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e-mail: damiao.meira@ifpa.edu.br

J. K. Santos Kamassury
Federal University of Santa Catarina, Florianópolis, Brazil.
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Notions of electromagnetism and special theory of relativity, require important mathematical knowledge applied to theoretical physics.
Recognizing pedagogical difficulties in the teaching of theoretical physics, the theory of didactical situations, which consists of a set of
practices that aim to contribute to the improvement of mathematics teaching. In this context, the present work is motivated to present a set
of practices based on the theory of didactical situations with a focus on teaching Electromagnetism and Special Theory of Relativity, where
problems that require an understanding of the Galileo and Lorentz transformations. Specifically, the didactic situation is constructed by
means of four problem proposals, while in the adidatic situation, the student is invited to understand the roles of these transformations in the
study of these problems. Ultimately, the relevance of the educator in the institutionalization situation is reinforced, a moment when it must
be clarified how all mathematical relations are strongly related to physical principles.
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1. Introduction

The 19th century is characterized by immense theoretical ad-
vances in the field of physics [1]. In this context, James Clerk
Maxwell (1831-1879), physicist and mathematician, man-
aged to synthesize the laws of electromagnetism in a concise
mathematical formulation better known as Maxwell’s Equa-
tions [2]. Another important name for the consolidation of
electromagnetism was Hendrik Antoon Lorentz (1853-1928),
who formulated the equation that explains the relationship
between electrical and magnetic force [3]. As in the 19th cen-
tury, at the beginning of the 20th century, another important
theory is presented to the scientific community at the time
[4], this is due to the German theoretical physicist of Jewish
origin, Albert Einstein (1879-1955).

Maxwell’s equations express the laws of electrodynam-
ics; the first and second equations express Gauss’s laws for
the electric and magnetic field successively. The third equa-
tion is the result of experiments carried out by Michael Fara-
day (1791-1867) and Joseph Henry (1797- 1878) and the
fourth equation is Amp̀ere’s law plus a term for the displace-
ment current.

Maxwell admitted that the electric and magnetic fields os-
cillate perpendicularly and in phase, so is the characterization
of electromagnetic radiation. With this admission, Maxwell
showed that the speed of propagation of electromagnetic ra-
diation in a vacuum is equal to the speed of light propagation.

Later (1887) the “Maxwell waves” were verified experimen-
tally by Heinrich Rudolph Hertz (1857-1894) [5].

When the value of a quantity has the same value in dif-
ferent inertial reference frames, considering a certain set of
transformations, that quantity is said to be invariant. In the
context of electromagnetism, the propagation speed of elec-
tromagnetic radiation is invariant under Lorentz transforma-
tion between two different inertial frames.

It is worth noting that the algebraic structure of physical
laws ought to be preserved for all different inertial reference
frames. For example, the algebraic structure of Maxwell’s
equations is unchanged when they are subject to Lorentz
transformations, therefore is adequate to say that Maxwell’s
equations are covariant.

The laws of physics are expressed in sets of transforma-
tions between inertial references. Galileo’s transformations
(GTs) support the covariance of the laws of dynamics, but
they do not support the covariance of the laws of electromag-
netism.

All of these questions require a great deal of knowledge
of physics and mathematics, but they are, nonetheless, cov-
ered since high school. The present work aims to: discuss:
i) the limitations of Electrodynamics and the role of Lorentz
transformations for the solution of these limitations; ii) how
the Special Theory of Relativity (STR) arises from the limita-
tions of electrodynamics and iii) a didactic sequence capable
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of addressing the relationship between electrodynamics and
STR.

The didactic sequence intends to expose students to the
conceptual changes that arise when GTs are applied between
two observers in different inertial frames of reference. This
phenomenological approach consists of four situations that
will show the student the limitations of electrodynamics and
how a new set of transformations demand a new theory of
physics, the special theory of relativity.

In the theory of didactic situations (TDS), formulated by
Guy Brousseau [6], it is necessary to identify a medium (mi-
lieu) in which the didactic situation is present. According to
Paulo Jorge Magalh aes Teixeira and Claudio Cesar Manso
Passos [7]:

This theory has, as one of the primary objectives of di-
dactics of mathematics, the characterization of a learn-
ing process by means of a series of reproducible sit-
uations, called didactic situations, which establish the
determining factors for the evolution of students’ be-
havior.

We observed that four fictitious situations can make the
student to question the validity of the Galileo’s transforma-
tions, which make manifest the covariance of the laws of me-
chanics. The challenge is to ensure that the physical laws be
covariant in the face of a new set of transformations, namely,
the called Lorentz transformations. The proposed TDS (mi-
lieu) has its core in this challenge.

