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Equivalence of Euler equations and torque-angular momentum relation
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Euler derived equations for rigid body rotations in the body reference frame and the stationary reference frame by considering an infinitesimal
part of the rigid body. Another derivation is possible, and it is widely used: transforming torque-angular momentum relation to the body
reference frame. However, their equivalence is not shown explicitly. In this work, for a rigid body with different moments of inertia, we
calculated Euler equations explicitly in the body reference frame and the stationary reference frame and torque-angular momentum relation.
We also calculated equations of motion from Lagrangian. These calculations show that all four of them are equivalent.
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1. Introduction 2. Explicit calculations by using Euler angles

We will use Euler angles and their time derivatives to cal-
Euler derived governing equations for rigid body rotationscyjate Euler equations in both reference frames and torque-
firstly in the stationary reference frame and then in the bodyémgmar momentum relation explicitly. Euler angles can be
reference frame [1, 2]. Well-known Euler equations describeeen in Fig. 1 together with rotation directions, coordinates
rotations of rigid bodies in the body reference frame, ancyf the body, and stationary reference frames. In the figure,
these are used to study rotations of rigid bodies. In recente rigid body is represented by a stone to emphasize that it
work, Euler’s derivations are given [3, 4]. should be rigid, and it can have any shape, which results in
There is an alternative way to Euler's derivation. Onedifferent magnitudes for moments of inertia. Its mass density

can write the time derivative of the angular momentum veccan also change with any coordinate variable. Line of nodes,
tor in the body reference frame, and then one can obtain EuY, can also be seen in the same figure, which corresponds
ler equations from torque-angular momentum relation; ~ to intersection points of'y’-plane andry-plane.o, ¢ andy
dL/dt, by using(dL/dt)s: = (dL/dt)s + @ x L. This
derivation or an equivalent one is used in various works
[5-23]. Differently from these, Lamb, Crabtree, and Hay-
ward follow a derivation similar to Euler’s derivation to get
Euler equations [24-26].

Euler equations in the stationary reference frame have
a complicated structure due to changing moments of inertia
and inertia products, and they are rarely used and not known
widely. Klein and Sommerfeld used Euler’'s equations in the
stationary reference frame [27]. Leimanis mentioned Euler’s
derivation; however, he did not mention Euler’s derivation in
the stationary reference frame [22]. Most of the books on
classical mechanics or rotations of rigid bodies do not men-
tion them [5-21].

Theoretically, one can expect that Euler's derivations in
both reference frames are consistent. A similar expectation is
also valid for torque-angular momentum relation. However,
their equivalence is not explicitly shown previously in the au-
thor's knowledge. In this work, we will explicitly calculate
Euler equations in both reference frames and torque-angular
momentum relation by using Euler angles, and these calcula-
tions will show that they are explicitly equivalent. In the ap- Figure 1. Stationary reference frame’(y’, 2), body reference
pendix, another set of equivalent equations will be obtainedrame ¢, y, 2), line of nodesV, Euler anglest, ¢, ¢), and angular
from Lagrangian. velocities 0, ¢, ).
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define rotations around line of nodes, stationargxis, and body:-axis, respectively. All rotations of rigid bodies can be
described by using these rotations.

2.1. Euler equations

In this section, we will calculate Euler equations in the body reference frame in terms of Euler angles and their time derivatives.
In the body reference frame, whose axes are chosen as principal axes of inertia tensor, the moment of inertia tensor for
rigid body can be written as

I, 0 0
L=|0 I, 0}, (1)
0 0 I,
wherel,, I,,, andI, are moments of inertia along principal axes. For such a rigid body, Euler equations are [5]
Ty = Iy —wyw, (I, — 1),
Ty = Iy, —wyw, (I, — I), (2)

T, = L, —wawy(Iy — 1),

wherer;’s are components of torque along axes of the body reference frame. Components of the angular velocity can be written
by using Euler angles as

Wy = (bsinﬁsinz/J + 9COS¢,
Wy = bsinbcos — fsiny, 3)
w, = $eosb + .
Then by using Euler angles, Euler equations can be written explicitly as
7o = I,dsinfsine) + Iwécosw + éécosesinw(lm +1I,-1,)
+ 64 siny(Iy, — I, — I,) + psin@cos (I, + I, — I,)+ $?sin 0 cos 0 cos (I, — I,), 4
Ty = Iyﬁsinﬁcosw — Iyésind) + 0¢ cos 0 cos Yy +1,—I.)

