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Equivalence of Euler equations and torque-angular momentum relation
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Euler derived equations for rigid body rotations in the body reference frame and the stationary reference frame by considering an infinitesimal
part of the rigid body. Another derivation is possible, and it is widely used: transforming torque-angular momentum relation to the body
reference frame. However, their equivalence is not shown explicitly. In this work, for a rigid body with different moments of inertia, we
calculated Euler equations explicitly in the body reference frame and the stationary reference frame and torque-angular momentum relation.
We also calculated equations of motion from Lagrangian. These calculations show that all four of them are equivalent.
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1. Introduction

Euler derived governing equations for rigid body rotations
firstly in the stationary reference frame and then in the body
reference frame [1, 2]. Well-known Euler equations describe
rotations of rigid bodies in the body reference frame, and
these are used to study rotations of rigid bodies. In recent
work, Euler’s derivations are given [3,4].

There is an alternative way to Euler’s derivation. One
can write the time derivative of the angular momentum vec-
tor in the body reference frame, and then one can obtain Eu-
ler equations from torque-angular momentum relation,~τ =
d~L/dt, by using(d~L/dt)S′ = (d~L/dt)S + ~w × ~L. This
derivation or an equivalent one is used in various works
[5–23]. Differently from these, Lamb, Crabtree, and Hay-
ward follow a derivation similar to Euler’s derivation to get
Euler equations [24–26].

Euler equations in the stationary reference frame have
a complicated structure due to changing moments of inertia
and inertia products, and they are rarely used and not known
widely. Klein and Sommerfeld used Euler’s equations in the
stationary reference frame [27]. Leimanis mentioned Euler’s
derivation; however, he did not mention Euler’s derivation in
the stationary reference frame [22]. Most of the books on
classical mechanics or rotations of rigid bodies do not men-
tion them [5–21].

Theoretically, one can expect that Euler’s derivations in
both reference frames are consistent. A similar expectation is
also valid for torque-angular momentum relation. However,
their equivalence is not explicitly shown previously in the au-
thor’s knowledge. In this work, we will explicitly calculate
Euler equations in both reference frames and torque-angular
momentum relation by using Euler angles, and these calcula-
tions will show that they are explicitly equivalent. In the ap-
pendix, another set of equivalent equations will be obtained
from Lagrangian.

2. Explicit calculations by using Euler angles

We will use Euler angles and their time derivatives to cal-
culate Euler equations in both reference frames and torque-
angular momentum relation explicitly. Euler angles can be
seen in Fig. 1 together with rotation directions, coordinates
of the body, and stationary reference frames. In the figure,
the rigid body is represented by a stone to emphasize that it
should be rigid, and it can have any shape, which results in
different magnitudes for moments of inertia. Its mass density
can also change with any coordinate variable. Line of nodes,
N , can also be seen in the same figure, which corresponds
to intersection points ofx′y′-plane andxy-plane.θ̇, φ̇ andψ̇

FIGURE 1. Stationary reference frame (x′, y′, z′), body reference
frame (x, y, z), line of nodesN , Euler angles (θ, φ, ψ), and angular
velocities (̇θ, φ̇, ψ̇).
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define rotations around line of nodes, stationaryz-axis, and bodyz-axis, respectively. All rotations of rigid bodies can be
described by using these rotations.

2.1. Euler equations

In this section, we will calculate Euler equations in the body reference frame in terms of Euler angles and their time derivatives.
In the body reference frame, whose axes are chosen as principal axes of inertia tensor, the moment of inertia tensor for a

rigid body can be written as

Ib =




Ix 0 0
0 Iy 0
0 0 Iz


 , (1)

whereIx, Iy, andIz are moments of inertia along principal axes. For such a rigid body, Euler equations are [5]

τx = Ixẇx − wywz(Iy − Iz),

τy = Iyẇy − wzwx(Iz − Ix), (2)

τz = Izẇz − wxwy(Ix − Iy),

whereτi’s are components of torque along axes of the body reference frame. Components of the angular velocity can be written
by using Euler angles as

wx = φ̇ sin θ sin ψ + θ̇ cosψ,

wy = φ̇ sin θ cosψ − θ̇ sin ψ, (3)

wz = φ̇ cos θ + ψ̇.

