] = 0, which, inturn, is equiv-  and this is equivalent to? = e~*dy, w® = e~*dz, regard-
alent to the existence of two real-valued functiopgnd z, less of the choice fai.
such that It may be noticed that in the case of the type | we can

T 3 . i
9 3 _ (h—K)z write w® + hw> = dy + hdz, but this leads to the expressions
withot=e (dy + hdz) given above, no matter how we chodse
= " K (dy 4 hdz). (12)

Separating the real and imaginary parts of Ad) (ve obtain ~ 4-  Li€ groups
the expressions fap? andw?.

Whenh = i, from Egs. [[2) we obtain The vector fieldsX; mentioned at the beginning of Sec. 3

define a Lie algebra and therefore can be regarded as left-

Kz ginzde, invariant vector fields on the manifold of a Lie group gener-
ated by this Lie algebra (which is defined up to homomor-
phism) (seege.g, Refs. [7, 8]). The one-forms’ are then a

Equations/10) show that, ifKX = 0, these one-forms corre- basis for the right-invariant one-forms on the group manifold
spond to the type Vi algebra in the Bianchi classification (&nd EQs.[Z) are essentially the Maurer—Cartan equations).
and, if K # 0, they correspond to the type VII algebra. The The explicit expression for the one-forms in terms of coordi-
one-forms/8) also correspond to this algebra; in fact, the co-nates and the fact that they are right-invariant allow us to find
ordinate transformation = 0, y = ¥sinf, » = ¢ + ¢ cosd e group operation, without making use of the exponential

wl=dz, w?=ef%cosady—e~

W =e B%sinzdy + e K% cosz dz. (13)

shows the equivalence of the two results. map (seeg.g, Ref. [8], chap. 7). _
Similarly, whenh = j, Egs. 2) yield For instance, making use of the one-forrdg)( with
’ K =0, one finds that, in terms of the coordinateg, z, the
wh=dz, w?=eX%coshady+e Xsinhzdz, group operation is locally given by(gg’) = z(g) + z(¢'),
W* = oK% inhz dy + e~ K® coshx dz aa) YW9) =vl9) +ulg), 2(99) = 2(9) +2(g") — ylg)a(s"),

for any pair of elements of the group, g’. One can verify
which correspond to the type Yhlgebra if K = 0, and to  that these formulas can be reproduced by associating to an
the type VI algebra ifs’ # 0. (WhenK has the specific value €lementy of the group, the x 3 matrix

1, we obtain the type Il algebra.)

Finally, whenh = ¢, from Egs.12) we have =
X

1
0
0 1

o R

wh=dz, w?=e¢ 2y, w=e K%ady+dz).

(15)

When K = 0 these forms correspond to the type Il algebrad. Final remarks

and, if K # 0, to the type IV algebra. ,
The results of Sec. 3 show that, at least in the examples con-

3.3. Twoisolated types sidered here, the nonlinear appearance of theluimtEgs.

(5) and [12) leads to nonequivalent solutions of Ec®). (It
There are two Bianchi types not included in the results abovewould be interesting to know in which other cases a simi-
the types | and V. The type | correspond@g = 0 and the lar trick may produce effortlessly new solutions from a given
solution of Egs.[2) is trivially given byw! = dz, w? = dy, one by means of the use of the complex, double, and dual
w? = dz, wherez, y, » are real-valued functions. numbers.
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