+ 0pcos (I, — I, — L) + ¢ihsin@sinp(I, — I, — I.) + ¢* sinf cos O sin (I, — L), (5)
7. = L¢cos O + L) + 0psin O[(I, — I,)(cos? p — sin® ) — L]
+ 62 sin 1 cos vy —Iy) + $? sin? fsin 1 cos Y(ly — I). (6)

These equations describe the change in rotation of a rigid body under the influence of torque in the body reference frame.

2.2. Euler equations in the stationary reference frame

In this part, we will explicitly calculate Euler equations in the stationary reference frame by using Euler angles.
Euler also derived equations in the stationary reference frame [1], and it can be written as [4]

Tar = Lyrartbgr + Loyt + Lo oitier — Loty wary + Ly wgrwy + Ly (wi — w2 4+ wyrwsr (L — Ly,
Ty/ = I,y/y/’d)y/ —|— Ix/y/u.jxl —|— Iy/z/’l,bz/ — Iylzlwx/wy/ —|— Ix’y’wy’wz’ —|— I.’,C'Z’ (wg/ — u]2,) —|— wx/wzl (Iﬂt/aﬁ/ — IZ'Z/)a

xz
_ . . . 2 2
TZ/ = z’z/wz/ + Im/zlwm/ + Iy/z/wy/ — m’z/wy’wz/ + Iy/zlwm/wzl + [m/y/ (w.’[)/ — ’u}y/) +wfl:/wy’ (Iy/y/ — Ix’.’ﬂ’)' (7)

To calculate Eqgs/7) explicitly, we need the moment of inertia tensor in the stationary reference frame. We will get it by
using the transformation matrix from the body reference frame to the stationary reference frame. This transformation matrix
can be obtained in terms of Euler angles as [5]

cos ¢ cost) —cosfsingsiny —cos¢siny — cosfsingcosy  sinfsin @
S = |sin¢cosy + cosfcosgpsiny —singsiny + cosfcospcosy —sinfcose]| . (8)
sin 6 sin v sin 6 cos Y cos
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138 V. TANRIVERDI
The inverse of5 can be obtained by us:in@g1 = Sji.
The moment of inertia tensor in the stationary reference frame can be obtained by using fetatii.S—! [5] as

Ix’m’ I.'c’y’ I.'c’z’
I = Iy/z/ Iy/y/ I,y/zl s (9)
Izlx/ Izly/ IZIZ/

where moments of inertia are given by
Iprar = (Iy — I)2 cos fsin ¢ cos ¢ sin e cos ¢ + cos? ¢(I, cos® b + 1, sin? 1))
+ cos? @sin® ¢(I, sin® ¢ + I, cos? ) + I, sin® f sin? ¢,

Iy = (I — I;)2 cos O sin ¢ cos psinp cos P + sin? ¢(I, cos® i) + 1 sin? )
+ cos? 0 cos® ¢(I, sin® Y + I,cos® ) + 1, sin? 0 cos? ¢,
L, = sin® 0(1, sin® ¢ + I, cos® ) + I, cos® 0, (10)

and inertia products are given by
Iy =Iyy = (I — Iy)(cos2 ¢ — sin? ¢) cos O sin ¢ cos 1)
+ sin ¢ cos @[, cos® ¥ + I, sin? ¢ — cos? (I, sin® ¢ + I,cos® ) — I, sin? 6],
Iy = Loy = sin0[(I, — I,) cos ¢ sin 1) cos b + cos O sin ¢(I, — I, sin® ¢ — I, cos® )],
Iy = Iy =sinf[(I, — I,)sin ¢ siny cos 1) + cos O cos ¢(I, sin ) + I, cos? — I)]. (11)

Sinced, ¢, andy change with time, components of the moment of inertia tensor also change with time. This is the reason that
lets Euler derive equations in the body reference frame.
The angular velocities in the stationary reference frame can be written in terms of Euler angles as [5]

