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Motion of a rolling sphere on an azimuthally symmetric surface
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This paper analyzes the translational motion that a sphere rolling over an azimuthally symmetric surface, under the presence of a constant
gravitational field and with the rolling-without-slipping condition, exhibits in two different situations: with and without friction with air,
where the latter is expressed as a power-series function of the sphere’s translational speed. In order to achieve this, the equations of motion
for each case are obtained through the use of Lagrangian Mechanics and are subsequently solved by numerical comyatiéigon in
Mathematica For the frictionless case, periodic behavior and a conservation law for the angular coordinate have been found, along with the
condition under which an effective potential energy can be approximated as well as the relationships between initial conditions that produce
gravitational-like trajectories for the motion of the sphere. The equations of motion derived for the case with friction are found to predict the
energy loss and general decay of the sphere’s motion. Likewise, the normal force over the sphere as a function of time is obtained through
the method of.agrange’s Undetermined Multipliersind thus, the general conditions that the motion must satisfy in order to be described

by the obtained models. Overall, this research provides insight into the type and characteristics of the motion performed by the system in
these two cases, both through equations and their numerical solutions for different surfaces and initial conditions.
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1. Introduction and theoretical background The equations of motion corresponding to each coordi-
nate can be subsequently obtained by substitutingLthe

Newton's formulation of Classical Mechanics often leads tograngianinto the Euler-Lagrangeequation, which for the-

a laborious endeavor when trying to identify the forces act coordinate of a given coordinate system is [2]

ing on and sometimes within a system in order to obtain the

equations that describe its motion as a function of time. For-

tunately, the Lagrangian formulation of Classical Mechanics da <55> _ % -0 )

stands out as a powerful tool to solve the motion of this kind dt \ 9¢; 0q; '

of systems as its approach is fundamentally different from

the Newtonian. In Lagrangian Mechanics, the Lagrandlan

is the central quantity to be found through the incorporation =~ The main goal of the present research is to describe and

of both the kinetic and potential energies of the system an@redict the translational motion that a spherical rigid object

the constraints to the motion of the bodies or particles thawould exhibit in the presence of a constant gravitational field,

conform it. both with and without friction with air, over the surface of an-
Formally, theLagrangianof a particle in generalized co- other rigid object whose shape is described by the real part of

ordinatesy; is a function of these coordinates and their timethe surface Eq. (3). Figure 1 shows two possible examples of

derivatives; and its equal to the difference between its kinetisuch surface.

energyT and its potential energy [1]

£(q17"'7qN’q.17"'q.N):T_V (1) Z:a(p_h)n (3)
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FIGURE 1. Two examples of the type of surfaces described by Eq. (3). Surface 1 (a coneyhash = 0 andn = 1; Surface 2 has = 1,
h = 0 andn = 0.5. The z-axis points vertically up through the symmetry axis of both surfaces.
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Equation (3) is stated in cylindrical coordinates, which  For the sake of simplicity it is also considered that the
simply are another set of coordinates axes that describe thenstant gravitational field points along the negativaxis,
position of any point in space by specifying the values ofand thus interacts with any object in the form of gravitational
three cylindrical coordinatesp, ¢, and z, which are com- potential energy described by
monly called theadius azimuth andheightcoordinates, re-
spectively. Their mathematical connection with the cartesian V(z) = mgz. 5)
coordinate system is stated in the following set of equations,
including their unit vectors and the equation for velocity in
this particular coordinate system [3]:

Throughout this research, the obtained solutions are ana-
lyzed for arbitrarily selected special cases with Wielfram
Mathematicasoftware to illustrate the behavior of the system
in two and three dimensions, as well as the motion in each

T = pcos = psin z=z

peose y = psing coordinate as a function of time. In order to achieve this, the
p==2Tcos¢+ gysing results are presented in the form of plots and graphs which
~ . . represent the solutions to the equations of motion obtained
¢=—-Tsing+gycos¢p z=z

by giving the software enough parameters to calculate. These
T = pp + pdd + 35. (4) parameters will be §peqﬂed for each case.
It is worth mentioning that, as a consequence of the so-

Figure 2 shows the diagram of a standard cylindrical colution’s generality, the measurement system used in this re-

ordinate system with its corresponding unit vectors. For thig&arch may well be any self-consistent and well-defined mea-

kind of coordinate system we have that the generalized coosurement system, but in order to stick with international stan-
dinatesy; take the following form: dards, all the quantities presented on this research are given
i :

in the International System of Units. For example; #ndp

from the surface Eq. (3) are quantities that represent distance
. and thus have units of length, and taking into consideration
©Q=0¢ @=20¢ that the exponent is a unitless constant, then botrand p

are measured in metersand the constantsanda are given

in m andm!'~" respectively, letting us preserve the consis-
tency of our units.

G1=p G =p

The family of surfaces in which this investigation is con-
cerned about has the characteristic of being rotationally sym-
metric around thes-axis, or in other words, it exhibitaz- 2. Frictionless model
imuthal symmetry, which is implicitly present in Eq. (3) by o ) .
the independence of thecoordinate on the-coordinate. 2.1. Derivation of the equations of motion

Z Let us derive the equations of motion for a solid sphere
‘ rolling on top of any surface described by Eq. (3), under the
assumptions that the rolling-without-slipping condition (see
Eq. (8)) is met for every timeéand that there is no energy loss
caused by dissipative forces like friction (whether with air or
with the surface itself). Let us also approximate the motion in
such a way that we are able to assume that the object’s center
of mass lies in the point of contact with the surface, which
could actually be done if we demand the condition that the
o radiusr of the sphere is sufficiently small such that the fixed
normal distance of the sphere’s center of mass to the point
: of contact with the surface is negligible.

| -V By computing the scalar product of Eq. (4) for the

I i sphere’s velocity with itself, we find the equation for the we
¢ “J find that the equation for the squared speed is:

7
/
S -—
'
<>

>

017 = 5 + 0267 + 2. ®)

/ Let us consider a solid sphere whose moment of inertia

Y around an axis parallel to the immediate surface on which the

’ object lies (and therefore around the axis on which it momen-
FIGURE 2. Diagram of a standard cylindrical coordinate system tarily rotates) is described by the following equation

with radiusp, azimuth¢, and height: (MIT, 2005, p. 6).
I =kmr?, @)
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130 D.M. MARIN QUIROZ

wherek is a dimensionless constant that may take any value For¢; andge we have the following results for the corre-
from cero (if the mass is concentrated almost entirely on thaponding partial derivatives:
sphere’s center) to 2/3 (the corresponding valué: dbr a

hollow sphere). As an example we could have: 2/5 for a oL =m(1+k) {a2n2(n —1)(p— )32
uniformly solid sphere. dp
With this in mind, let us recall that the rolling-without- , ang(p—h)" "
slipping condition takes the following form + ¢ — (1+k)}
7 oL Z1)
o= 1, ® O =1+ B+ @~ W)
r p
where & is the angular velocity vector that describes the 4 (85> =m(l +k) {(1 +a2n?(p — h)2 1)
sphere’s rotation around its rotational axis. By using Egs. (6), dt \ 9p
(7) and (8), we are able to write the equation for the total ki- ) 5 ) )
netic energyl’ of the sphere +2a*n?(n —1)(p — h)*"3p ]
T = Smll? + 211817 = Smlaf? + Zmbal? oL _
2 2 o
_ 1 2 oL )

In addition, it can be observed that the surfaces described ; /5. . .
. . . _ 2 .