The first fictitious situation was extracted from a high
school teaching book, the second and third situations were
extracted from higher education books, and the fourth situa-
tion was proposed by the authors of the present text.

The model of interaction between the subject and the mi-
lieu is constructed using an explanatory text on theoretical
physics that requires an advanced knowledge of mathemat-
ics. To this end, the student must overcome limits and thus
acquire new skills.

The TDS set of practices aims to lead the student to seek
autonomy, and this is done in didactic, adidactic, and institu-
tional situations. The didactic situation occurs in the process
of understanding of the validity of the set of transformations
facing the proposed situations. The adidactic situation occurs
through the interaction of the subject with the milieu, the in-
stitutional situation occurs in the strong participation of the
teacher, demonstrating the relationship between all the rules
of applied Mathematics and the Physical principles that sup-
port CE and STR.

This text will discuss the covariance of electromagnetism
equations, which Einstein called asymmetries [8] by means
of four situations: i) the magic carpet; ii) loop on rails; iii)
ether and iv) high-speed mirror. We intend to clarify how the
STR connects with CE by means of the four situations.

In the didactic situation, the teacher presents the milieu
and the rules of interaction between the subject and the mi-
lieu. This step consists of explaining four situations and the

importance of choosing a set of transformations in inertial
reference frames. The teacher must clarify that the laws of
physics should not depend on whether an inertial frame is at
rest or in a rectilinear and uniform motion.

The suggested dynamics can be applied in higher educa-
tion courses for teachers of Mathematics and Physics.

2. Problems and didactic sequence

2.1. Step 1

In step 1, the teacher is the protagonist and explains four hy-
potheses and the possible results of the application of GTs
in these situations. The teacher needs to clarify that GTs are
the appropriate transformations used in the context of clas-
sical dynamics of Newton, and that when applied to electro-
dynamics, they make Maxwell’s equations, electromagnetic
wave equations, and Lorentz’s strength, non-covariant equa-
tions.

In the TDS, GTs are part of the students’ prior knowl-
edge. The teacher needs to point out that the laws of electro-
dynamics need to be supported by transformations to inertial
reference frames. Step 1 consists of qualitatively manipulat-
ing the laws of electrodynamics with the same transforma-
tions already known by the students.

In situation 1 (magic carpet, see Fig. 1) when we use the
GT we have that the girl understands that the electric charge
moves with speed, but the boy does not perceive speed for the
electric charge. Hence, Lorentz’s strength would depend on
the frame of reference.

In situation 2, both observers in Fig. 2, located in differ-
ent inertial frames, perceive the electromotive forceemf but
differ about the cause of theemf. Thus, there is an apparent
contradiction in what each observer agrees is the source of
theemf if GTs are applied for the spiral on rails. It should be
noted that the emf is described using Maxwell’s equations.

Situations 3 and 4 deal with the speed of light. The for-
mer describes the hypothesis of a means for the propagation
of electromagnetic radiation (ether) that moves relative to in-
ertial reference frames. The direct application of the GT pre-
dicts different radiation speeds depending on the movement
of the inertial frame.

Situation 4 consists of a thought experiment that provokes
the student to question the variance or invariance of the speed
of the electromagnetic radiation (light). It is the most playful
situation of the proposals because it raises the possibility of
the boy not seeing his face reflected in the mirror.

These four situations raise some possible inconsistencies:
i) can different observers observe different movements for the
electric charge? ii) can the sameemf be caused by different
fields? iii) can the same value for the speed of light, in differ-
ent inertial frames, make the ether hypothesis unsupported?
v) how can I look in the mirror and not see my face?

These four situations help to understand the importance
of the covariance of the electrodynamic equations.
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FIGURE 1. Transporting an electrically charged sphere, the boy
flying on a magic carpet crosses a region where a constant and uni-
form magnetic field generated by the electromagnet acts.

2.1.1. Magic carpet

The magic carpet or ying carpet is well known from the
tales that make up the Persian workOne Thousand and One
Nights.. However, here it will help us to understand the
inconsistency in the description of Lorentz’s force through
Galileo’s transformations. The following text was taken from
a textbook that is used in the context of public high school
[9]:

A boy flies on a magic carpet, close to the ground, with
constant speed~v, horizontal, transporting a sphere with
a positive electrical charge, supported without friction
on an insulating pillow. At a given moment, it crosses
through the poles of a large electromagnet that can
generate a uniform and constant magnetic field, whose
magnetic field vector~B is oriented downwards. At that
moment, beside the electromagnet, a girl standing on
the ground turns on the electromagnet.