Wy = 0 cos ¢ + 1) sin O sin ¢,
wy = Osin ¢ — 1 sin f cos ¢,
W = ¢+ 1) cosb. (12)
Then by using Euler angles and components of the moment of inertia tensor7)ca pe obtained as
7o = 0[(I, — I;) cos @ sin ¢ sin 1 cos b 4 (I, cos b + I, sin? 1) cos ¢] 4 11, sin O sin ¢
+ G[(I, — I,) sin O cos psin v cos ) + (I, — I sinep — I, cos? ) sin 6 cos O sin ¢)]
+ O¢sin ¢p[—1I, cos® ih — I, sinp + (I, — I, sin® b — I, cos? 1) (cos? 6 — sin® )]
+ 69 {(I, — 1,)2cos ¢psinty cos ) + [I, + (I, — I,,)(sin® 1 — cos® 1)) cos O sin ¢ } (13)
+ ¢t sin@ { (I, — I,)2 cos Osin gsing cos ) + (L. + (I, — I)(cos® ¢ — sin® )] cos p}
+ ¢ sin O[(I, — L) sin ¢ sinep cosyh + (I — I, sin® ¢ — I, cos® 1)) cos 6 cos @]
+ 62(1, — I,) sin @ sin ¢ sin 4 cos 1),

7y = 0[(I, — 1) cos 0 cos psintp cos ) + (I, cos? b + I, sin? ) sin ¢] — 1, sin 6 cos ¢
+ ¢sinO[(I, — 1) sin ¢psinap cos ) + (I, sin® ¢ 4 I, cos® 1) — I.,) cos 6 cos ¢]
+ 04[(I, cos® 3 + I sin? 1) cos ¢ + (I sin® b + I, cos> b — I)(cos® § — sin’ 0) cos ¢]
+ 69 {(I, — I,,)2sin ¢sin ey cos ¢ + [(I, — I,)(cos® ¢ — sin® 1)) — I.] cos f cos ¢} (14)
+ ¢ipsin@ { (I, — I,)2 cos 0 cos psinep cos ) + [(I — I,)(cos® ¢ — sin® ) + I,]sin ¢}
+ ¢ sinO[(I, — I,,) cos ¢sintp cosp + (I, — I, sin® ¢ — I, cos? 1) cos 0 sin @]
+ 62(I, — 1,,) sin 0 cos ¢ sin 1 cos 1),
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Tor = G[(Ip sin b + I, cos? 1) sin® O + I, cos? 0] 4+ I, cos O + G(I, — I,,) sin §sin 1) cos 1p
+ 04 sin O[(I, — 1) (cos? b — sin® ) — L] + 02 sin 0 cos (I, sin® ¢ + I, cos® ¢ — 1) (15)
+ (I, — I,))2sin? O sin v cos ¢ + 62(I, — I,) cos @ sin ) cos v,

wherer,/, 7,,, andr,, are components of torque in the stationary reference frame. These are the equations describing the
effects of torque in the stationary reference frame in terms of Euler angles.

2.3. Torque-angular momentum relation

In this section, we will calculate the torque-angular momentum relatios, dZ/dt, by finding the time derivative of the
angular momentum in the stationary reference frame.
The angular momentum can be obtained by uding I as

E:(Ix/x/wx/ + Ix/y/wy/ + lezlwz/);i/ + ([y/x/wml + Iy/y/wy/ + Iy/z/wz/)g/ + (Iz/x/wx/ + IZ/y/U)y/ + Iz/z/’u)z/),?,‘/7 (16)

wherew;'s are given in Egs.12). Here moments of inertid,e, Eq. (10), and inertia products,e., Eq. {L1), are time-
dependent. One can find the componentgiofdt by calculating the following equations

dw dw,y dw, Al Al ALy
7 = Iz,w,i‘r Im/ /7‘7’/ lezl d T ! ry ’ —rz 2! ;!
T{ a Tlvg T dt+dtw+dtwy+dtw]x
d’u},./ dw ’ dw ’ dI It d] Loyl d[ )
I i i I i Y I 2 d yr ! vy ’ yz 2! 4
+{y @ v T Ty Y v dtwy+dtw}y
dwgy: dw,, dw dl g dl 1y dl .
Iz/r/ i [Z/ ’ Y IZIZ/ d Zr ! ZY ’ ZZz P A/, 17
+{ a A T dt+dtw+dtwy+dtw}z (7
Explicit calculations of these can be obtained as
Ty = 0[(I cos> b + I, sin® ) cos ¢ + (I, — ;) cos B sin ¢ sin ¢ cos 9]
+ ¢sinf[(I, — 1)) cos psintp costp + (I, — I, sin® ¢ — I, cos® 1)) cos f'sin )]
+ I, sinfsin ¢ + QQ(LE — I,))sin@sin ¢ sin ) cos ¢
+ ¢ sin@[(I, — I;)singsiny cosy + (I, — I sin® ¢ — I, cos? 1)) cos A cos @] (18)