Then by using Euler angles, Euler equations can be written explicitly as

τx = Ixφ̈ sin θ sin ψ + Ixθ̈ cos ψ + θ̇φ̇ cos θ sin ψ(Ix + Iy − Iz)

+ θ̇ψ̇ sinψ(Iy − Ix − Iz) + φ̇ψ̇ sin θ cos ψ(Ix + Iz − Iy) + φ̇2 sin θ cos θ cos ψ(Iz − Iy), (4)

τy = Iyφ̈ sin θ cosψ − Iy θ̈ sin ψ + θ̇φ̇ cos θ cosψ(Ix + Iy − Iz)

+ θ̇ψ̇ cosψ(Ix − Iy − Iz) + φ̇ψ̇ sin θ sin ψ(Ix − Iy − Iz) + φ̇2 sin θ cos θ sin ψ(Ix − Iz), (5)

τz = Izφ̈ cos θ + Izψ̈ + θ̇φ̇ sin θ[(Iy − Ix)(cos2 ψ − sin2 ψ)− Iz]

+ θ̇2 sin ψ cos ψ(Ix − Iy) + φ̇2 sin2 θ sinψ cosψ(Iy − Ix). (6)

These equations describe the change in rotation of a rigid body under the influence of torque in the body reference frame.

2.2. Euler equations in the stationary reference frame

In this part, we will explicitly calculate Euler equations in the stationary reference frame by using Euler angles.
Euler also derived equations in the stationary reference frame [1], and it can be written as [4]

τx′ = Ix′x′ẇx′ + Ix′y′ẇy′ + Ix′z′ẇz′ − Ix′y′wx′wz′ + Ix′z′wx′wy′ + Iy′z′(w2
y′ − w2

z′) + wy′wz′(Iz′z′ − Iy′y′),

τy′ = Iy′y′ẇy′ + Ix′y′ẇx′ + Iy′z′ẇz′ − Iy′z′wx′wy′ + Ix′y′wy′wz′ + Ix′z′(w2
z′ − w2

x′) + wx′wz′(Ix′x′ − Iz′z′),

τz′ = Iz′z′ẇz′ + Ix′z′ẇx′ + Iy′z′ẇy′ − Ix′z′wy′wz′ + Iy′z′wx′wz′ + Ix′y′(w2
x′ − w2

y′) + wx′wy′(Iy′y′ − Ix′x′). (7)

To calculate Eqs. (7) explicitly, we need the moment of inertia tensor in the stationary reference frame. We will get it by
using the transformation matrix from the body reference frame to the stationary reference frame. This transformation matrix
can be obtained in terms of Euler angles as [5]

S =




cosφ cosψ − cos θ sin φ sin ψ − cos φ sin ψ − cos θ sinφ cosψ sin θ sinφ
sin φ cos ψ + cos θ cos φ sin ψ − sin φ sinψ + cos θ cosφ cosψ − sin θ cosφ

sin θ sinψ sin θ cos ψ cos θ


 . (8)
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The inverse ofS can be obtained by usingS−1
ij = Sji.

The moment of inertia tensor in the stationary reference frame can be obtained by using relationI = SIbS
−1 [5] as

I =




Ix′x′ Ix′y′ Ix′z′

Iy′x′ Iy′y′ Iy′z′

Iz′x′ Iz′y′ Iz′z′


 , (9)

where moments of inertia are given by

Ix′x′ = (Iy − Ix)2 cos θ sinφ cosφ sin ψ cos ψ + cos2 φ(Ix cos2 ψ + Iy sin2 ψ)

+ cos2 θ sin2 φ(Ix sin2 ψ + Iy cos2 ψ) + Iz sin2 θ sin2 φ,

Iy′y′ = (Ix − Iy)2 cos θ sinφ cosφ sin ψ cos ψ + sin2 φ(Ix cos2 ψ + Iy sin2 ψ)