Figure 1 shows the situation in which the magnet field
and the girl are fixed in frameO, the sphere and the boy are
in frameO′.

Analyzing the situation first concerning the girl, accord-
ing to Lorentz’s strength~F = q~v× ~B, there is the action of a
magnetic force that points to the center of the circumference,
according to the vector product~v × ~B.

In the boy’s rest frame, the sphere has velocity~v = ~0,
remaining at rest on the cushion while the force~F = q~v× ~B,
it is therefore null~F = ~0 and|~F | = 0.

2.1.2. Spiral on rails

Consider a conducting loop in a train car held by two people
as shown in Fig. 2. When the train car moves between the
poles of a giant magnet, it generates an electromotive force

FIGURE 2. Spiral on rails [10].

(emf) that generates a current. As is known, theemf that
arises is due to the action of the force~F = q~v × ~B, on the
electrical charges that make up the structure of conducting
loop.

According to David J. Griffiths [10]:

This emf is due to the magnetic force acting on the
electrical charge in the wire loop that is moving along
with the train. On the other hand, if someone naively
applied the laws of electrodynamics to that system,
what would be the prediction? No magnetic force be-
cause the coil is at rest. But as the magnet passes, the
wagon’s magnetic field will change and a varying mag-
netic field induces an electric field, according to Fara-
day’s law. The resulting electric force would gener-
ate a emf in the loop given by:ε = −dφ/dt. Since
Faraday’s law and the flow rule provide for the same
emf, people on the train will get the same answer, al-
though their physical interpretation of the process is
completely wrong.

The observer outside the train (frameO) observes a non-
zeroemf due to the magnetic field, while the observer on the
train (frameO′) observes anemf, due to the magnetic force
equal to zero, but a resultingemf different from zero due to
the electric field. Each frame of reference leads to different
interpretations for theemf!

Until the removal of the different interpretations referring
to thefem in the early 20th century, it was believed that one
observer was right and the other wrong, and to determine the
correct observer it would be necessary to admit that the elec-
tromagnetic fields consisted of deformations of an invisible
medium (ether)[10]. Therefore, the laws of electrodynamics
should be measured about this medium.

2.1.3. Ether

The consequent determination of the speed of light using per-
meability and permissiveness in avacuumleads to the follow-
ing question: about which frame of reference was this speed
defined? Maxwell realized the need to incorporate the idea of
the ether, bringing something hitherto dormant [11]. Regard-
ing these issues Maxwell commented [12]:
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But in all these theories, the question naturally arises:
If something is transmitted at a distance from one parti-
cle to another, what is its condition after it has left one
particle and before reaching the other? If this some-
thing is the potential energy of the two particles, as in
Neumann’s Theory, how can we conceive of this en-
ergy as existing at a point in space, without coinciding
with either one or the other particle? In reality, when-
ever energy is transmitted in time from one body to
another, there must be a medium or substance in which
the energy exists after it leaves one body and before
it reaches the other, because energy, as Torricelli said,
“is the quintessence of a nature so subtle that it can-
not be contained in any vessel, except in the most inti-
mate substance of material things”. Therefore, all these
theories lead to the conception of a medium through
which propagation takes place, and if we accept this
medium as a hypothesis, I think it should occupy a
prominent place in our investigations, and we should
strive to build a mental representation. of all the details
of his action, as was my constant objective throughout
this treaty.

In this way, the entire electromagnetic formulation rested
under a medium called ether, and this had specific properties
to support the vibrations of the waves such as mechanical
properties that allowed the transmission of forces to matter
through tensions, pressures, and rotations [13]. And this was
the medium that was taken as a reference and, therefore, the
reference whose speed of light was linked.

Admitting ether as a medium whose electromagnetic
wave propagation was linked, also ended up considering the
existence of a privileged reference in physics, in which the
medium (ether) was at rest [11]. This privileged referen-
tial of the ether was against Galileo’s Relativity in which the
equivalence between the inertial references predominated so
that it would not be possible to have an inertial frame bet-
ter than the other inertial frame. But, according to what has
been presented so far, about the existence or not of this lumi-
nous medium, it would be possible from optical experiments
to infer as to its supposed existence.

The ether hypothesis would be confirmed by identifying
the speed of the Earth’s movement through the ether, with the
aid of light propagation experiments these studies would be
possible [14]. Such studies were well structured and some of
the scientists of the time claimed to find positive results while
others did not identify any effect regarding speed [15]. Here
we will present important studies that prove the absence of
ether.