+ 0¢sin ¢p[—1, cos®yp — I, sinop + (I, — I, sin b — I, cos? 1) (cos? O — sin® )]
+ 64 {1, — I)2 cos psintp cos ) + [(I — I,)(sin? ¢ — cos? 1b) + I.] cos f sin o}
+ dipsin 6 {(Iy — I)2cos@sin ¢psinp cosyp + [(I, — Iy)(cos2 Y — sin® ¥) + I] cos d)} ,

= 0[(I, cos® ¢ + I, sin?> ) sin ¢ + (I, — 1) cos 6 cos ¢ sin ¢) cos 9]

Ty

+ GsinO[(I, — I,)sin ¢ sinep cosh + (I sin® ) + I, cos® 3 — I.,) cos 0 cos @]

— I, sin 6 cos ¢ + 62(I, — I,,) sin 0 cos ¢ sin 1 cos

+ ¢ sin@[(I, — I,) cos ¢sintp cos b + (I, — I, sin® 3 — I, cos? 1) cos O sin @] (19)
+ 06 cos ¢[I, cos® 3 + I, sin? 1 + (I sin® 3 + I, cos® ¢ — I)(cos? 6 — sin? §)]

+ 64 {(I, — I,,)2sin ¢sin gy cos ¢ + [(I, — I)(cos® ¢ — sin® 1) — I.] cos f cos ¢ }

+ ¢ipsin@ {(I, — I,)2 cos 0 cos psinep cos ¢ + (I — I,)(cos® v — sin ) + ] sin ¢},

Tz

= 0(I, — I,) sin O sin ¢y cos Y + G[(I,, sin® 3 + I, cos 1b) sin? O + I, cos? 6]
+ 41, cos O + 6 (I, — I,) cos@sint cosh + (I, — 1,))2 sin’ 0 sin ¢ cos ¢ (20)
+ 04 sin O[(I, — I,))(cos? ¢ — sin® ) — L] + 0¢2sin 0 cos (I, sin® ¢ + I, cos® ¢ — I.),
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wherer;,’s are components of torque in the stationary reference frame. It can be seen that these equations are the same as
equations obtained from Euler equations in the stationary reference frame. This shows that Euler equations in the stationary
reference frame and torque-angular momentum relation are equivalent, and both can be used to study rotations in the stationary
reference frame.

3. Equivalence

In this section, we will explicitly show that Euler equations in the body reference frame are equivalent to Euler equations in
the stationary reference frame.

One can obtain components of torque in the body reference frame in terms of torque components in the stationary reference
frame by using the relation, = >°. 5;;'7; as

Ty = Ty (€OS P costh — cos B sin ¢psine)) + 7, (sin ¢ cos Y + cos O cos psin)) + 7./ sinf sin 9, (21)
Ty = Ta (—cos @sinyy — cos Osin ¢ cos ) + 7,/ (— sin @ sin ) + cos 6 cos ¢ cos ¥) + 7,7 sin b cos P, (22)
T, = Ty sin 6 sin ¢ + 7, (— sin 6 cos ¢) + 7. cos 6. (23)

If one multiplies Eq./L8) with cos ¢ cos ¥ — cos 8 sin ¢ sin ¥, Eq. [19) with sin ¢ cos ) + cos 0 cos ¢ sin ), Eq. 20) with
sin @ sin ¢ and add three of them, one gets

Ty (cos ¢ costp — cos sin ¢ sin 1)) + 7, (sin ¢ cos P + cos 0 cos ¢ sin ) + 7,/ sin @ sin ¢
= I,dsinfsiny + 1,0 cost) + 9(1.)(:0898111@/1(1}5 +I,-1,)+ 61) siny(I, — I, — I,)
+ ¢psin@cos (I, + I, — I,) + d*sinf cos O cos (I, — 1,). (24)

From Eq. 21), it can be seen that the right-hand side of this equation is equal tand then Eq.44) is the same as the
first Euler equationi,e., Eq. 4).