+ cos2 θ cos2 φ(Ix sin2 ψ + Iy cos2 ψ) + Iz sin2 θ cos2 φ,

Iz′z′ = sin2 θ(Ix sin2 ψ + Iy cos2 ψ) + Iz cos2 θ, (10)

and inertia products are given by

Ix′y′ = Iy′x′ = (Ix − Iy)(cos2 φ− sin2 φ) cos θ sin ψ cosψ

+ sin φ cosφ[Ix cos2 ψ + Iy sin2 ψ − cos2 θ(Ix sin2 ψ + Iy cos2 ψ)− Iz sin2 θ],

Ix′z′ = Iz′x′ = sin θ[(Ix − Iy) cos φ sinψ cosψ + cos θ sin φ(Iz − Ix sin2 ψ − Iy cos2 ψ)],

Iy′z′ = Iz′y′ = sin θ[(Ix − Iy) sin φ sin ψ cosψ + cos θ cosφ(Ix sin2 ψ + Iy cos2 ψ − Iz)]. (11)

Sinceθ, φ, andψ change with time, components of the moment of inertia tensor also change with time. This is the reason that
lets Euler derive equations in the body reference frame.

The angular velocities in the stationary reference frame can be written in terms of Euler angles as [5]

wx′ = θ̇ cos φ + ψ̇ sin θ sin φ,

wy′ = θ̇ sin φ− ψ̇ sin θ cosφ,

wz′ = φ̇ + ψ̇ cos θ. (12)

Then by using Euler angles and components of the moment of inertia tensor, Eqs. (7) can be obtained as

τx′ = θ̈[(Iy − Ix) cos θ sin φ sinψ cosψ + (Ix cos2 ψ + Iy sin2 ψ) cos φ] + ψ̈Iz sin θ sin φ

+ φ̈[(Ix − Iy) sin θ cos φ sin ψ cos ψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) sin θ cos θ sin φ]

+ θ̇φ̇ sin φ[−Ix cos2 ψ − Iy sin2 ψ + (Iz − Ix sin2 ψ − Iy cos2 ψ)(cos2 θ − sin2 θ)]

+ θ̇ψ̇
{
(Iy − Ix)2 cos φ sin ψ cos ψ + [Iz + (Ix − Iy)(sin2 ψ − cos2 ψ)] cos θ sin φ

}
(13)

+ φ̇ψ̇ sin θ
{
(Iy − Ix)2 cos θ sin φ sin ψ cos ψ + [Iz + (Ix − Iy)(cos2 ψ − sin2 ψ)] cos φ

}

+ φ̇2 sin θ[(Iy − Ix) sin φ sin ψ cosψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) cos θ cosφ]

+ θ̇2(Ix − Iy) sin θ sin φ sin ψ cosψ,

τy′ = θ̈[(Ix − Iy) cos θ cosφ sin ψ cos ψ + (Ix cos2 ψ + Iy sin2 ψ) sin φ]− ψ̈Iz sin θ cosφ

+ φ̈ sin θ[(Ix − Iy) sin φ sin ψ cos ψ + (Ix sin2 ψ + Iy cos2 ψ − Iz) cos θ cos φ]

+ θ̇φ̇[(Ix cos2 ψ + Iy sin2 ψ) cos φ + (Ix sin2 ψ + Iy cos2 ψ − Iz)(cos2 θ − sin2 θ) cos φ]

+ θ̇ψ̇
{
(Iy − Ix)2 sin φ sin ψ cos ψ + [(Ix − Iy)(cos2 ψ − sin2 ψ)− Iz] cos θ cos φ

}
(14)

+ φ̇ψ̇ sin θ
{
(Ix − Iy)2 cos θ cos φ sin ψ cosψ + [(Ix − Iy)(cos2 ψ − sin2 ψ) + Iz] sin φ

}

+ φ̇2 sin θ[(Ix − Iy) cos φ sinψ cosψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) cos θ sin φ]

+ θ̇2(Iy − Ix) sin θ cosφ sin ψ cos ψ,
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τz′ = φ̈[(Ix sin2 ψ + Iy cos2 ψ) sin2 θ + Iz cos2 θ] + ψ̈Iz cos θ + θ̈(Ix − Iy) sin θ sin ψ cosψ

+ θ̇ψ̇ sin θ[(Ix − Iy)(cos2 ψ − sin2 ψ)− Iz] + θ̇φ̇2 sin θ cos θ(Ix sin2 ψ + Iy cos2 ψ − Iz) (15)

+ φ̇ψ̇(Ix − Iy)2 sin2 θ sin ψ cosψ + θ̇2(Ix − Iy) cos θ sin ψ cos ψ,

whereτx′ , τy′ , andτz′ are components of torque in the stationary reference frame. These are the equations describing the
effects of torque in the stationary reference frame in terms of Euler angles.