by Eq. (3) represent an holonomic constraint to the motion (&;5) =m(L+k)[p°¢ + 2pp¢]. (14)

of our object. An holonomic constraint is simply a constraint

that can be written as a relationship between the coordinates Therefore, the Euler-Lagrange equation (1) takes the fol-
being used and does not depend on the path that our objelewing form for each coordinate:

has taken. This constraint can be used to reduce the number

of coordinates on which theagrangiandepends. q <8£) — 9L =0 (15)
In order to achieve this, let us find the squared time 9p p
derivative of Eq. (3) which, as a consequence of its role as oL oL
constraint of the sphere’s motion, also represents the height ((%) - 375 = constary (16)
z of the sphere for every time(the limits for this condition
are explored in the sectidrimitations of the Mod@l where from (16) we have now found thatis an ignorable
coordinate, which is a direct consequence of the system’s az-
22 = a’n?(p — )21 2, (10)  imuthal symmetry. By substituting the derivatives from (14)

into Egs. (15) and (16) we obtain the following two equations

By substituting the Eq. (10) and the surface Eq. (3) into®f motion:
(6) and (5), respectively, we are able to find the equations for 5 o 2ne1)1 = 5 o
the squared speed and potential energy solely as functions of ™(1 +k)|(1+a™n"(p —h) )p+a n*(n—1)

p, pandg: . )
, X (p = )" 20" = pg® — p¢?
01> = (1 4+ a*n®(p— h)* ™ V)p+p°6*  (11)

ang(p—h)" ']
V(p) = amg(p — h)". (12) T (17)
m(l+k)p*p=(1+k)L.. (18)

Likewise, by substituting the kinetic energy Eq. (9) into

the Lagrangian (1) we get: In the last step the constaft + k)L. has been intro-

duced, wherel., = mp?¢ represents the-component of

. . 1
L(q1,-,qn,q1,---4N) = 3 m(1+ k)|o]* - the angular momentum of the object’s center of mass with
respect to the origin, a quantity that must be conserved ac-
or, with Egs. (11) and (12): cording to Eq. 16, and thus, lets us already derive its own
conservation law. Because this quantity keeps constant along
L(p, p, Qg) — lm(l + k) the complete motion of the s_pher_e, its magnitude r_nust always
2 be the same regardless of time, including &t 0 (which can
x (14 a*n?(p — h)2("‘1)),o'2 4 p2q'52) be arbitrarily selected), where we have:
—amg(p —h)". (13) L. = mp(0)24(0) = constant. (29)

Rev. Mex. Fis. B5(2019) 128-151



MOTION OF A ROLLING SPHERE ON AN AZIMUTHALLY SYMMETRIC SURFACE 131

By substituting this last equation into the equation of mo-
tion for the¢ coordinate (18) we get:

- _ [ p(0)26(0)
5 P050) o0 o) = [ 2o @2
. z=a(p—h)" (23)

Likewise, by substituting Eq. (20) into Eq. (17) and di-
viding by m and(l +k) - which we assume not to be equal to These equations can be numerically solved when all of
cero - we finally get a nonlinear ordinary differential equationthe following parameters are specified:
for p (see Eq. (21)), whose solution lets us immediately know
the motion of the sphere along tileand z coordinates, the
former by direct integration of Eq. (20), and the latter by di- o One rigid body parametet:
rect substitution into the surface Eq. (3), letting the sphere’s
translational motion be fully described by the following set e One gravitational constan:

of equations: e Four initial conditions:p(0), 5(0), #(0), and¢(0).

e Three surface constants; h, n

(1+a’n®(p—h)*")j+a’n’(n — 1)

PP 2.2. Analysis of special cases without friction
2 p(0)7¢(0)

X (p—h)*""%p 03 In order to show the solutions to the motion described by
1 Egs. 21, 22, and 23, we proceed to analyze their predictions
L (p=h)"" _ 0 (21) for certain special cases. Surfaces one through six (-shown
(1+k) in Fig. 3, along with the geometrical parameters and initial

FIGURE 3. Six special cases to analyze. Surfaces 1, 2, 3, 4, 5, and 6 are described by Eq. (3) and correspond to thedfollpanity

values: Surface 1: (1, 0, 1), Surface 2: (1, 0, 0.5), Surface 3: (1, 2, 2), Surface 4: (0.2, 1.8, 3), Surface 5: (-1, 0, -1), and Surface 6: (-0.1,
0.08, -1/3). Surface 6 shows a central protuberance due to the existence of a vertical asymptotk ia 0.08. Such protuberance in the
region—h < p < his not correctly depicted by the computer software used. The reader can safely ignore such region since it never interacts
with the maotion of the sphere as long as the sphere’s radius remains negligible, its motion s4ftisfiesh, and it always keeps in contact

with the surface.
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132 D.M. MARIN QUIROZ

values indicated) have been selected to be analyzed as these e Special Case 1 - Surface ¥ {1,0,1}, {0.4}, {1},
special cases to illustrate the behavior of the system. The fol- {1,1,0,3}
lowing are the sets of corresponding parameters

. e Special Case 2 - Surface 3{1,0,0.53, {0.6}, {1},
{1 15,10, 053, 1653, 6105.540,000),. 600} [0.505.1.)
being corresponded by (recalling thkaaindn are dimension- o Special Case 3 - Surface 3{1,2,2, {0.01}, {1},
less) the units set {1.3,0.5,0.1,0.5}
1-n H H
{{m ,m, (no unitg }, {(no units}, e Special Case 4 - Surface #{0.2,1.8,3, {0.1}, {0.7},
0.6,0.7,1,
{T} {mm rad,@}} { Y
il s S e Special Case 5 - Surface 5{{-1,0,-1, {0}, {1},
for eachj-th special case to be analyzed, wjtk- 1, 2,...,7: {1,0.5,0,3}
e 2TRACE 1, 1200 Surface 2,t=400s
o ‘ 157 7 : ‘
i 1.0
E 1F ; "-'i\\‘——{‘. _E__—_.-_-,}:.'\\ ] E‘ 0.5
= \ W > / ] =
: . \\~ '7’.&"0% > ¢
5 0 M AR 6 00PN — i
= S [ 1 2
By a t W.e " SR
% -1 2 / \ €>‘ ~05
3L <\/})} -1.0F
4, T TS ! -A ! -15h L Lo pas
=3 -2 -1 0 1 2 3 -15 -1.0 -05 0.0 0.5 1.0 1.5
x(t)=p(t) cos(¢(t)) [m] x(t)=p(t) cos(¢(t)) [m]

FIGURE 4. Parametric solutions for special cases 1 and 2 incthey plane.

) Surface 3,t=500s Surface 4,t =400 s

o(t) sin((t)) [m]
p(t) sin(¢() [m]

y(t)=
y(t)=

-I3- —E2. -‘1 0 ‘1 é :Ii -'3 —I2 -‘1 0 “l . 2‘ é»
X()=p(t) cos(@(0) ] x()=p(t) cos(@(0) [m]

FIGURE 5. Parametric solutions for special cases 3 and 4 incthey plane.
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Surface 5,t =600 s Surface 6a, t =500 s

3k
i 04+ !
2r
.k _ 02f _
E 1t £ f
s | s |
% 0 r . % 0.0 -* i n
T "
= 1 AL
= = _o2} 1
-2 r
—04+ |
-3 ]
I T S ; B o | , ‘
=2 -2 -1 0 1 2 3 -0.4 -0.2 0.0 0.2 0.4
x(H)=p(1) cos(@(t)) [m] x(t)=p(1) cos(e(t)) [m]

FIGURE 6. Parametric solutions for special cases 5 and 6 incthey plane.

Surface 6b,t=50s 2.2.1. 2D parametric plots

—r——T—

0.3}
The motion in ther — y plane is presented for eagth spe-
cial case in Figs. 4 — 7 evidencing the cyclic behavior of the
system with stable orbits for cases 1, 2, 3, 4, 5, and 6. They
also show that the motion takes place between some maxi-
mum and minimum values ¢f in the first six cases while it
describes a monotonic (clockwise or anticlockwise) motion
in the ¢-coordinate. This last result is a consequence of the
conservation of angular momentum described by Eq. (19),
showing thatp has always the same sign. Because of the non-
. decaying and cyclic motion of the sphere, it can be seen that
there is no loss of energy in any trajectory, and thus, it sat-
isfies the conditions set in itsagrangianregarding the con-
servative nature of the constant gravitational field. To further
analyze the motion presented for Surface 7, let us first ob-
I serve the motion in its full three-dimensional nature in Figs. 8
to 14.
x(t)=p() cos(¢(t)) [m]

FIGURE 7. Parametric solution for special case 7 inthey plane.