Similarly, by multiplying Eq. [L8) with — cos ¢ sin 1) — cos 6 sin ¢ cos 1, EQ. [19) with — sin ¢ sin ¢ + cos 6 cos ¢ cos P,
Eq. (20) with sin 6 cos 1 and adding them, one gets

— Ty (cos ¢ sin + cos Osin ¢ cos ) — 7y (sin ¢ siny — cos B cos ¢ cos ) + 7, sin f cos ¢
= yésinecosw — Iye siny + 9(;500590051&(]m +1,-1,)+ 64 cos (I, — I, —1I.)
+ ¢Ysin@sinep(I, — I, — I.) + ¢ sin O cos O sin (I, — I.). (25)

From Eq. 22), it can be seen that E(2%) is the same as the second Euler equaiien,Eq. 5).
By multiplying Eq. (L8) with sin 6 sin ¢, Eq. (19) with — sin # cos ¢, Eq. 20) with cos # and adding them, one obtains

Ty sinfsin ¢ — 7,/ sinf cos ¢ + 7,/ cos 6 = I.dcos®+ I+ 66 sin §[(I, — I)(cos® ¢ — sin® ) — L]
+ 62 sin 1) cos Yy —I,) + $? sin? fsin 1 cos Y(ly — I). (26)

From Eg. 23), it can be seen that E26) is the same as the third Euler equatipe,, Eq. (6).
These calculations also show that Euler equations are equivalent to torque-angular momentum relation since components
of torque angular momentum relation are the same as Euler equations in the stationary reference frame.

4. Summary and Conclusion

We have considered a rigid body having different moments of inertia. Then we have calculated Euler equations in the body and
stationary reference frames, and we have also calculated torque-angular momentum relation in terms of Euler angles and their
time derivatives. Then, we have shown that Euler equations in both reference fran’%&aﬂﬂ/dt give the same results. We

have also shown in the appendix that the same equations can be obtained from Lagrangian as expected.

The equivalence of Euler equations in both reference frames shows that it is possible to study rigid body rotations in the
stationary reference frame. However, it is better to use Euler equations in the body reference frame due to non-zero inertia
products and the time-dependent structure of moments of inertia and inertia products in the stationary reference frame.

The equivalence of Euler equations and torque-angular momentum relation shows that extra terms in the Euler equations
or gyroscopic effects are nothing but results of the change in angular momentum.
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Appendix A.

Here, we will obtain equations of motion for a rotating rigid body from the Lagrangian in the body reference frame. In the
body reference frame, kinetic energy can be written as

1 1 1
T = ilf”wi + §Iyw§ + §Izw§, (A.1)

wherew;'s are given in Egs/3). We can consider a potential enefgyd, ¢, ), which satisfiesy = —0U/06, 7, = —0U/0¢
andry, = —9U/0vy. Then from Lagrangiak = T — U, Euler-Lagrange equationg/dt (0L/0¢;) — 0L/dq; = 0, can be
calculated. The Euler-Lagrange equationdaan be obtained as

79 = O(I, cos® Y + I, sin® ) + (I, — I,)sin@sin cos
+ Qw(ly — I,;)2sint cos ) + H1p sin O[(I, — I,)(cos® ) — sin? 1)) + I.]
+ ¢*sinfcos O(I, — I, sin 9 — I, cos? 1), (A.2)

wherery is equal tor,’ cos ¢ + 7,/ sin¢. If we multiply Eq. (18) with cos ¢, Eq. [19) with sin ¢ and add them, we obtain
Eq. A.2).
The Euler-Lagrange equation forcan be obtained as

76 = O(I, — I,))sin O sine) cos v + P 1, cos O + G[(I, sin 1 + I, cos? 1) sin? @ + I, cos? 6]
+ 62(I, — 1) cos @ sin e cos ) + Gapsin O[(I, — I,)(cos? i — sin® ) — L]
+ 0¢2sin 0 cos O[ I, sin? o + I, cos® — L]+ (I, — I,))2sin® O sin ¢ cos 9. (A.3)

T4 IS equal tor,, and then this equation is the same as 20).(
The Euler-Lagrange equation fgrcan be obtained as

Ty = I, + @I, cos§ + 0*(I, — I,) sin ¢ cos v
+ ¢ (I, — I,,) sin® @ sin) cos ) + O sin O[(I, — 1)) (sin® ¢ — cos® ) — L.]. (A.4)

Ty 1S equal tor, and then this equation is the same as Bj. (
Since Euler equations in the stationary reference frame and the body reference frame are equivalent, equations obtaine
from Lagrangian are also equivalent to them.