2.3. Torque-angular momentum relation

In this section, we will calculate the torque-angular momentum relation,~τ = d~L/dt, by finding the time derivative of the
angular momentum in the stationary reference frame.

The angular momentum can be obtained by using~L = I ~w as

~L=(Ix′x′wx′ + Ix′y′wy′ + Ix′z′wz′)x̂′ + (Iy′x′wx′ + Iy′y′wy′ + Iy′z′wz′)ŷ′ + (Iz′x′wx′ + Iz′y′wy′ + Iz′z′wz′)ẑ′, (16)

wherewi′ ’s are given in Eqs. (12). Here moments of inertia,i.e., Eq. (10), and inertia products,i.e., Eq. (11), are time-
dependent. One can find the components ofd~L/dt by calculating the following equations

~τ =
[
Ix′x′

dwx′

dt
+ Ix′y′

dwy′

dt
+ Ix′z′

dwz′

dt
+

dIx′x′

dt
wx′ +

dIx′y′

dt
wy′ +

dIx′z′

dt
wz′

]
x̂′

+
[
Iy′x′

dwx′

dt
+ Iy′y′

dwy′

dt
+ Iy′z′

dwz′

dt
+

dIy′x′

dt
wx′ +

dIy′y′

dt
wy′ +

dIy′z′

dt
wz′

]
ŷ′

+
[
Iz′x′

dwx′

dt
+ Iz′y′

dwy′

dt
+ Iz′z′

dwz′

dt
+

dIz′x′

dt
wx′ +

dIz′y′

dt
wy′ +

dIz′z′

dt
wz′

]
ẑ′. (17)

Explicit calculations of these can be obtained as

τx′ = θ̈[(Ix cos2 ψ + Iy sin2 ψ) cos φ + (Iy − Ix) cos θ sin φ sinψ cosψ]

+ φ̈ sin θ[(Ix − Iy) cos φ sin ψ cos ψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) cos θ sin φ]

+ ψ̈Iz sin θ sinφ + θ̇2(Ix − Iy) sin θ sin φ sin ψ cosψ

+ φ̇2 sin θ[(Iy − Ix) sin φ sin ψ cosψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) cos θ cosφ] (18)

+ θ̇φ̇ sin φ[−Ix cos2 ψ − Iy sin2 ψ + (Iz − Ix sin2 ψ − Iy cos2 ψ)(cos2 θ − sin2 θ)]

+ θ̇ψ̇
{
(Iy − Ix)2 cos φ sin ψ cos ψ + [(Ix − Iy)(sin2 ψ − cos2 ψ) + Iz] cos θ sin φ

}

+ φ̇ψ̇ sin θ
{
(Iy − Ix)2 cos θ sin φ sin ψ cos ψ + [(Ix − Iy)(cos2 ψ − sin2 ψ) + Iz] cos φ

}
,

τy′ = θ̈[(Ix cos2 ψ + Iy sin2 ψ) sin φ + (Ix − Iy) cos θ cos φ sin ψ cosψ]

+ φ̈ sin θ[(Ix − Iy) sin φ sin ψ cos ψ + (Ix sin2 ψ + Iy cos2 ψ − Iz) cos θ cos φ]

− ψ̈Iz sin θ cos φ + θ̇2(Iy − Ix) sin θ cos φ sin ψ cosψ

+ φ̇2 sin θ[(Ix − Iy) cos φ sinψ cosψ + (Iz − Ix sin2 ψ − Iy cos2 ψ) cos θ sin φ] (19)

+ θ̇φ̇ cos φ[Ix cos2 ψ + Iy sin2 ψ + (Ix sin2 ψ + Iy cos2 ψ − Iz)(cos2 θ − sin2 θ)]

+ θ̇ψ̇
{
(Iy − Ix)2 sin φ sinψ cos ψ + [(Ix − Iy)(cos2 ψ − sin2 ψ)− Iz] cos θ cos φ