An important study on the possible existence of the ether
was carried out by Fresnel in 1817 and verified by Fizeau in
1851. According to Fresnel’s hypothesis, if light propagates
in a transparent medium at rest, then the speed of light mea-
sured by an observer at rest about ether is simply:u = c/n. If
the ether is completely dragged by the transparent object then
the measured speed of light about the ether is:u = (c/n)+v,

wherev is the speed of the fully dragged transparent object
andn is the index of refraction. But if the ether is partially
dragged by the transparent object, then a correction factorβ
is associated withu = (c/n) + βv. Fresnel admitted that the
correction factorβ depends on the density of the ether when
entering the medium (ρe) and on the density of the ether after
penetrating the medium (ρf ):

β =
(

1− ρe

ρf

)
.

Note that ifρe is much smaller thanρf thenβ tends to
zero, the ether is completely dragged. Thus the speed of light
measured by a standing observer in relation to the ether, ac-
cording to Fresnel’s theory is:

u =
c

n
+ v

(
1− ρe

ρf

)
. (1)

This privileged reference frame of the ether was in direct
conflict with the principles of Galileo’s Relativity in which
the equivalence between the inertial reference frames pre-
dominated so that it would not be possible to have an iner-
tial frame better than the other inertial frame. The result (1)
raises the question about a set of transformations that sustain
(reinforce) it. The ether hypothesis would be confirmed by
identifying the Earth’s movement speed through the ether.

2.1.4. High speed mirror

In classical mechanics, the resulting velocity of two bodies
consists of the sum of velocity, if the bodies are in the same
direction with opposite senses. This the prevising of Galileo’s
transformations.

Let’s imagine a boy moving at the speed of light in the
same direction as the beam of light (see the Fig. 3). For this
boy to see himself in the mirror, the beam must be reflected
by the mirror. In this situation is it possible that the boy does
not see himself in the mirror?

The answer to that question would be given in 1887 by
Albert Michelson (1852-1931) and Edward Morley (1838-
1923). They set up an experiment that aimed to detect the
relative movement of the Earth through the ether.

If the speed of light does not depend on the inertial frame,
we would be able to see the boy’s face in the mirror even at
high speeds. This thought experiment may lead students to
think that the speed of light can be greater than 300,000 km/s.

The explanation for the result of the high-speed mirror
mental experiment would come with the STR. The notions of
space and time for bodies at speeds compared to the speed of
light would be reformulated.

Rev. Mex. Fis. E19010204



DIDACTICAL SITUATIONS TO TREAT LORENTZ AND GALILEO TRANSFORMATIONS IN THEORETICAL PHYSICS 5

FIGURE 3. Strange mirror.

Step 1 consists, according to the TDS, in a didactic sit-
uation, where the teacher assumes the role of mediator and
allows the student to experience GTs in didactic situations.
The teacher intends to make the student infer the impossibil-
ity of using GTs in electrodynamics.

Step 2 consists of the situation of institutionalization of
knowledge. It is up to the teacher to show that LTs remove the
inconsistencies in electrodynamics. Thus, the teacher shows
that GTs are a subset of LTs, formalizing the object of study
in a more general framework.

2.2. Step 2

In this step 2, the aditic situation begins, which, in light of
the TDS, consist of: i) Action Situation: the student must
learn a method of solving the problems proposed in step 1
and ii) Formulation Situation: in which the student appro-
priates knowledge of mathematics applied in physics and es-
tablishes a debate through these tools. Also in this step: i)
discussing the importance of covariance in topics of classical
physics and ii) the transformations between fields.

Brousseau’s TDS suggests learning through dialectics.
This text contemplates dialectics by making the student un-
derstand the validity of GTs and its limitations, leading to the
replacement of GTs by LTs.

At first, students should take individual readings of the
texts suggested by the teacher. Next, the information must be
socialized with one or more colleagues through the exchange
of written or oral messages. These steps consist in the dialec-
tic of formulation. This procedure should take place in steps
2 and 3.

The teacher should ask students to talk about the knowl-
edge acquired at the end of steps 2 and 3. This can be done
through a student representing each group. The information

must be reinforced or corrected by the teacher. This exchange
is part of the didactic contract suggested by Brousseau.

In this step, we will show that Newton’s second law does
not depend on the inertial frame if supported by the GT. Con-
sequently, the GT also support the laws of dynamics. But the
same is not true of Lorentz’s strength. The search for a set of
transformations that make Lorentz’s force not depend on the
inertial frame has an impact on Maxwell’s equations and the
wave equation.