0.1

p(t) sin((t)) [m]

y(t)

0.0

~0.1Ff

1

S -01 00

2.2.2. 3D parametric plots

e Special Case 6 - Surface 6&-0.1,0.08,-1/3, {0.5}, _ _ o
{1}, {0.5,0,1,0.22600245 From these solutions to the equations of motion it can be seen

) that the holonomic constraints are satisfied by all the trajec-
e Special Case 7 - Surface 6p{-0.1,0.08,-1/3, {0.5},  tgries that the rolling sphere describes. Besides this, it can
{1},{0.5,0,1,0.2260024¢ . also be noticed that special case 7 has no stable orbits, but
This goal is achieved by using the technical computerinstead, its motion decays into circles of decreasing radius
software programWolfram Mathematicawhich is able to ~and itsz-coordinate tends to minus infinity as time increases.
find a numeric solution for Egs. (21), (22), and (23), whenAlthough each of the trajectories described by the sphere in
all the previous parameters are specified. The correspondirfPecial cases 6 and 7 are done over the same Surface 6, it can
pieces of code used to solve these equations are shown in the seen that they are quite different since special case 6 has
Appendix. We proceed to show the solutions to the motion irfully stable orbits just as the other previous five special cases
thez — y plane for each of these seven special cases. while special case 7 does not.
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Surface 1,t=120s

Surface 1,1=400s

0 y(=p(t) sin(¢(t) [m]

......
2t

-2 N

o 0
x(t)=plt) cos({t) [m] yit)=p(t) sin(¢(t)) [m]

x(t)=plt) cos(@(1) [m]

FIGURE 8. Three-dimensional parametric plot of the solution for Special Case 1.

Surface 2,t=170s

Surface 2,t=500s

yit)=p(t) sin{§()) [m]

10
: -
1} | 0.8 Z7(AI-R" ()
z=a(e)=h)" (M 08 O yity=ptt) sin(@(t) () ~os
-1
0 =1 0 '
X(W=p(t) cos(@(1)) [M] =4

. [ x(t)=plt) cos(¢it)) [m]

FIGURE 9. Three-dimensional parametric plot of the solution for Special Case 2.

Surface 3,t=100s

10°
Lo 05
z=alp)=h)"Im] %

-2

105 z=alp(t-h)' (m]

. 4 . . ) Ve
0 = -
X()=p{t) cos(@{0) [m] st sl in R———

FIGURE 10. Three-dimensional parametric plot of the solution for Special Case 3.

Surface 4,1=400 s

Surface 4,t=700s

y(t)=plt) 5‘"(0(_‘:)] [m]

00"

los
2=alp()-h)" [m]-0.5

00 zza(oty-hy’ (m]
-2 < -05

0
0 o
X(t)=p(t) cos(d(n) m] ¥iY=Al i) ) x(t=pit) cas(@(V) [m]

FIGURE 11. Three-dimensional parametric plot of the solution for Special Case 4.
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Surface 5,t=210s

-0.5
-1.0
z=a(p(l)-h)" [M] - 1.5

-2

0 y(ty=p(t) sin(e(t)) [m]

0
x(t)=p(t) cos(@{1)) [m]

Surface 5,1=500s

y(t=p(l) sin{@(t)) [m]
2

-1.0z=a(p(t)-h)" [m]

-15

K(Y=p() cos(@(v) [m]

FIGURE 12. Three-dimensional parametric plot of the solution for Special Case 5.

Surface 6a,t = 200 s

z=a(p(t-hy" (m) 030 ;

-02 09

0o -02
x()=p(t) cos (@) (m] ’ '

04

02

y(h=p(t) sin(&(1)) [m]

Surface 6a, t =800 s

05

00
0.0 y(U=p(t) sin(¢<1)) [m]
x(t)=p(t) cos{(t)) [m]

FIGURE 13. Three-dimensional parametric plot of the solution for Special Case 6.

Surface Bb. t=17 s
x{)=p{t) cos( 1)) [m]
y{B=plt) sin{¢(t)) [) L
00
02 DA

=
>

X

N,

\\
/J
0
/

z=a(git}-h)" [m]

FIGURE 14. Three-dimensional parametric plot of the solution for

Special Case 7.

This discrepancy in the motion is a result of the slight dif-
ference between the parameters given to each special case 6
and 7, which differ byl x 10~8 rad/s of their initial values
for gi)(t), demonstrating that a relatively small change on the
initial conditions may create a whole different outcome. It is
also important to mention that the solutions that exhibit stable
orbits show characteristic precession on them. Let us further
analyze the motion of the rolling sphere by plotting the solu-
tion of its movement on the three cylindrical coordinates and
their corresponding time derivatives as functions of time in
Figs. 15 and 16.

2.2.3. Coordinates and speeds as functions of time

The motion in all three coordinates and their time-derivatives
is found to describe a periodic behavior that is characteris-
tic of the null loss of energy in the system. This statement
holds just for the radial and azimuthal motions of special
case 7, while an increasing and non-cyclic behavior is shown
for the z-coordinate, which as was previously seen, with a
slight change of initial conditions describes stable orbits. Itis
evident that certain asymptotic surfaces (like Surface 6) will
exhibit non-cyclic motion on the-coordinate under certain
circumstances, since the motion of the sphere in these cases
may approach to freefall as time tends to infinity.

The role of the conservation law Eq. (19) for the angular
momentum is evidenced when comparing both the plot of the
radial coordinatey(¢) and the plot of the angular speet)
as functions of time, for whenever the former is a minimum,
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Surface 1 Coordinates Surface 1 Derivatives
NN NN NN g
= [\ [\ [\ [ f\ /) E 3
E | [\ \ [ E
= 2 \ ‘ \ / - ‘ e
N \ -~ 2
§ — pfltl y — ol
E — sin@l) £ 4 — o1
T — [ = — Y
= @ 0 \
q E J \ J \ \} [ \’
" -1 \J \ \J \\) Vv
0 10 20 30 40 50
t[s] t[s]
Surface 2 Coordinates Surface 2 Derivatives
A |
£ £
g — plt - — Pl
T — sin(el) = T
® s _,0
£ z[t] o 2 2'[t)
= w
J £
3
0 10 20 30 40 50
t[s] t[s]
Surface 3 Coordinates Surface 3 Derivatives
3 ) — 15 T
w
E E
e 2 2
i )
: g
H — sinél) £
E‘ — 2[t] ‘T'_'
= E
=
t[s] t[s)
Surface 4 Derivatives
T‘l:l
= 4-
E £
% N o3
= — Al = — o
g pF] by Pl
k= — sin(g[t]) £ — ¢
E’ — Z[f] ".'_' 15 — ']
= ]
T E o \
:‘é “Th L R S .
0 10 20 30 40 50
t[s] t[s]

FIGURE 15. Plot of the solutions to the motion for the three coordinates and their time-derivatives as functions of time for special cases 1,
2, 3, and 4. For the sake of clarity, it was chosen not to ¢{o} but insteadsin(¢(¢)). Nevertheless, such decision was arbitrary, so plotting
cos(¢(t)) instead would have served the same purpose.