}

+ φ̇ψ̇ sin θ
{
(Ix − Iy)2 cos θ cos φ sin ψ cosψ + [(Ix − Iy)(cos2 ψ − sin2 ψ) + Iz] sin φ

}
,

τz′ = θ̈(Ix − Iy) sin θ sin ψ cosψ + φ̈[(Ix sin2 ψ + Iy cos2 ψ) sin2 θ + Iz cos2 θ]

+ ψ̈Iz cos θ + θ̇2(Ix − Iy) cos θ sin ψ cosψ + φ̇ψ̇(Ix − Iy)2 sin2 θ sinψ cosψ (20)

+ θ̇ψ̇ sin θ[(Ix − Iy)(cos2 ψ − sin2 ψ)− Iz] + θ̇φ̇2 sin θ cos θ(Ix sin2 ψ + Iy cos2 ψ − Iz),
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whereτi′ ’s are components of torque in the stationary reference frame. It can be seen that these equations are the same as
equations obtained from Euler equations in the stationary reference frame. This shows that Euler equations in the stationary
reference frame and torque-angular momentum relation are equivalent, and both can be used to study rotations in the stationary
reference frame.

3. Equivalence

In this section, we will explicitly show that Euler equations in the body reference frame are equivalent to Euler equations in
the stationary reference frame.

One can obtain components of torque in the body reference frame in terms of torque components in the stationary reference
frame by using the relationτi =

∑
j S−1

ij τj′ as

τx = τx′(cos φ cos ψ − cos θ sin φ sinψ) + τy′(sinφ cosψ + cos θ cosφ sin ψ) + τz′ sin θ sinψ, (21)

τy = τx′(− cosφ sin ψ − cos θ sin φ cosψ) + τy′(− sin φ sin ψ + cos θ cos φ cos ψ) + τz′ sin θ cosψ, (22)

τz = τx′ sin θ sin φ + τy′(− sin θ cos φ) + τz′ cos θ. (23)

If one multiplies Eq. (18) with cos φ cos ψ − cos θ sin φ sin ψ, Eq. (19) with sin φ cos ψ + cos θ cosφ sin ψ, Eq. (20) with
sin θ sin ψ and add three of them, one gets

τx′(cos φ cos ψ − cos θ sin φ sin ψ) + τy′(sinφ cosψ + cos θ cosφ sinψ) + τz′ sin θ sin ψ

= Ixφ̈ sin θ sinψ + Ixθ̈ cosψ + θ̇φ̇ cos θ sin ψ(Ix + Iy − Iz) + θ̇ψ̇ sin ψ(Iy − Ix − Iz)

+ φ̇ψ̇ sin θ cos ψ(Ix + Iz − Iy) + φ̇2 sin θ cos θ cos ψ(Iz − Iy). (24)

From Eq. (21), it can be seen that the right-hand side of this equation is equal toτx, and then Eq. (24) is the same as the
first Euler equation,i.e., Eq. (4).

Similarly, by multiplying Eq. (18) with − cosφ sin ψ − cos θ sin φ cos ψ, Eq. (19) with − sinφ sin ψ + cos θ cosφ cosψ,
Eq. (20) with sin θ cosψ and adding them, one gets

− τx′(cos φ sin ψ + cos θ sin φ cos ψ)− τy′(sin φ sin ψ − cos θ cos φ cos ψ) + τz′ sin θ cosψ

= Iyφ̈ sin θ cosψ − Iy θ̈ sin ψ + θ̇φ̇ cos θ cosψ(Ix + Iy − Iz) + θ̇ψ̇ cosψ(Ix − Iy − Iz)

+ φ̇ψ̇ sin θ sin ψ(Ix − Iy − Iz) + φ̇2 sin θ cos θ sinψ(Ix − Iz). (25)

From Eq. (22), it can be seen that Eq. (25) is the same as the second Euler equation,i.e., Eq. (5).
By multiplying Eq. (18) with sin θ sin φ, Eq. (19) with − sin θ cosφ, Eq. (20) with cos θ and adding them, one obtains

τx′ sin θ sin φ− τy′ sin θ cos φ + τz′ cos θ = Izφ̈ cos θ + Izψ̈ + θ̇φ̇ sin θ[(Iy − Ix)(cos2 ψ − sin2 ψ)− Iz]

+ θ̇2 sin ψ cos ψ(Ix − Iy) + φ̇2 sin2 θ sin ψ cosψ(Iy − Ix). (26)

From Eq. (23), it can be seen that Eq. (26) is the same as the third Euler equation,i.e.,Eq. (6).
These calculations also show that Euler equations are equivalent to torque-angular momentum relation since components

of torque angular momentum relation are the same as Euler equations in the stationary reference frame.