The laws of dynamics are covariant in inertial frames.
According to Galilean transformations for inertial frames, it
is impossible to detect the uniform movement of one frame
about another by any effect on the laws of dynamics [16].
We can verify this statement through the invariance of quan-
tities such as speed, acceleration, and covariance of force.
This verification is made if these quantities maintain the same
shape when they are written in two different inertial frames
O andO′. Let us observe this invariance in the dynamics
through the application of Galileo’s transformations in speed,
acceleration, and force.

Using vector notation~x = (x, y, z) and~v = (v, 0, 0) and
Galilean transformations for inertial frames:

x′ = x± vt, y′ = y, z′ = z, t′ = t, (2)

we obtain

v′x = vx ± v, v′y = vy, v′z = vz

a′x =
d2x′

dt′2
=

d2x

dt2
= ax, a′y = ay a′z = az, (3)

that is, the acceleration has the same values in all references.
Galileo’s principle of relativity states that: the laws of

mechanics must be the same (i.e., they must remain covari-
ant) in all inertial frames.

To exemplify Galileo’s Principle, which states that given
two inertial reference frames where Newton’s laws are valid,
both will be linked by GTs and will be equally good. If
m′ = m:

m
d2x

dt′2
= m

d2x

dt2
→ ~F ′ = ~F .

So two inertial observers measure the same force on a
given body. But what about the laws of electrodynamics?

The laws of electrodynamics are expressed through
Maxwell’s equations, an important law for electrodynamics,
is the Faraday-Henry law, expressed in Maxwell’s third equa-
tion. According to the Faraday-Henry law:∂ ~B/dt creates~E
[17]. In addition to Maxwell’s equations, another equation
of great importance for electrodynamics, is the equation that
defines Lorentz’s force:

~F = q ~E + q(~v × ~B). (4)

The Eq. (4) is, in general, the expression of force in
electrodynamics. The question of great importance is: can
Lorentz’s force be covariant in inertial reference frames?
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The answer to the question is yes, but is not as trivial as
in the case of mechanics, that is: The answer is yes, but it is
not trivial, as in the case of mechanics. The Lorentz force (~F )
consists of the linear combination of the force due to the elec-
tric field (~F‖) and the force due to the magnetic field (~F⊥).
Hence the Lorentz force covariance (~F if, and only if ~F ′)
must occur from the sum of the components due to the fields.

It is the role of theoretical physics to join efforts to in-
vestigate a set of transformations that encompass Galileo’s
transformations and maintain the covariance of the force vec-
tor. This effort became known as the Lorentz covariance or
“Principle of Special Relativity” which refers to the property
of certain physical equations not changing their forms in iner-
tial frames. It is equivalent to the idea that the laws of physics
must take the same form in all inertial frames of reference.
This expression for the electrodynamic force occurs in:

~F =
d

dt


 m~v√

1− [
v
c

]2


 = q ~E + q(~v × ~B),

~F ′ =
d

dt′


 m~v′√

1− [
v′
c

]2


 = q ~E′ + q(~v′ × ~B′), (5)

the term

γ =
1√

1− (
v
c

)2

appears in the definition of physical quantity (see the deduc-
tion of Eq. (5) in the Appendix A). Equation (5) makes ev-
ident the Lorentz force covariance: the same forms in iner-
tial frames. But note that in addition to the force, there are
quantities such as speed and electric and magnetic fields that
are involved. Therefore, in electrodynamics, we have to dis-
cuss the covariance of the force and the electric and magnetic
fields. The speed of electromagnetic radiation is very high
compared to the speeds of cars and planes, for example. The
invariance for high speeds has been largely explained in the
TSR,, the high-speed mirror case discusses this high-speed
invariance. Then the Lorentz transformations for the force
in the inertial framesO andO′ in which the chargeq moves
along thex axis are given by

Fx = F ′x, Fy =
F ′y
γ

, Fz =
F ′z
γ

. (6)

To see how the components of the two fields transform,
consider an electric and magnetic field and two different in-
ertial frames of reference. The reference framesO andO′

have coincident axes and relative motion alongx. Combin-
ing them one at a time with the electromagnetic force cor-
responding to each frame that moves parallel to the speed
(O′), we have: ~F ′‖ = q ~E′, note that in this frame~B = 0,
because~vr = 0. However we have that in the frameO,
~F = q( ~E + ~v × ~B), because~vr 6= 0. The Lorentz trans-
formations for the components of the electric field are given

by:

E′
x = E′

x, E′
y = γ(Ey − vBz),

E′
z = γ(Ez + vBy). (7)

We can take the direction of relative speed arbitrarily and
add the components of the electric field that are parallel (‖)
and perpendicular (⊥) to the direction velocity,

~E′
‖ = ~E‖, ~E′

⊥ = γ
(

~E⊥ +
[
~v × ~B

])
. (8)

But now, in the frameO′ the charge particleq moves
along they′ axis being the electromagnetic force~F ′ =
q ~E′ + q(~v′ × ~B′) and its components:

F ′x = q(E′
x + v′zB

′
z), F ′y = qE′

y,

F ′z = q(E′
x + v′yB′

x).

In the frameO the magnetic force is also due to~F , taking
into account that the speed has components in both thex and
y directions and the transformation of speeds between frames
is given by

vx = v, vy =
v′y
γ

, vz = 0.

With this information, the components of the force be-
come

Fx = q(Ex + vyBz), Fy = q(Ey − vxBz),

Fz = q(Ez + vyBy − vyBx)

With the components of the force in each reference frame
and combining once again with the equations of transforma-
tions of the force in Eqs. (6) we finally find how the magnetic
field is transformed:

B′
x = B′

x B′
y = γ

(
By +

v

c2
Ez

)

B′
z = γ

(
Bz − v

c2
Ey

)
. (9)

We can also take, as before, the direction of the relative
speed in an arbitrary way and add the components of the elec-
tric field that are parallel (‖) and perpendicular (⊥) to the di-
rection of the speed leaving the more general expression:

~B′
‖ = ~B‖, ~B′

⊥ = γ
(

~B⊥ −
[
~v × ~E

])
. (10)

The results for the transformation of the electric~E and
magnetic ~B fields in Eqs. (8) and (10) contain important
information. It is possible to see that the components that
are parallel to the relative speed of the reference frame do
not change when changing the frame of reference, however,
the perpendicular components suffer a mixture of electric and
magnetic fields. These transformations, in the context of the
Theory of Relativity, introduce the concept of relativity in the
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electric and magnetic fields, showing their dependence on the
relative movement of the observer.

In this way, with the connection established through the
Lorentz transformations of the fields, it makes no sense to
think of them separately, since together they form what we
call the electromagnetic field. Thus, a field that is seen to be
only electric ~E or magnetic~B in one frame, is observed in
another frame as having components~E and ~B. Covariance
cannot be understood with the electric and magnetic fields
separately, the covariance occurs about the electromagnetic
field. Note that the Lorentz force covariance led to the elec-
tromagnetic field covariance.

The transformations between fields solves the problem of
covariance against inertial references in Maxwell’s equations,
for example, in the third equation (Faraday- Henry’s law),

~∇× ~E = −∂ ~B

∂t
.

We have that:

• In the frameO:

∂

∂x
Ez − ∂

∂z
Ex =

∂

∂t
By.

• In the frameO′:

∂

∂x′
E′

z −
∂

∂z′
E′

x =
∂

∂t′
B′

y.

Equations (7) and (9) take the third equation (Faraday- Henry
law), in the frameO′:

∂

∂x′
E′

z −
∂

∂z′
E′

x =
∂

∂t′
B′

y

∂

∂x′
(γ[Ez + vBy])− ∂

∂z′
Ex

=
∂

∂t′

(
γ

[
By +

v

c2
Ez

])
.

The detailed deductions for the covariance of Maxwell’s
equations against Lorentz’s transformations can be seen in
Ref. [18].

Shockingly, Maxwell showed that the equations govern-
ing electrodynamics could also be combined in a way that
would provide us with the wave equation for the electric and
magnetic field vectors [19]. A consequence of the wave equa-
tion is that it is not invariant in the face of transformations
(Eqs. (2)). However, it is invariant for

x′ = γ(x± vt), y′ = y, z′ = z,

t′ = γ
(
t− vx

c2

)
. (11)

These transformations are known as Lorentz transforma-
tions.

2.3. Step 3

Step 3 consists of removing the inconsistencies presented in
step 1 through the Lorentz transformations. In TDS, steps 3
and 4 are where the Validation Situation occurs through the
removal of inconsistencies (step 3) and the technologies ex-
tracted from the new knowledge (step 4).

The intrinsic relationship between the electric and mag-
netic fields, which is directly related to the covariance of the
Lorentz force, is the key to answer the possible inconsis-
tency raised in situations 1 and 2. Two observers in two iner-
tial frames can’t see two distinct movements for the charge.
There is a single cause foremf in situation 2.

The covariance of the wave equation leads to the invari-
ance of the speed of electromagnetic radiation (light), so the
value of the speed of light does not depend on the inertial
frame. This is the key to responding to possible inconsisten-
cies in situations 3 and 4.