1. L. Euler, Decouverte d’'un noveau principe de mecanique, 8. J. R. Taylor,Classical MechanicqDulles: University Science
The Euler Archive EL77 (1752)http://eulerarchive. Books, Dulles, 2005)

rad.ord ) . 9. G.R. Fowles and G. L. Cassidanalytical Mechanics7th ed.
2. L. Euler, Du mouvement de rotation des corps solides autour (Brooks/Cole, Belmont, 2005)

d'un axe variable,The Euler Archive E292 (1765),http:

/leulerarchive.maa.org 10. V. Barger and M. OlsonClassical Mechanics: A Modern Per-
3. J. E. Marquina, M. L. Marquina, V. Marquina and J. J. spective (McGraw-Hill, New York, 1994)

Herrdndez-®mez, Leonhard Euler and the mechanics of rigid 11_ v/ 3. Jorge and J. S. Eugen@lassical dynamics. A contem-

bodies, Eur. J. Phys 38 (2017) 015001 https://doi. porary approach (Cambridge University Press, Cambridge,
0rg/10.1088/0143-080//38/1/015001 1998)

4. V. Tanriverdi, Comment on 'Leonhard Eulerandthemechanics12 3. L McCaulevClassical hanics: T ’ tiorfio
of rigid bodies’, Submitted t&ur. J. Phys(2020) - o b Mclauieylassical mechanics: fransiormatiqritows,

. . . integrable, and chaotic dynamics, (Cambridge: Cambridge
5. H. Goldstein,Classical Mechanigs2nd ed. (Massachusetts: University Press, Cambridge, 1997)
Addison-Wesley, Massachusetts, 1980) ' '

6. J. B. Marion and S. T. ThorntoiClassical Dynamics of Parti- 13. E. CorinaldesiClassical Mechanics for Physics Graduate Stu-

cles and Systemsth ed. (Brooks/Cole, Belmont, 2004) dents (World Scientific Publishing Company, Singapore, 1999)
7. A. Sommerfeld,Mechanics Lectures on Theoretical Physics 14. E. A. Desloge,Classical MechanicsVolume 1, (New York:
Volume 1 (Academic Press, New York, 1952) John Wiley and Sons, New York, 1982)

Rev. Mex. . E 18(1) 136-142


 http://eulerarchive.maa.org�
 http://eulerarchive.maa.org�
http://eulerarchive.maa.org�
http://eulerarchive.maa.org�
https://doi.org/10.1088/0143-0807/38/1/015001�
https://doi.org/10.1088/0143-0807/38/1/015001�

142

15. K. R. Symon, Mechanics 3rd ed. (Addison-Wesley, Mas-
sachusetts, 1971)

R. D. Gregory,Classical Mechanigs(Cambridge University
Press, New York, 2006)

V. I. Arnold, Mathematical Methods of Classical Mechanics
2nd ed. (Springer-Verlag, New York, 1989)

L. D. Landau and E. M. Lifshitz, Mechanics 3rd ed.
(Butterworth-Heinenann, New Delhi, 2000)

W. D. MacMillan, Dynamics Of Rigid BodigegDover, New
York, 1960)

W. Greiner, Classical MechanicSystems of particles and
Hamiltonian dynamics(Springer, New York, 2003)

J. B. ScarboroughThe Gyroscope Theory and Applications
(Interscience Publishers, London, 1958)

16.
17.
18.
19.
20.
21.

22.
Rigid Bodies about a Fixed Poin{Springer-Verlag, Berlin,
1965)

E. Leimanis,The General Problem of the Motion of Coupled

23.

24.

25.

26.

27.

V. TANRIVERDI

L. D. Mott, Another Derivation of Euler's Equations of Rigid-
Body RotationAm. J. Phys34(1966) 1197https://doi.
0org/10.1119/1.19/2684

H. Lamb, Higher Mechanics (Cambridge University Press,
Cambridge, 1920)

H. Crabtree An elementary treatment of the theory of spinning
tops and gyroscopic motigiiLongmans, Green and Co., Lon-
don, 1909)

R. B. Hayward, On a direct method of estimating velocities,
accelerations, and all similar quantities with respect to axes
moveable in any manner in space, with applications, Cambridge
Philosophical Society. Transactions of the Cambridge Philo-
sophical Society (Cambridge: University Presip (1864)
1-20,https://catalog.hathitrust.org/Record/

000526741

F. Klein and A. SommerfeldThe theory of the Top/olume |,
(Birkhauser, Boston MA, 2010)

Rev. Mex. . E 18(1) 136-142


https://doi.org/10.1119/1.1972684�
https://doi.org/10.1119/1.1972684�
https://catalog.hathitrust.org/Record/000526741�
https://catalog.hathitrust.org/Record/000526741�

