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Electrostatic and magnetostatic fields of point dipoles revisited
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After reviewing how the Dirac delta contributions to the electrostatic and magnetostatic fields of a point electric dipole and a point magnetic
dipole are usually introduced, we present an alternative procedure for obtaining these terms based on a regularization prescription similar tc
that used in the computation of the transverse and longitudinal delta functions. We think this method may be useful for the students in other
analogous calculations.
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1. Introduction {P,;n=0,1,2,...} are the usual Legendre polynomials and
) ) o . we definedt := r/r and#’ = r'/r’. The multipole expan-
A typical problem in electromagnetism is to determine thesjon js of extreme importance as it allows us to systematically
electromagnetic fields created by localized and prescribegptain a good approximation for the electric and magnetic
charge and current distributions in vacuum. This task is acfie|ds far from the sources, avoiding in this way the calcu-
complished by solving Maxwell's equations with these pre-|ation of the exact field which, sometimes, is an extremely
scribed sources taking into account the appropriate boundagyfficult task. Moreover, for points very far from the sources,
conditions, whenever they exist. For the particular cases of 8nly the first terms in the multipole expansion are sufficient
static charge distribution and a stationary current distribution;q get a good approximation of the field. In many situations,
the electric and magnetic fields decouple from each othefe first non-zero term is already a good approximation to
in Maxwell's equations, which now take the forfi- E = e field. It is straightforward to show that, up to the dipole

p/eo, VXE=0,V-B=0, VxB=yj. Sincethedi- torm, the multipole expansions of the electromagnetic poten-
vergence and rotational of bolhandB are known, and the {515 written in Egs. (1) and (2), are given by

sources are localized in space, Helmholtz theorem allows us
to write immediately the solution for the fields, namely, [1,2] V(r) = g 1 + Il pr T ©)
dmegr  4meg 13
1 p(r’)

E=-VV with V(r)= &Pr'; (1) where

CArx |r — 1’|

€o
R

q= /p(r’) d*r’
B=VxA with A(r)= @/ i) pe () b

Cdr ) jr—1| is the total charge of the distribution and
R
whereR is the region of space where the sources are differ- p= /p(r’)r’ d®r’
ent from zero. If we operate the gradient in Eq. (1) and the %

rotational in Eq. (2), we find the usual expressions for the . o
electric field of an arbitrary (static) charge distribution and'S the electric dipole moment of the distribution and

the magnetic field of an arbitrary (stationary) current distri- oM X T
bution, namely, the Coulomb’s law (after using the superpo- A(r) = Ar 13 i (4)
sition principle) and the Biot-Savart law, respectively. where
However, in many situations we are interested only in L B
approximate expressions for the electrostatic and magneto- m=3 /r xj(x’) d’r
static fields at points very far from the sources. In these R

cases, we do not need to evaluate exactly the previous iris the magnetic dipole moment of the current distribution.
tegrals forV (r) and A(r), and we are lead naturally to the A few comments are in order here. Although the first
so called multipole expansion which consists, basically, interm in the multipole expansion of the scalar potenéial
doing a Taylor expansion df/|r — r/| aroundr’ = 0. Be- is the monopole term, in many important situations the net
ing /... the maximum value of’ := |r’|, the condition charge of the system is zero and the dominant term becomes
. < r, With r := |r|, allows us to write the power series the dipole term, as it occurs in polar molecules, like wa-

max

expansiont/|r —r’| = (1/r) >, (v'/r)" P,(¢ - #'), where  ter molecules. Dipole-Dipole interactions, if appropriately
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used, can explain not only the classical van der Waals forcethe delta function term in the second equation of (6), because
between two polar molecules or between a polar moleculén these states the wave-function does not vanish at the pro-
and a non-polar one, but also the quantum dispersive van désn position. The discovery of the 21 cm line, first observed
Waals force between two non-polar molecules (or two atomén 1951 by Ewen and Purcell at Harvard [7], was a landmark
like two hydrogen atoms). For an introductory discussion onn the history of the radio astronomy. In fact, we can say
these three kinds of van der Waals interactions see Taddei that it marked the birth of the spectral line radio astronomy
al [3]. For the vector potential, note that it already starts widely used for spectroscopic velocity measurements. And
with the dipole term. This is a direct consequence of the facthe main reason for that is the following: this hyperfine spin-
that there is no magnetic monopole in nature (up to now)flip transition is a highly forbidden process in the sense that
Hence, the magnetic field of a current loop may be regardeits mean life is approximateljy0” years! Therefore, invoking
at points very far from the current loop as that of a magnetiche Heisenberg uncertainty principle, this transition leads to a
dipole. From now on, we shall be concerned only with thevery sharp emission line, with a very small energy dispersion.
dipole fields. As a consequence, by using the Doppler effect, this transition
Using relationd€ = —VV andB = V x A, and the pre-  allows for extremely precise measurements of velocities of
vious expressions for the dipole terms of the potenfiaimd  hydrogen atom sources, giving rise to a great variety of ap-
A, it is not difficult to show that, for > r/ the electric  plications. To mention one of them, just after the first obser-

max’

and magnetic dipole contributions to the fields can be writtenyation of the 21 cm line, the first maps of atomic hydrogen in

respectively, as the milky way revealed that our galaxy has a spiral structure.
. Undoubtedly, it is very important for a student to have a

E(r) = 1 {3@’ B)F - P] good understanding on how these singular delta terms arise.

dme, 3 In graduate textbooks and even in undergraduate ones, dif-
lo [3(m-#)F —m fergnt derivatiqns of Egs. (6) are eqused. In this work our

B(r) = = [TB} (5)  main purpose is to present an alternative procedure to obtain

the dipole fields based on a regularization prescription which
The previous expressions become better approximations teaturally leads to the expressions containing the contributions
the exacfE andB fields as the distance from the point of in- of the Dirac delta terms. This paper is organized as follows:
terest to the sources increases. For the idealized situation of Sec. 2 we briefly review two common procedures found
point dipoles, the previous expressions are exacty fgr0,  in the literature to obtain the Dirac delta terms that appear in
since point dipoles do not have any dimension so that anfgs. (6). In Sec. 3, we present an alternative procedure for
finite distance, as small as it may be, is still infinitely large obtaining the complete point dipole fields (including the delta
compared with the size of an idealized point dipole. It isterms). Section 4 is left for the final comments.
worth mentioning that the previous expressions for the dipole
fields can also be obtamed by ma}qng a.Taonr expansion d|2. Usual demonstrations
rectly in the expressions for the fields, instead of in the ex-

pressions for the potentials [4]. _ When discussing the fields of point electric and magnetic

However, for reasons of self-consistency that we shall régipoles, many textbooks do not include the delta terms in
view in the next section, the exact fields of idealized pointi,e field expressions [8-13]. As already mentioned, the rea-
dipoles (at origin) contain extra terms proportional to thegon for that lies in the fact that in classical electromagnetism

Dirac delta functior¥(r), as follows, [1,2] those terms do not contribute to the interaction between dif-
1 [3(p-f)i—p 4r ferent sources. However, more careful textbooks pay atten-
E(r) = [ 3 — p§(r)] ; tion to this formal, but important aspect of the theory. In this
4me, T 3 section, for the sake of completeness, and in order to intro-
o [3(m-F)f —m 8« duce the reader to some standard approaches, we briefly re-
B(r) = A { r3 + 3m5<r)} ) (6) view the most common procedures to obtain the Dirac delta

. _ . _ o contributions to the static fields of an electric and a magnetic
As the Dirac delta function vanishes outside the origin anthoint dipoles. The reader who is familiarized with these ap-

the classical interaction is alwayS between sources Spatia”yroaches may Sk|p this section without Compromising the un-
separated, in pure classical electromagnetism these extggrstanding of the next one.

terms play no important role. Nonetheless, in quantum me-

chanics the Dirac delta function term finds its relevance inp 1. A formal procedure

an extremely important phenomenon, namely, the hyperfine

splitting of s states of the hydrogen atom [5,6]. In atomic hy- This first method is based on the consistency of Maxwell’s
drogen, the interaction between the spin of the electron witlequations. Very general relations involving the electric and
the spin of the nucleus gives rise to a transition whose wavemagnetic fields are established and, as a consequence, one is
length is approximately 21 cm. Indeed, for spherically sym-forced to include the above mentioned Dirac delta contribu-
metrical states, the only contribution to the splitting is due totions in the expressions for the electric and magnetic fields of
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point dipoles. Following Jackson’s textbook, [2] let us startFor the £, component, writingF, in terms of the spherical
with the electric case and evaluate the volume integral of theoordinategr, 6, ¢), we have

electrostatic field in a spherical regidd, of radiusR, cen-

tered at the origin and containing all charges inside. Recall-

ing that the electrostatic field created by an arbitrary charge / I’rE. = Lim, / rdr / sin 0d0

distribution is given by Coulomb’s law (plus the superposi- = ’ o 0

tion principle) we may write

1 p(r')(r — /)
E 3 30| 53
/ (r) d°r /47reo / [r — /|3 x| dr
R R

R
= */p(r’) Unm dgr] &Br, (7)