The Michelson and Morley experiment supports the in-
variance of the speed of light. Therefore, there is no support
for the ether hypothesis. If the speed of light is independent
of the inertial frame, then the boy will see his face reflected
even at high speed.

2.3.1. Magic carpet

According to Professor Cláudio Jośe de Holanda Cavalcante,
IF-UFRGS [20]:

The basic error that leads to the false conclusion that
the boy would not see the sphere accelerate is to dis-
regard the transformation of the electric and magnetic
fields between different inertial references.

Assuming that the girl’s frame withO and the boy’s frame
asO′, we have for the fields:

~E′ = ~v × ~B, (12)

~B′ = ~B. (13)

Equation (13) states that the magnetic fields experienced
by the girl (O) and the boy (O′) are the same. Equation (12)
states that the electric field experienced by the boy (O′) is
perpendicular to the magnetic field, so that~E′ exerts a force
on the sphere.

The results of Eqs. (12) and (13) can be obtained through
the Lorentz transformations, more explicitly:

~E′ = γ(~v × ~B), (14)

~B′ = γ ~B. (15)

with

γ =
1√

1− (
v
c

)2
,

and forv ¿ c, we haveγ ≈ 1, [21].
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Knowing that: i)~E = ~E‖+ ~E⊥ and ~B = ~B‖+ ~B⊥ with a
velocity component parallel to~E‖ we havecos(θ) = | ~E‖|/E

between~E and ~E‖ or ~v, from these we have: ii)~E‖ =
E cos(θ)(~v/v). In a similar way: iii) ~B‖ = ( ~B · ~v)(~v/v).
Combining the last results with the relativistic transforma-
tions between fields (8) and (10), we arrive at:

~E′ = γ( ~E + ~v × ~B)− (γ − 1)
~E · ~v
v2

~v,

~B′ = γ

(
~B − ~v × ~E

c2

)
− (γ − 1)

~B · ~v
v2

~v,

As ~E = 0 because the sphere is in the reference frames
O′ (in the boy’s hands), and sincev ¿ c, thenγ tends to 1
and ~E′ = ~v × ~B. Putting ~E = 0 in the relation of~B′ and
~B · ~v = 0, since~B is perpendicular to~v, so ~B′ = ~B with γ
tending to a 1 [20].

According to Alberto Gaspar [9]:

The electromagnet generates not only a magnetic field,
but an electromagnetic field, whose vectors magnetic
and electric fields are interrelated according to the rel-
ativistic transformations.

Both the girl and the boy will see the same movement for
the sphere, as in both references the sphere will be affected
by the electric and magnetic field. The sphere will not be at
rest in relation to the boy.

2.3.2. Spiral on rails

As in the case of the magic carpet, we will suppose that the
observer who sees the movement is theO frame and the ob-
server who is in motion is theO′ frame.

From the Lorentz transformations for the electric and
magnetic field we can obtain a better understanding of what
occurs in theO′ frame. For that, it is convenient that we use
the transformations of the fields proposed in Eqs. (8) and
(10). Recall that in the frameO, the electromagnetic field
manifests as purely magnetic,~B 6= 0 and ~E = 0.

From the transformations we obtain:

~E′
‖ = 0, ~E′

⊥ = γ(~v × ~B),

and

~B′
‖ = ~B‖, ~B′

⊥ = γ ~B⊥,

with

~v × ~B = ~v × ~B⊥ =
~v × ~B′

⊥
γ

=
~v × ~B′

γ
,

we find that:

~E = ~v × ~B. (16)

The result found shows that in fact what the electron ex-
periences in the frameO′ is an electric field, where~v is the

relative speed between the frames. And, it is this electric field
that will give rise to anemf. Another important fact is that
the force acting on the electric charge is given by the same
Lorentz force equation used in the frameO, ~F = q(~v × ~B).
It is important to note that in theO′ frame there is both an
electric and magnetic field, in contrast to what the observer
in theO frame considers to be only a magnetic field.

ObserverO perceives the movement of the chargeq on
the coil, and consequently a Lorentz force. The electromo-
tive force will be given by:

ε =
1
q

∫
~F · d~l =

∫
~E · d~l

=
∫

(~v × ~B) · d~l = −vBl. (17)

Note that:

• ~v perpendicular to~B;

• The square loop has sidel;

• ~E is obtained from Eq. (16);

• The negative sign is due to~v being in the negative di-
rection.