then the latter is a maximum, and vice versa. The symmetrid. Approximation of an effective potential en-

of the motion of the sphere is not just a direct result of the ergy

azimuthal symmetry of the surface but also a consequence of

the symmetry of the sphere itself, letting the motion repeaBy recalling the kinetic and potential energies (from the La-

indefinitely for the cases in which stable orbits exist. grangian, in Eq. (13)) along with the conservation of the
component of the sphere’s angular momentum Eq. (19), we
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Surface 5 Coordinates Surface 5 Derivatives
T — 30
2 25
E 2
= = 20
N i
2 — ) W 15 — o't
= ) =y
= — sin(¢lth) = 1.0 — ¢'l
» Y
= — [ ~ 05 - 21
= o
5 E 00- 7
g -05
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
t[s] t[s]
Surface 6a Coordinates Surface 6a Derivatives
10 &
%
E £4
= 05 1
LA ot =
= — pftl by — 0[]
g 00 ) o "
E " P 5 i ’ — sin(glt) = 2 — 11
@ N e \ \ °
T 1 1 z[t] = — z'lt]
= -05 @ 9
T £
-10- ! ‘ % 0 e ——— T ————
0 10 20 30 40 50 0 10 20 30 40 50
t[s] t[s]
) Sqﬁacg 6b qurdir]a;eg 77777 Surface 6b Derivatives
0 W 8
= £
= =
w ~ i
§ -5 — plt] *; — rl
s I = 2 —
£ \ sin(@{t]) s U]
E -10 — zlt - — R
vt \ ‘» e |
T E -2 .
-15 : g4
0 5 10 15 20 o 5 1 15 20
t[s] t[s]

FIGURE 16. Plot of the solutions to the motion for the three coordinates and their time-derivatives as functions of time for Special Cases 5,
6,and 7.

can approximate an effective potential energy for certain speahere we can recognize the first and second terms as the ra-

cial cases of the sphere’s motion. dial and angular kinetic energies, respectively. Furthermore,
The total energy of the system is just the sum of its kineticby recalling that

and potential energies:

L, =mp*d = tant 26
E—T+V (24) mp“¢ = constan] (26)
After substituting these energies from the LagrangiarWe can manipulate the angular kinetic energy term in the fol-
(19) into (24) and expanding the first term we get: lowing way:
E = sm(1+ k) ( (1 + a®n(p — h)X=D) 2 4 p2? 1 22 _ 1 (mp*¢)*
2 T, = gm(l+k)pd? = S(1+ k)~
mp
+amg(p— h)" ! 12
) = 5(1 + k)mz2.
E = om(1+k)(1+an’(p— b)) ’
1 259 _1\n Therefore, by substituting this last result into the energy
+5m(l+k)p"¢” + amg(p — h)", (25) Eq. 25 we get
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due to the following comparison. We can notice the similar-
ity between Eq. (29) and the energy Eq. (32) for a particle of

1
E=m(l+ k) (1+ a*n?(p — h)>"1) p? mass m moving under the presence of the gravitational field
) of a much larger masd/ that satisfies the conditiall > m
1 L :
+ 3L+ k) =25 4 amg(p— h)". @7 6k
mp . 1, N 1 L? GMm (32)
Notice that the last two terms depend only on the coordi- ¢= M Ty mp?2  p

natep in such a way that they could be merged into a uniqu
effective potential energy for the system if the factor befor
p? was just equal to one (since the first term would becom
dependent only of), which suggests that under the criterion

that

a2n2(p _ h)2(n—1) <1

or, because?n? is a positive quantity that can take any de-

sired value

(p—h)>D <« (28)

a?n?’

then the energy equation for the rolling sphere becomes

E =~ %m(l + k)p?
laa s amglo—ny 29)
5 mp2 T amap ;
which can be rewritten in the following way
1
E=gm(l+ k)P + Vet (p), (30)
with Ver(p) defined as:
Verlp) = (14 )22 - amg(p— b (3D)
eft(p) = 5 mp? T Ml .

Svhich has the corresponding effective potential energy func-
eetion given by [1]

_1L2 GMm
- 2mp? p

Vert(p)

Let us now recall the approximated energy equation for
the rolling sphere:

1
E = _—m(1+k)p?

2
1 L? "
+ §(l—|—k)m7p2 +amg(p — h)™.

If our desire is to obtain a surface that generates an effec-
tive potential energy function for the rolling sphere similar to
that one felt by the gravitationally-bound massunder the
condition M > m, we could just leth = 0, try to make
k (from now on equal to cero) as small as possible, perhaps
concentrating most of the sphere’s mass into a small region
compared to its radius in order to minimize its moment of
inertia around any instantaneous rolling axis (and thus the
constantk), and also let the following comparison between
potential energies be:

GMm

amgp" = — T )

aw=—(GM)3 (33)
9 )r

Equation (31) is the effective potential energy of thewhere it can clearly be seen thaandn must take the fol-
rolling sphere when its motion is governed under Eq. (28). lowing values:

3.1. Gravitational well

When solving the famous “Two Body Problem” in classical

(%)
a=—|——1], n=-L
g

The surface obtained by substituting these parameters

gravitation, there is a common parameter called the “reduceg1to Eq. (3) is shown in Fig. 17

mass” of two objects with masses, andms, which is de-
fined as [5]:

mims

mi + Mo

To make the following steps clearer, let us renameand

The rolling object cannot be let to roll with any desired
initial condition if we wish to obtain a similar motion to that
of an object moving through the previously described grav-
itational field, for we must remember the criterion used to
derive the effective potential (31) and the approximated en-
ergy Eq. (29). By substituting the last values éoaindn into

mq asM andm, respectively. If we consider the case wherethe Eq. (28) the criterion now becomes:

M > m and take the limit ad/ goes to infinity we get:

lim u=m.
M —oco ’u

This last result is important because the following cited

GM
p> 1/7. (34)

This condition may be held if we recall that a particle that

equations use the parameterThis parameter will be shown moves under a gravitational field with total eneifgy 0 de-

asm since we will only be concerned with the cake> m

scribes an elliptical orbit with its motion determined by the
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ditions p(0), p(0), andg(0):

P G0 + p(020(0)2 — 2

p(0)1(0)2 (p<0>2 T o(0)2(0)? - %)

x |1-=Al1+ e
GM
=1/—. (41)
9
FIGURE 17. Surface 5 is the surface that mimics Newtonian grav- . L
itation under criterion in Eq. (30) (takingM /g — 1 for demon- We also get the natural result that this last equation is in-
stration purposes). dependent of the sphere’s massand the value o6(0), for

the last one just rotates the resulting ellipse in the counter-
clockwise direction for increasing initial values ¢£0) [9],

and the first one shows the analogy with classical gravitation
where, under the conditioh/ > m, the object’s orbit is in-

following set of equations [7,8]:

!
pumin = a'(1 —e) (35) dependent of its own mass. On the other hand, we may solve
GMm this equation by choosing the value of any desired two vari-
E=- 2/ (36) ablesp(0), p(0), or ¢(0) and using mathematical software to
SEL? solve for the third.
B 2 . . I
e=1/14+ e IVE (37) It is also evident that the criterion
y M
Lz = mp(0)*$(0) (38) p(0) > 1, /GT (42)
_ 102 27 m2y _ GMm
Ee = §m(p(0) +p(0)76(0)%) — p(0) "’ (39) must always be met; fos(0) should never be smaller than

Pmin, Which is by definition the smallest distance from the or-
whered’ is the semimajor axis of the elliptical orbit,is its ~ biting massm to the much larger mas¥, or in other words,
eccentricity (both constants determining the geometry of théhe periapsis of the sphere’s elliptical orbit. Because our de-
orbit), L is the angular momentum around thaxis (which ~ sire is to obtain elliptical orbits, there’s another condition that
is taken to cross one focus and be perpendicular to the plarfBust be satisfied by(0), p(0), and¢(0):
of motion of the particle), and is the total mechanical en- 1 ) GMm
ergy of the particle. Both of these last quantities; and Eg = Em(,b(O)2 + p(0)2¢(0)?) — — < 0. (43)