R g

2

P 3cos?6 —1
x /d¢ 47eq ( 73 )

0

I
S =
1E
Fl=
S\m

dr /(3 cos? § — 1) sin d6
,
0

R
i d
— 1im P r 39" N _
where in the last step we have just interchanged the order of = 7,10133 2% / s (COS 9‘0 - COSH‘O) =0,09
integration and used that- r’ = —(r’ — r). Now we notice To

that the term inside brackets can be identified as the ele%here due to the singularity at the origin, we adopted the

tric field .created bY an uniformly. charged sphere (C?_mere%rescription of integrating in a spherical region that excluded
at the origin) of unit charge density evaluated at position the origin and only after making the angular integrations we

The electric field inside an uniformly charged sphere is WeIItook the limitr, — 0. Therefore, in order to recover con-

known from introductory courses in electrostatics [14] andsistency between the electric field of a point dipole with Eq.
can be obtained directly from Gauss’s law. With this fact in gy '\ye must include a term which is zero outside the source
mind, the previous equation can be written as (r # 0) but is such that its integral over any spherical re-
gion centered at the point dipole yields the re$uit /3¢, )p.
1 1 This is accomplished by adding the delta tgrAp/3¢0)d(r)
/E(r) dr = —/p(r’) <r’> dr' =

3 3P (8) tothe right hand side of the first equation given by (5).
€o €o

A similar argument can be made for the magnetic field
generated by a point magnetic dipole, but we now evaluate
the volume integral of the magnetostatic field in a spherical
where regionR, of radiusR, centered at the origin and containing
all currents inside. Recalling that the magnetostatic field cre-

N ated by an arbitrary stationary current distribution is given by
pP= / p(r')r’ d’r Biot-Savart law, we may write
R
Ly -
B(r) dBr = / Ho /w &r'| dr,
R 4w v — /|3

is the electric dipole moment of the charge distribution inside =
the spherical regiofi. Note that this result is a direct con-
sequence of Maxwell equations and hence it must be always _ /j(r') / po(r’ — 1) Pr| B (10)
satisfied. The problem with the expression for the electric 4rc|r’ — |3

field of a point dipole given by the first equation in (5) is that

it does not satisfy the previous equation. This can be easilyhere, as in the previous case, we have interchanged the or-
checked if we write this field explicitly in cartesian coordi- der of integration and used that- r' = —(r' — r). Anal-
natesE = E,X + E,¥ + E.2, and integrate it in a spher- ogously to the electric case, note that the term inside brack-
ical regionR of finite radiusR centered at the point dipole. ets can be identified with the electric field created by an uni-
Choosing the cartesian axis such tpat= pz, a direct con-  formly charged sphere (centered at the origin) of unit charge
sequence of the azimuthal symmetry aroundtheaxis is  density evaluated at positiafi multiplied by y.oeo. Proceed-

that ing as in the previous case, we obtain

/Ez &r :/ E, d*r =0, / B(r) dr = —/j(r’) x (Eox') air' = o, (11)
J R - 3 3
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where 3. Alternative demonstration

/ % i d3 / . i . .
/r i) dx It is well known that in many formal mathematical manip-

. o R _ .. ulations the result of an operation is, in fact, a distribution
is the magnetic dipole moment of the current distribution in-jnstead of a usual function. One of the most frequent exam-

side the spherical regiot. Using arguments completely pjes of such a thing occurs when we attributéd(1/7) the
analogous to those employed in the previous case, it can l§jrac delta term-476(r). This result can be demonstrated in
shown that if we use the magnetic field of a point dipole 9IVe€Nmany different ways [16, 17]. The most common, but proba-

N | =

m =

by the second equation in (5), we will get bly the least rigorous one, consists in two steps, namely: first
3 one shows explicitly that for # 0, VZ(1/r) = 0 and then,
/B(r) d’r =0, using the fact that/?(1/r) = V - V(1/r), as well as Gauss
R theorem, one shows th#tv?(1/r) d®r = —4r. A more rig-

in contradiction to the previous result. In order to recoverorous demonstration can be accomplished by adopting a reg-
consistency with Eq. (11), we must add to the magnetidjlarlzatlon prescription. Instead of working withr, which

dipole field given by (5) the terrf2.,m/3)(r). is singular at the origin, one adopts a regularization prescrip-
tion and works with the regularized expressioh/r2 + €2
2.2. Areal dipole model which is well behaved at the origin, fer> 0. At the end of