4. Summary and Conclusion

We have considered a rigid body having different moments of inertia. Then we have calculated Euler equations in the body and
stationary reference frames, and we have also calculated torque-angular momentum relation in terms of Euler angles and their
time derivatives. Then, we have shown that Euler equations in both reference frames and~τ = d~L/dt give the same results. We
have also shown in the appendix that the same equations can be obtained from Lagrangian as expected.

The equivalence of Euler equations in both reference frames shows that it is possible to study rigid body rotations in the
stationary reference frame. However, it is better to use Euler equations in the body reference frame due to non-zero inertia
products and the time-dependent structure of moments of inertia and inertia products in the stationary reference frame.

The equivalence of Euler equations and torque-angular momentum relation shows that extra terms in the Euler equations
or gyroscopic effects are nothing but results of the change in angular momentum.
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Appendix A.

Here, we will obtain equations of motion for a rotating rigid body from the Lagrangian in the body reference frame. In the
body reference frame, kinetic energy can be written as

T =
1
2
Ixw2

x +
1
2
Iyw2

y +
1
2
Izw

2
z , (A.1)

wherewi’s are given in Eqs. (3). We can consider a potential energyU(θ, φ, ψ), which satisfiesτθ = −∂U/∂θ, τφ = −∂U/∂φ
andτψ = −∂U/∂ψ. Then from LagrangianL = T − U , Euler-Lagrange equations,d/dt (∂L/∂q̇i) − ∂L/∂qi = 0, can be
calculated. The Euler-Lagrange equation forθ can be obtained as

τθ = θ̈(Ix cos2 ψ + Iy sin2 ψ) + φ̈(Ix − Iy) sin θ sin ψ cos ψ

+ θ̇ψ̇(Iy − Ix)2 sin ψ cos ψ + φ̇ψ̇ sin θ[(Ix − Iy)(cos2 ψ − sin2 ψ) + Iz]

+ φ̇2 sin θ cos θ(Iz − Ix sin2 ψ − Iy cos2 ψ), (A.2)

whereτθ is equal toτx′ cos φ + τy′ sin φ. If we multiply Eq. (18) with cos φ, Eq. (19) with sin φ and add them, we obtain
Eq. (A.2).

The Euler-Lagrange equation forφ can be obtained as

τφ = θ̈(Ix − Iy) sin θ sinψ cosψ + ψ̈Iz cos θ + φ̈[(Ix sin2 ψ + Iy cos2 ψ) sin2 θ + Iz cos2 θ]

+ θ̇2(Ix − Iy) cos θ sin ψ cosψ + θ̇ψ̇ sin θ[(Ix − Iy)(cos2 ψ − sin2 ψ)− Iz]

+ θ̇φ̇2 sin θ cos θ[Ix sin2 ψ + Iy cos2 ψ − Iz] + φ̇ψ̇(Ix − Iy)2 sin2 θ sin ψ cos ψ. (A.3)

τφ is equal toτz′ and then this equation is the same as Eq. (20).
The Euler-Lagrange equation forψ can be obtained as

τψ = ψ̈Iz + φ̈Iz cos θ + θ̇2(Ix − Iy) sin ψ cos ψ

+ φ̇2(Iy − Ix) sin2 θ sin ψ cos ψ + θ̇φ̇ sin θ[(Ix − Iy)(sin2 ψ − cos2 ψ)− Iz]. (A.4)

τψ is equal toτz, and then this equation is the same as Eq. (6).
Since Euler equations in the stationary reference frame and the body reference frame are equivalent, equations obtained

from Lagrangian are also equivalent to them.
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