E¢- are conserved,; the former as a result from Kepler's Sec- P(0)
ond Law, and the latter as a consequence of the conservative |f a certain value op(0) that satisfies (42) is given, then
nature of the gravitational field. the values of(0) and¢(0) that will also satisfy the energy in-
Moreover, by substituting Egs. (36) and (37) into theequality (43) and Eq. (41) can be determined by using math-
Eq. (35) for the orbit's periapsig..i,, Using this quantity in  ematical software. Let us proceed to observe some examples
criterion (34) (for it represents the closest distance betweenf the solutions to Egs. (21) and (22) when the sphere rolls
the object and the origin of our coordinate system), and inover Surface 5, under criterion (34), and thus, with its initial
troducing an arbitrary new constdrtb change the inequality conditions satisfying the relationships (41), (42) and (43) in
into an equation (which results in an increasing accuracy oFigs. 18 and 19.
the model with an increasing value fwe get: These solutions to the motion seem to describe elliptical
orbits as those performed by astronomical objects around a
GMm 2EL2 relatively massive star, each with different initial conditions
Pmin = = 55— <1 —\/1+ G2M—2Zm3> that satisfy relationships (41), (42) and (43). Itis important to
remember that these orbits are just approximately elliptical,
aM if we let the sphere orbit for enough time, this approximated
=1 —. (40)  model will no longer be accurate and the motion will stop
9 describing perfectly elliptical orbits, as is the case of the “El-
liptic” Orbit 6 shown in Fig. 19. It is also worth comparing
By substituting Egs. (38) and (39) into this last Eq. (40)these trajectories to those followed by the sphere in Special
we obtain the following relationship between the initial con- Case 5 (shown in Figs. 6 and 12), where it also rolls over
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Elliptic Orbit 2, t = 30,000 s Elliptic Orbit 1, t = 190000 s
400 200
300 E 100
= s
§ 200 =
= "
£ & -100
£ 100 =
1
e'; -200
. -800 -600  -400 200 0
x(t)=p(t) cos(¢(t)) [m]
-100 Elliptic Orbit 4, t = 52,000 s
-100 0 100 200 300 400 P il T s
60 -
X(t)=pt) cos (4(1) (m] g \
/
Elliptic Orbit3,t =1.06 x10° s 40 4 \‘
/’/(7_ _71—‘-\\ 20 /

sx10" / -

\
oit) sin(@(t)) [m)
-3

= |
= / X ‘.
5 \ ax \
¥ 0 g2
: \
% -40 \ //
~§x 10" o \ 1 ¥
’-’/ —60 \\- ’/
0 5.0x10" 1.0x10"”  1.5x10% 20x10"”  25x10"%  3.0x10" -60 -40 -20 0 20 40 60
x(t)=p(t) cos(@(t)) (m] x(t)=p(t) cos(g(t)) [m]

FIGURE 18. Parametric solutions for the movement of the sphere on Surface 5 and under the previous conditions, describing elliptical orbits.
The following are the paramete€s, M, g, [, p(0), ¢(0), 5(0), and¢(0) used to create these graphs, all of them in their respective MKS
units. Orbit 1: (1, 1, 1, 70, 70, 0, 0, 0.00231473), orbit 2: (1, 1, 1, 90, £00,0372136, -0.00124006), orbit & & 10~**,2 x 107°, 10,

60,1 x 10'%, —m/4, 10788.3,6.82306 x 10~°) [parameters comparable with the ones from planets in our solar system], orbit 4: (1, 1, 1,
70, 70,0, 0,0.00171473).

- Elliptic Orbit 5, t = 8,000 s _Elliptic Orbit 6, t = 3,000,000 s
200
150
E 100
E 100 5
= g
g s
T =
$ ¥
o > -100
e -200
-100 0 100 200 300 400
-200 -150 -100 -50 (1] 50
x(t)=p(t) cos(#(t)) [m] x(t)=p(t) cos(a(t)) [m]

FIGURE 19. Parametric solutions for the movement of the sphere on Surface 5 and under the previous conditions, describing elliptical orbits.

The following are the parametes M, g, I, p(0), ¢(0), p(0), andq'S(O) used to create these graphs, all of them with their respective MKS
units. Orbit 5: (4, 3, 10, 50, 10@;/3, 0.229464, 0.00327871), orbit 6: (2,1,1,70,400,0,0,0.000111352).
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Here po, f0, podot, fodot represent p(0), ¢(0), p’(0), @’ (0), respectively. Also, the variables “x” and “y” are used in the “Reduce” command instead of p’(0) and
¢(0) in equation 39, also respectively.

G=4;

26H

(PO)* (v*) (007 + (P®)? (v)* -
N[Reduce[_$_ll_\/1+ o) e ]==1 % a8 cxfup&%y)’—%w. x, v1]]

)%+ (pO)? (v)?* - 228 & u

-0.329464 < X < 0.329464 && [y = -0.000239046/ 148,634 + 750, x* || y = 0.000239046 \ 148.634 + 750. x* ]

- pedot = 0.2294640893917881"

fodot = 0.00023904572186687873" ‘\/ 148.63353450309967" + 750. " podot?

0.229464

0.00327871

FIGURE 20. Code used iolfram Mathematic#o obtain the initial conditions required to produce Elliptic Orbit 5, a similar procedure was
used for creating the other five elliptic orbits.

Surface 5 but without describing elliptical orbits, evidencinglowing form:

that its initial conditions do not satisfy Eq. (41). P (] + a5 + . + e )o =

The code used ilWolfram Mathematic#o solve the sys-

tem of relations (41) and (43) that determines the values that N Sk - N

p(0) and ¢(0) can take for a given initial radial condition - (Z cx 9] ) o= —y(|a)o, (44)

p(0) is shown with the specific example of Elliptic Orbit 5

in Fig. 20. After obtaining the possible values f&i0) and ~ Where:

$(0), any value within the output range fpt0) can be se- N

lected, automatically determining the values théb) can Y(|9]) = (Z Ck|17|k> :

take to satisfy the conditions (41) and (43), one positive and k=1

one negative with same modulus, demonstrating once again It is considered that friction between air and the sphere

the presence of the azimuthal symmetry of the system. takes this form since “any reasonable function is expected to

have a Taylor series expansidin,= a + bv + cv? + .. .. For

low enouglw, the first three terms should give a good approx-

imation, and, sincé’ = 0 whenv = 0 the constant terny,

has to be zero” [1]. Therefore there is no need to consider a

constant in Eq. (44). Likewise, with the objective of not

losing generality, a “full” (V-terms) power series expansion

4.1. Introduction of friction into the Lagrangian of the friction force is considered in the following process.
According to Goldstein, “if not all the forces acting on

The previous model (the one described by Egs. (21). (22)the system are derivable from a potential, then Lagrange’s

and (23) is not accurate when considering the presence ééfquatlons can always be written in the form” [11]
non-conservative forces as friction. If we assume that the d (5’5) o 0: =0 (45)
rolling-without-slipping condition takes place, we can notice dt \ 0¢; 0q; ! ’

that “no loss of mechanical energy occurs [due to friction beyyith (), defined as:
tween the sphere and the surface] because the contact point is . .

atrest relative to the surface at any instant” since this is part of Q;,=F- 8%; — _¢(‘g|)a|f’|7 (46)

the definition of the rolling-without-slipping condition [10]. 94 94

Therefore, under this idealistic condition, we would just havewhere in the last step Eqg. (44) has been used. By recalling
to concern about the friction that the rolling sphere experithe Eq. (11) for the sphere’s squared speed in cylindrical co-
ences with air if it is our wish to describe the motion of the ordinates, we have:

sphere under these circumstances. 2 = (1+ a2n2(p — h)z(n_l))pg + o242

k=1

4. Modelling with friction

Let us consider a force of friction between the sphere and

— -2 -2
the air as a function of the rolling object’s speed with the fol- = wiqy + wa2g3, (47)
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with: Eqg. (52), let us once again determine the full translational
5 o 21 motion of the sphere but now under the presence of a force of
wi = (1+a™n”(p—h) ) friction as described by Eq. (44):
W = p2.

m(L+k) [(1+a*n®(p — h)*" =)
And by calculating the derivative of (47) with respect to

gi, with i € {1, 2}, we get: Fa?n(n—1)(p— h)232 — pg?
gl di N
= w; . ang(p — h)"~! S
i 2] ()
Likewise, by substituting this last result into Eq. (46) we =t
get: x (1+a’n’(p—n)*""D)p=0 (50)
o N . N
7 ; . . o .
Qi =—v(o) g0 =~ (Z ck|6k> wi% m(L+k)[p*6 + 2pp0] + (Z cx|o* 1) p'o=0 (51)
¢ k=1 k=1
z=ua(p—h)" (52)

N
= - (Z Ck|77|k1> Wi (48)
k=1

Therefore the Euler-Lagrange Eq. (45) for ikth coor-
dinate is:

N e Three surface constants; n, h.
d T,
d (‘7‘) S8 (et wd =0 @49)
dt \ 9g; 9q; po e Two rigid body parametersn, k

In analogy with part one, this system of nonlinear coupled
ordinary differential equations can be numerically solved by
specifying each of the following parameters:

And now by substituting Egs. (14) and (47) into (49) for o N friction constantsey, ¢, .
the p and¢-coordinates, as well as for theth constants, we _
get the equations of motion (50) and (51), which along with e Four initial conditions;p(0), 5(0), #(0), and¢(0).

..CN

4.2. Analysis of Special Cases with Friction

4.2.1. 2D parametric plots

Surface 1 with Friction, t =250 s Surface 1a with Friction, t =250s ) _Surface 2 with Friction,t=150s

0.5
0.5

0o 0.0

o{t) sin(@(t) (m]
(t) sin(g(t) [(m]

p(t) sin(¢(t)) (m]

y(t)=
y(t)=
y(t)=

-05 -0.5

-1.0

-2 -1 [} 1 2 -10 -05 00 05 10 10 05 00 05 10
x(t)=p(t) cos((t)) [m] x(B)=0(t) cos(¢(t) [m] xX(t)=p(t) cos(B(t)) [m]

FIGURE 21. Parametric solutions in the — y plane for special cases 1 and 2 with friction. The plot for Surface 1a was made with the same
parameters as Special Case 1 but itk 0.01 andp(0) = 0, which in the absence of friction, would create an almost-circular orbit.

Rev. Mex. Fis. B5(2019) 128-151



MOTION OF A ROLLING SPHERE ON AN AZIMUTHALLY SYMMETRIC SURFACE

Surface 3 with Friction,t =700 s

o(t) sin(¢(t)) [m]

y(t)=
I

X(t)=p(t) cos(@(1)) [m]

p(t) sin(@(t)) [m]

y)

Surface 4 with Friction, t =90 s

~0.40.3-02010.0 0.1 02 0.3
x(t}=p(t) cos(¢(t)) [m]

Surface 5 with Friction, t =43 s

y(t)=p(t) sin(a(t)) [m]

15 10 -0s 00 05 10
x(Y)=p(t) cos(@(t)) [m]

FIGURE 22. Parametric solutions in the — y plane for special cases 3, 4, and 5 with friction.

4.2.2. 3D parametric plots

Surface 1 with Friction, t =250 s

z=a(p(y)-h)” [m]

-2

x(t)=p(t) cos (1)) [m]

yit)=p(t) sin(${t)) [m]

08
z=a(pit)-h)” [m] 93
04

02%
10

0.5

y(t)=p(t) sin((t)) [m]

Surface 1a with Friction, t =150 s

0.5

0.0 -~ 0.0

=05 =05
x(t)=p(t) cos({t)) (m]

FIGURE 23. Three-dimensional parametric plots of the solutions for the special case 1 and for Surface 1a with friction.

Surface 2 with Friction, t =170s
y(t)=p(1) sin(@(1)) [m]
10

z=a(p(t)-n)" () ©8
0.6 |

04

x(t)=p(1) cos (@(1)) [m] 1

Surface 3 with Friction, t=700s

¢ x(t)=p(t) cos(#(1)) [m]

-2 -2

FIGURE 24. Three-dimensional parametric plots of the solutions for special cases 2 and 3 with friction.
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urface 4 with Friction, t = Surface 5 with Friction, t = 29s
S hece 0 . | Xt cos@)im)

¥{U)=pit) sin(¢{1)} [m]
2 o

1

0.0
-2

z=a(p(t)-h)" [m)

z=a(p(t)-h)" (]

1
y(t)=p(t) sin(¢it)) (m)

C

02
x(t)=p(t) cos(g{t)) [m]

FIGURE 25. Three-dimensional parametric plots of the solutions for special cases 4 and 5 with friction.

4.2.3. Coordinates and speeds as functions of time

Surface 1 with Friction, Coordinates Surface 1 with Friction, Derivatives

\ \\/\/

— Pl
— sin(¢[f])
— z[l]

— Pl
— '
— 2]

() [m], sin(¢(t)), z(t) [m]

P [m s, ) [s7), (1) (ms™)

! i1 - . . \U " " L

0 10 20 30 40 50 60 70 0 10 20 30 40 50 6 70

18] tis]

FIGURE 26. Plot of the motion in the three cylindrical coordinates and their corresponding time-derivatives as functions of time for special
case 1.

Surface 1a with Friction, Coordinates i Surface 1a with Friction, Derivatives

e 1_2*~/\/\/\/\/\/\/\/\/
T -
E = 10
il i
g —a 500 L
S fc?
E — sinplt)) £ 06 — ot
@ s
E — il = 04 — 7
pe=s )
T E 02

S 1) o S S LT

4] 10 20 30 40
thsl t[s]
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Sifae < vilh Frigtion, Coadinfies Surface 2 with Friction, Derivatives

%W 05/
E &
W ~ I
2 ~ 0.0}
= — plt] % — Pl
=Y = ;
z — sin(g) =|= . ¢[m]
@ Bl 5[s
2 —T w -05
£ S — 2
= 1%
T E
= -1.0}
a ! ; i
0 20 40 €0 80 100
tls] t[s]
Surface 3 with Friction, Coordinates Surface 3 with Friction, Derivatives
3 - 1.5j i t i
o [
E E 10
R e l l l }
it N o5 ' ,
% — plt] "2 ‘ lill ]lTl'fll'l' — Pt
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= 'a
< E _10;
PR . 1 L . :Jq" _157 " - 1 M- R .
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Surface 4 with Friction, Coordinates Surface 4 with Friction, Derivatives
‘ = 10}
w
E £ 4
= —an % 8 — el
s : = :
£ — sin(¢gft]) g 4 — ¢
= — [ =5 — 2
E v 2
7 E
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Q
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FIGURE 27. Plot of the motion in the three cylindrical coordinates and their corresponding time-derivatives as functions of time for Surface
la and special cases 2, 3, and 4.

B Surface 5 wnth Frlctlon Coordlnates ) Surface 5 with Friction, Derivatives

_ %
E o —— =
¥ 7 X/\ T 0
s —e g — o
- — sl 2 5 — ¢
€ -6 — 24 = — 2[f)
g -8 £ o

g

o 5 10 15 2 2 30 o0 T T m 60
t[s] t[s]

o
w
o
n
=]
w
S
'S
S
o
S

FIGURE 28. Plot of the motion in the three cylindrical coordinates and their corresponding-time derivatives as functions of time for special
case 5.

4.2.4. Energies as functions of time 1, plus the new special case for Surface 1a where the same
parameters as special case 1 were used except for those spec-
The previous solutions to the motion of the sphere were nuified in Fig. 21's caption. Different values fd¥ and thec;,
merically solved withWolfram Mathematicay specifying  coefficients in Egs. (50) and (51) were selected for each case
the same parameters as in the Special Cases analyzed in Parshow the behavior of the system under arbitrarily different
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Surface 1 with Friction, Energies Surface 1a with Friction, Energies

14F T

12

10 B US|
0.8 x ==

| — Em
06 ‘

04-\_-\'_\"\-—\_\_,\_\’_\‘1
0 10 20 30 40 5 6 70 0 10 20 30 40

t[s] t[s]
Surface 2 with Friction, Energies Surface 3 with Friction, Energies

e L]
— Vi
E[t]

T [, VI W], EY [J]
T(t) 1], VIl [J]. EI] [J]

= =
i g
= — T = — T
S — Vil & — V1]
= El] = E[t)
=4 =
t[s] t(s]
Surface 4 with Friction, Energies Surface 5 with Friction, Energies

06
= 04 =
T o2 &
= _—T] = —_—
= oo & w
= — = — VIt
Z -02 > 1t
5 El] = E[t]
£ -04 =
= =

-06

-0.8 . a L iy
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t[s] t[s]

FIGURE 29. Plot of the dependence of the Kinefitt) (Eq. 9), Potential’ (¢) (Eqg. 5), and Total Mechanic# (¢t) = T'(t) + V (t) energies
as functions of time for special cases 1, 2, 3, 4, 5, and Surface 1a with friction.

forces of friction. These equations may take as input any de- The effect of the loss of kinetic and potential energy in the
sired value for such quantities, resulting in different but corressystem can clearly be seen in the 2D and 3D Parametric Plots
sponding solutions to the motion as determined by Eqgs. (50)f the motion shown in Figs. 21 to 25, both by the decrease
(51) and (52). Eachy, has its corresponding unit kg'm* of the orbits’ radius and/or the following stationary motion
-2, that is obtained from non-asymptotic surfaces. This can intu-
Friction Parameters: itively (although of course not necessarily) indicate that the
equations of motion obtained are in agreement with reality
when the sphere is directly experiencing a friction force as
e N/A - Surface lar; = 0.01, c; = 0.01 described by Eq. 44. It can also be observed that the motion
« Special Case 2 - Surface & = 0.01, ¢, = 0.02 ef_fectively stop§ ina pptential valley_when_ther_e is_one -like
with Surface 3 in special case 3- while losing kinetic energy
e Special Case 3 - Surface 3: = 0.08 and speed in both the radial and angular coordinates.

e Special Case 4 - Surface 4; = 0.040, ¢co = 0.030,
C3 = 0.020. Cq = 0.010

e Special Case 1 - Surface; = 0.01

Furthermore, the plot of the coordinates and their time
e Special Case 5 - Surface bj = 0.001, ¢z = 0.001, derivatives as functions of time in Figs. 26, 27 and 28, re-
c3 = 0.002, ¢4 = 0.002, c5 = 0.003, cg = 0.003. veal that the cyclic behavior of the sphere is deformed by
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the presence of friction, reducing or augmenting the ampliequations than degrees of freedom in order to use the La-
tude of the oscillations that these functions exhibit, as wellgrange Multipliers and get to know the constraint forces [13].
as stretching or compressing them alongttaeis when they The generalized constraint force corresponding to the ith
are plotted against time. From the energy graphs shown igeneralized coordinate is given by [5]:

Fig. 29 it can be observed that the total mechanical energy

of the system decreases invariably as time goes by and as a F, =\ of _ (55)
direct consequence of the energy dissipation that originates 9q;

from friction. Besides this, it is also worth noting the differ- Thi lized f f it th di
ent outcomes that Egs. (50) and (51) predict for special case 5 IS generalized force IS a force It Iné corresponaing

(on the asymptotic Surface 5), where the sphere falls to eVe;;generalized coordinate is a spatial coordinate and a torque if
decreasing negative-values a’s shown in Figs. 22 and 25 the corresponding generalized coordinate is an angular coor-

with the same conditions that in the frictionless case Woulcjldm‘?Ite [14]. For each of our three cylindrical coordinates we
make the sphere describe stable orbits as shown in Figs. &

and 12. of -

The plot of speeds against time for this last case in Fig. 28 Fy = /\87 = —Aan(p —h)""",
. e P

reveals the important prediction that the sphere must reach a

terminalz-coordinate-speed as it falls with aerodynamic fric- F, = )\ﬂ =)\

tion, as well as an asymptotic behavior to cero for the speed in 0z

the p and¢-coordinates. It is also worth noting that Egs. (50) P /\8f _0

and (51) are dependent on the mas®f the sphere unless ¢~ ¢

all their friction coefficients equal cero, where the equations

become independent of once again as in the frictionless ~ As we can see, there is no generalized force (torque) on
case. In fact, Egs. (50) and (51) are found to reduce (as theijie ¢ coordinate due to the azimuthal symmetry of the sys-
ShOU|d) to Eqs (21) and (22) from the frictionless case Wheﬁem, and therefore, the normal force will be the norm of the

all thec;,’s are equal to cero. normal force vector (56):
v of ., of,
5. Limitations of the model N =25,p+ 25,7 (56)

The general equation for the normal force over the rolling 3 1/2 aF\ 2 92
. . .. _ 2 _

sphere must be derived for the case with friction (and thus [N (t)| = ZF,» = <)\6> + <>\>
implicitly for the frictionless case) in order to obtain its lim- i=1 p

itations: Fhe spherg is no longer rgstrlcted to move under the = A1+ a2n2(p — h)2(n—1))1/2. (57)
holonomic constraint if the magnitude of the normal force
is negative at any moment, for it would stop being in con-

h the surf huS | . | Now we want to eliminate\ from (57) to obtain|N (¢)]
tact with the surface and thus its motion would be UNcoN-,s 5 function of the coordinates whose behavior we already

strained. To accomplish_this we p_ro_ceeq to use the metho&lnOW from Egs. (50) and (51). By doing a similar procedure
of Lagrange’s Undetermined Multipliersith the surfaces’ as in Sec. 4.1 to obtaif),, for the p-coordinate but now with-

holonomic constraint, which is useful when "you wish to de- o\ hetituting the holonomic constraint in the equation for

termine forces of constraint using the Lagrangian approachy,, squared speed (using Eq. (4) as shown), we get:

[12].

The following holonomic constraint for the motion of the . Ov NG L0
sphere was introduced for the frictionless case since it is just r — F- 9p = _Ww)aip = _w(‘v‘)%
the surface Eq. (3):

N
f(z.p) =2 —alp—h)" =0. (53) X (92 + pPd° + 272 = — (Z cm“) p. (58)
k=1

In order to use Lagrange’s multipliers to obtain the nor-
mal force on the sphere as a function of time, we let each one Now, by substituting), and F, into Eq. 54 for the

of Lagrange’s equations to be [5]: p-coordinate, remembering not to substitute the holonomic
d /or or of constraint into the Lagrangian at its left-hand side, and calcu-
— ( - > — —Qi = A, (54) lating the corresponding partial derivatives, we obtain Eq. 59:
dt \ 9¢; 9q; dq;

where ) is called the Lagrange Multiplier anfl is the pre- o N ) .

vious holonomic constraint. This equation must be used m(1+k)(p—¢°p) + (Z k|01 1) P

for each coordinate without substituting the holonomic con- k=1

straint in the left side of Eq. 54, for we must deal with more = —dan(p — h)"L. (59)
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FIGURE 30. Plot of the normal force that the surfaces exert over the rolling sphere in special cases 1, 2, 3, and 7, both with and without
friction as described in “Friction Parameters”.
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Surface 3: Normal Force with Friction

Surface 3: Normal Force with Friction, Unadequate Initial Conditions
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FIGURE 31. Plot of the normal force that the Surface 3 exerts over the rolling sphere from special case 3 and a modified version of it with
gi)(()) = 3, both with friction as described in “Friction Parameters”.

A thorough procedure to obtain this last equation can be An interesting prediction that further exposes the differ-
found in the section “Appendix 2: Obtaining Eq. (59)". Al- ences between the friction and frictionless cases is that spe-

ternatively, by isolating the Lagrange Multipliarwe get: cial case 7 with friction on Surface 6b is found to describe an
asymptotic behavior to cero for the normal force, evidently
1 o : .
A= — — [ m(1 + k) (5 — $2p) as a consequence that. thc_—? speed.ogﬁmuthalcoordlnate
an(p — h) also tends to cero, while in the frictionless case the normal

force is found to have an asymptotic behavior to a constant
al positive value as the sphere keeps describing falling orbits
Sk—1 .
* Z x| P 60)  around the:-axis.
_ o _ Moreover, we can recall that the motion described in spe-
Therefore, we find by substituting (60) into (57) that the cjal case 3 tends to stop in a potential valley on Surface 3 as

k=1

normal force’s modulus as a function of time will be shown in Figs. 22 and 24, meaning that the normal force felt
. 1 _ by the sphere should tend t&(t)| = myg as time tends to
IN()| = ———7 (m(l +E)(p— ¢%p) infinity, exactly as shown in Fig. 31 (recall that for special
an(p — h) case 3we have: = 1 andg = 1).
N It is also important to show the plot of the normal force’s
+ (Z ck|ﬁ|k—1> p) modulus function (61) when the necessary conditions needed
k=1 to satisfy condition (62) are not met, as illustrated in Fig. 31

_ and created by using the initial conditigf0) = 3 that makes
x (1+a*n®(p - h)2(n 1))1/2' (61) the sphere have enough speed to stogoz)eing in contact with
Let us recall that in order for the model to be valid at all the surface, thus forcing it to dissatisfy the holonomic con-
times, the condition straint (53). All of the examples previously provided in this
paper follow at all times the condition (62), which is easily
IN(t)| >0 (62) unmet by letting the initial conditions describe a sufficiently
= fast motion that turn&V (¢)| into a negative function afand
must always be met, meaning tha{ ¥ (¢)| is at some time  thus, make the sphere and surface be related no more by the
to a negative function of, then the equations of motion (50) holonomic constraint.
and (51) will stop describing the real motion of the system
because it will dissatisfy the holonomic constraint (53).
Examples of such functiofiV (¢)| for some of the special 6. Final remarks
cases used to illustrate the predictions from Secs. 2 and 4 are
shown in Figs. 30 and 31 (note tha{ (¢)| is never negative  The limitations and conditions of the models derived for the
in these cases). rolling sphere must be strictly considered in order to achieve
We can see from the plots of Fig. 30 that the magnitudehe desired and previously described motion. These limita-
of the normal force can either decrease, increase, or stay thions offer a path of possible future research when consider-
same throughout the motion of the sphere when it is in theng distinct types of friction with diverse functional depen-
presence of friction forces; while in the frictionless cases, thalence on speed as well as the generalization to a wider space
normal force describes a periodic behavior when stable orbitsf surfaces that may not necessarily be azimuthally symmet-
exist. ric or single-termed functions of the radial coordinate.

Rev. Mex. Fis. B5(2019) 128-151



150 D.M. MARIN QUIROZ

Further modeling may involve more complex friction call it £) into the modified Euler-Lagrange equation (54) for
forces, since the one proposed in this research is strictly ina¢he p-coordinate (Eq. B.1)
curate as it does not consider the chaotic interaction between
the rolling motion of the sphere and the air that surrounds it. d (oL oL of

L : . ; . — =] —-=—-Q,=) = (B.1)

Likewise, the interaction of the sphere with the surface itself dt ( 8,;) Op ’ Op
remains unconsidered as neither the sphere nor the surface
are in reality perfectly rigid bodies and may not necessarilywhen the holonomic constraint (3) is not used and after the
follow at all times the rolling-without-slipping condition. In corresponding partial derivatives from the resulting equation
addition, diverse types of gravitational fields could be as wellare calculated.
considered part of the system and may lead to further analo- The Lagrangianwithout substituting the constraint (as
gies with other force fields as considered here with Newtonow required by the method dfagrange’s Undetermined
nian Gravitation and classically depicted elliptical orbits. ~ Multipliers) is:

Appendix L= %m(l +k)[a]* -V,
i i ’ . 7 . 1 . 7 .

A. Code in mathematica Lp. oz 2) = gm(1 +R) (P + p20% + £2) — mgz.

Figure 32 shows the code used for the model with friction in

Wolfram Mathematica Note that the only difference with the Lagrangian 2.08
from section 2.1 was not substituting the holonomic con-
o AR :
B. Obtaining Eq. (59) straint into|7|* and V. Afterwards, all we have to do is to

substitute this lastagrangian£’ into the modified Euler-

Here, the procedure to obtain Eq. (59) is shown. This equabagrangeequation B.1 whem; = ¢, = p and calculate the
tion comes from the substitution of a new Lagrangian (let ugcorresponding partial derivatives:

Clearall[a, h, n, k, m, g, p@, podot, @, fédot, r, cl, c2, c3, c4)

a=1;

h=08;

n=1;

k=0.4;

m=1;

£=1;

pe =13

pedot = 1;

0 =8;

fedot = 1;

r=0;

€l=0.008; c2=0.80; c3=0.080; c4 =0.80;

vl ] = ((Lea?n? (pLE]-n)2ED) (pre])? s (pLE])? (F1LED )V

z[t ] :=a (p[t] ~h)" /- =;
1

TR LA [m (Lek) (p"'[E]- (F'[E))7 (RLED)) + [Z(wymbult'c'<>TuStr1'ngh‘m :v[tn“)] w'ttn] (1+a®n® (pre] -2 D)2 4, 5

el

o[t ] :=

S=

NDSolve [

n=1
{meren [{“ aln? (p[t]-m)2 D) (prr[t]) + a?n? (n=1) (pLt]-n)2™ (p* [t])? - (p[t]) <f'[t1)’»%] :

[2((Symbol['c' <> ToString[i]]) (v[t]]"lj] (r+a®n® (prt] -2 M) (pr[t)) =W,
el

m(1+k) ((PLE1)? (F'T[t]) +2 (p[E]) (P [t]) (F'[t])) + [Z [ (symbol["c" <> Tostring[i]]) (v[t)) ™) | (p[t])? (F'[t]) =8,
el

p[e] =p@, p'[8] = pedot, T[8] =T, T'[8] uf@dut}, B, T3, {t, 19009;]

[{p- InterpolatingFunction fig!| Domam: {fo. 100-10*}} |, £ InterpolaringFunction peman: {{o. 10010t} 1}
: scalar E J

ik

13| Data not in notsbook; Stora now 13| Data not in notsbook; Store now

FIGURE 32. Code used iWolfram Mathematic&o obtain the solutions to the equations of motion required to produce the graphs and plots
for special case 1, a similar procedure (with different parameters) was used to obtain the solutions to the otherftcisesprésents the
Normal Force FunctiotV (¢), likewise “p” and “f” represent the coordinatesand¢, respectively.

Rev. Mex. Fis. B5(2019) 128-151



MOTION OF A ROLLING SPHERE ON AN AZIMUTHALLY SYMMETRIC SURFACE

151

or, simplifying:
oL’ .
=m(1+k)¢p?p . )
o (14 K)(5— 8%) ~ @y = AL
p
oL’ )
- =m(l+k)p : . .
dp Finally, by substituting the values found f@r, in Eq.
d /oL (58) andA\(9f/0p) (in page 20) we get Eq. (59):
- — | =m(l+k)p
dt \ 9p N
Now, by substituting these equations into (54) we get: m(1+k)(p— $?p) + <Z ck|ﬁ|k1> p
k=1

m(l+k)p—m(1+ k‘)(;.SQp -Q,= )\g—i,

= —Xan(p — h)" L.
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