_ . _ _ calculations we must remove the regularization parameter
Another way of introducing the Dirac delta terms is by con-so that we shall take the limit— 0, as it is usually done in
sidering a model for a real dipole, that is, to choose a finitehis kind of procedure. In fact, it is straightforward to show
source which creates outside the source exactly the field exhatV2(1//r2 + ¢2) is, in fact, a delta sequence. Agr is
pressions written in Eq. (5). Then we shrink the source apthe limit of our regularized function as — 0, the demon-
propriately by taking the limit where its size tends to zero, butstration is complete. The reader can find generalizations for
keeping fixed the total dipole moment of the source [1,6]. Folregularizations without spherical symmetry for the second-
the electric case, one of the simplest models of a real electrigrder partial derivatives df/r in paper by Hnizdo [16].
dipole is to consider a uniformly polarized sphere of radius Motivated by the previous discussion, we shall employ
and polarizatiorP. Itis a standard exercise in electrostatic to the same kind of approach in order to obtain the complete
show that the electric field outside the sphere is exactly thafields (including the delta terms) of point electric and mag-
given by the first expression of (5), while the electric field netic dipoles. With this goal, we start by writing the scalar

inside the sphere is given by potential (3) and the vector potential (4) for point dipoles in
1 p the convenient forms
Ein(r) = ——=, (r<a), (12)
4meq a3 1 1
. - V) = (1), 14)
wherep = (4/3)7a®P is the electric dipole moment of e, r
the sphere. In order to describe a point dipole with electric Lo 1
dipole momentp we must take the limit where — 0, but Afr)=-T"mxV <T) - (15)

keeping the produdf(4/3)ma®) (P) constant and equal {.

Note that, adopting this procedure, the electric field inside thé-or the sake of clarity, we shall discuss the two cases sepa-
sphere tends to infinity. However, if we calculate the volumerately in the following subsections.

integral of the electric field over the regidd, occupied by

the sphere we obtain the finite desired value, 3.1. Point electric dipole
/Em(r) By — 71’ (13) Ad(_)pting the preyious regularization prescription means to
2 3eo define the regularized scalar potentighg(r, €), through the
“ transformation
in agreement with Eqg. (8). As a consequence, we can write 1 1
the exact expression for the electric field in all space by sim- Vr)=— p-V () — Vieg(r, €)
ply adding the delta term-(p/3€)d(r) to the first equation dme, r
written in (5). 1 1
For the delta term appearing in the expression of the mag- = _RP ' <m> (16)

netic field of a point magnetic dipole, as written in the second

equation of (5), one can follow a complete analogous proRecalling the gradient of a spherical symmetric function is
cedure, but this time considering as a model of a real magsimply given byV f(r) = (df /dr)#, the regularized scalar
netic dipole a sphere with a uniform magnetization. For apotential takes the form

detailed discussion of how to obtain the delta terms for the 1

point dipole electric and magnetic fields using real dipoles Vieg(r, €) = [ p T 3] . a7)
described in this section, see the nice paper by Griffiths [6]. dmeo | (r? + €2)2
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The regularized electric field is then given by where Einstein convention was also employeg;, is the
1 p-r Levi-Civita symbol and we used the identity;.e,; =
Ereg(r, €) = — 3 81e0in — Orndie. 1dentifying again the delta sequence written
4me, (r2 +¢€2)2 . . o
in (19) and removing the regularization parameter as before,
_ &ip; 0 Z; we get
 drwe, Ox; (r2 +52)%
. 2
1 [3@eonr p B(r) = 1o 3<m2>—27;2m L
Ame, [ (12 4+ €2)3 (12 +e2)3 dr [ (2 4 e 3
. 2 2
_ ! 3(p-rr : p__cP —|, (18) inagreement with the literature [1, 2,6, 15].
dre, (r2 4+ €2)2 (r2 4 ¢€2)2

where in the second line of the previous equation we wrote

in a cartesian basis and used Einstein convention of implicit

sum over repeated indexes. We now need to remove the "®F  Final comments

ularization parameter, namely, we must take> 0. Doing

that in the first term on the right hand side of the previous

equation leads to the usual term for the electric dipole fieldn this work we presented an alternative way of obtaining

of a point dipole, given by the first equation of (5). Regardingthe complete expressions for the electrostatic and magneto-

the last term on the r.h.s. of the previous equation, it is showsstatic fields of point dipoles, including the contributions of

in the Appendix that the Dirac delta terms. It should be mentioned that the same

&2 dn expressions were obtained by Frahm [17] using an approach

T 5E = ?6E(r), (19)  that did not resort to the use of a regularization procedure,
(r? +€2)> however longer and involving non-trivial arguments for a

where o (r) is a delta sequence. Hence, from Egs. (18)reader less familiar with the subject.

and (19) we obtain for the regularized electric dipole field Our method consisted, basically, in adopting a regular-

1 [3(10 r)r —r’p B 4—7Tp5 (r)] (20) ization prescription to remove the singularity 7at= 0 of

Ereg(r» 5) =

dre, (r2 + €2)3 3 1/r. More specifically, we changety/r to 1/v/r2 + €2 in
Therefore, taking — 0 in the previous equation and keeping the expressions for the scalar and \{ecFor potentials and after
in mind thatlim 6, (r) = &(r), we finally obtain calculating the electric and magnetic fields we removed the
=0 regularization parametet ( 0).
E(r) = 1 {3(10 ' rlr —pP_ Mpg(r)} , (21) This kind of procedure may be useful in other calcula-
dme, r 3 tions like, for instance, in the computation of the so called
in agreement with the literature [1, 2,6, 15]. transverse and longitudinal delta functions, denote&;ﬂy)

and 6l|j(r) respectively, which appear naturally in the dis-
cussion of the Helmholtz theorem. This theorem states, es-
Adopting the same regularization prescription as before, wSentially, that any field vectoF (r) in three space dimen-

define the regularized vector potentiAke(r, €), through the sions under appropriate boundary conditions at infinity can
be written as the sum of a divergenceless ttr) plus

3.2. Point magnetic dipole

transformation . .
1 an irrotational parF!l(r), namely,F(r) = F+(r) + Fll(r).
A(r) = —Z—"m x V () —  Ageg(r,€) The above delta functions are defined such thatr) =
m " [ &*r 5$(r—r’)Fj(r') andFZ.H(r) = [d*r (51‘]-(r—r')Fj(r’)
Iho 1 (for arapid introduction to these delta functions see Milonni's
T ™ XV (m) (22) book [18] and for a more detailed discussion, see the book
Operating the gradient in the previous equation and recallingy ¢ohen and collaborators [19‘9)' In order to obtain the ex-
that the regularized magnetic field is given Byey(r, €) = plicit expressions f_oﬁﬁ(r) anddl.j(r) one is faced with the
V X Areg(r, €), we obtain calculation of the singular terid;(1/r) [18,19] and a pos-
sible way to circumvent this problem is to adopt precisely the
Bhreg(T, €) = Ho o {mxrg] same regularization prescription as the one used in this work,
Am (r? 4€)2 namely,d;9;(1/r) — 9:0;(1/V/r? + é2).

Mo i Ty Let us finish this final section by mentioning briefly an-
T g CiakCeng dzi | (r2 + 62)3 other possible application of the above regularization pre-
) ) scription. It is common in the literature to use the vector
Sy [3(m ‘r—r'm _ 2¢'m } (23)  potentialA(r) = (®/27)(z x r/|z x r|*) to describe a
Ar | (r? +€2)5/2 (r2 +e2)5/2 ] magnetic field given b (z, y, z) = ®5(x)d(y)z. The usual
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demonstration consists in two steps: first, one shows explioahereR is all space or, at least, a finite region containing the
itly that V x A = 0, for s # 0, where(s, ¢, z) are the cylin-  origin. Let us then show that

drical coordinates. Then, one computes the magnetic flux )

through a small disc enclosing ti#@z axis with the aid of Se(r) = 1 3¢

Stokes theorem, namelf,B - fi dS = § A - d1. However, it dm (r? + €2)5/2

is not allowed to employ Stokes theorem here becaugg

is not defined along th@z axis. Again, in order to avoid this s, indeed, a delta sequence. First, note thaty fef 0, we

A e - have
problem, we can use a regularization prescription similar to
that used in this work. We just make . .3 €2
1111(1)(56(I'> = hII(l) YTy i 0
~ €e— €e— vy 2
Afr) — Al9(r, ) = AT (s,6), (r? +€%)
where In order to check the second property of a delta sequence,
A(reg)(s €) = e _1 let us integraté (r) in all space and after that take the limit
¢ ’ 2m Vs fe? e—0

Calculating explicitlyB(®9 (r, ¢) = V x A9 (r, ¢), identi-
fying appropriately a delta sequence and removing at the end 5 ) 1 32 )
the regularization parametgr — 0), one obtains the desired 213%/56(1") d’r = liny ir 2+ e)d ar 7{ e
result, B(z,y, z) = ®d(x)d(y)z. We leave for the interested R 0 ¢

oo

reader to do this demonstration. 00 )
= lim 3¢2 / _ dr
Appendix =0 ) e
. 3 oo
A. Demonstration of (¢2/(r?+€2)°/2)=(4r/3)6.(r) = lim —— -

2 ) b -
A delta sequencé, (r) is defined by [20]
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