The observerO′ does not perceive the movement of the
chargeq on the coil, and consequently, there is no Lorentz
force. But from the magnetic field flow

Φ(B) =
∫

~B · d ~A = Bls,

beings only the part of the loop that enters the field.
According to the Faraday-Henry law∂ ~B/∂t creates~E,

then theemf:

ε =
∫

~E · d~l = −dΦ(B)
dt

= −Bl
ds

dt
= Blv. (18)

With this situation, it becomes clear by using relativity
that it does not make sense to think of the independent exis-
tence of electric and magnetic fields, and that these assume
a relative character. Thus, both an observer inO andO′ are
correct in their respective observations, with no preferable
reference frame with respect to any other. What one observer
interprets to be a magnetic process, another observer inter-
prets to be an electrical process.

2.3.3. Ether

Ether emerged as a reference frame needed for the laws of
electrodynamics and, in the at the end of the 19th century,
Michelson and Morley (1887) devised an experiment to mea-
sure the speed of the Earth with respect to ether [22]. Figure
4 illustrates the Michelson and Morley interferometer.

According to Baldiotti [24]:
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FIGURE 4. Michelson and Morley interferometer [23].

• In this apparatus, a coherent beam of light is divided
into two beams by a partially silver plate. The two
beams are reflected by mirrors that are at the same dis-
tanceL and recombine. If we imagine that the light
propagates in the ether and that it is at rest concerning
the apparatus, both beams will travel the same distance
and recombine constructively. Now, if the light propa-
gates in the ether (as the sound propagates in the air) it
is the ether that moves with a speedv concerning the
apparatus, the beams will travel different distances and
recombine out of phase.

The distance between plateB and the plateC is given by

d2
c = L2 + (vtc)2,

wherev is the speed of propagation of ether andtc is the
time for the electromagnetic radiation travel theAB distance.
Since the speed of radiationc, we have to:dc = ctc. Com-
bining the two previous equations, we have

tc =
L/c√

1− (
v
c

)2
= γ

L

c
, (19)

where
γ =

1√
1− (

v
c

)2

is the Lorentz factor. The distance traveled by the radiation
perpendicularly tov is given by:

L⊥ = 2dc = 2γL. (20)

The distance between plateB and the plateE is given by

dBE = L + vtBE ∴ dBE = L

(
1 +

v

c− v

)
,

and the distance for the beam to return:

dEB = L− vtEB ∴ dEB = L

(
1− v

c + v

)
.

The total distance is given by:

L‖ = dBE + dEB

= L

(
2 +

v

c

[
1

1− v
c

− 1
1 + v

c

])
= 2Lγ2. (21)

The different values ofL⊥ andL‖ make it possible to
detect variations in the ether speed through the interference
fringes in the composition of the outgoing beams [24]. The
experiment did not detect any difference in the speed of the
beams; hence, the conclusion was that there is no relative
speed between Earth and ether. Given the evidence from the
experience of Michelson and Morley, we see that a model of
a reference frame associated with ether for electrodynamics
is unsustainable.

2.3.4. High speed mirror

At this point, we already know that Galileo’s transformations
lead to inconsistencies in electromagnetism, and the equa-
tion that describes the propagation of the electromagnetic
wave is not covariant in the face of Galileo’s transformations
(Eq. (2)), but it is covariant in the face of Lorentz’s transfor-
mations (Eq. (11)). The deduction of Lorentz transformations
starts from the hypothesis that the speed of electromagnetic
radiation is invariant in inertial frames.

Let O be the frame at rest, and letO′ be the frame in a
straight, uniform motion. Consider the case where the origins
coincide att = t′ = 0 andO′ is in motion with velocityv
parallel to thex axis. If the particle has velocityvx in frame
O, its velocity in frameO′ is

v′x =
dx′

dt′
=

dx

dt
− v = vx − v,

assumingx′ = k(−vt) andt′ = a(t− bx).
After a timet, the light pulse reaches point A atr = ct,

of the frameO, so that:

x2 + y2 + z2 = c2t2

x′2 + y′2 + z′2 = c2t′2

After some algebraic manipulation, we recover Eqs. (11)
from which the formulas for velocity-addition are derived.
Suppose that a particle travels a distancedx in an intervaldt,
in the frameO. The velocity in the frameO′ is obtained from

v′ =
V − v

1− v
c2 V

,

where,V is the speed of a massive structure in relation toO
andV ′ be the speed of a massive structure in relation toO′
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(see Appendix A). Considering an electromagnetic wave that
propagates in the direction of thex axis (V = c), then:

v′ =
c− v

1− v
c

= c. (22)

From the law of speed addition we can find in a simple
way the same result of the Fresnel’s theory. Calling the speed
of a massive structure in relation toO, with refractive index
n, of V = c/n, if the speed of the medium is opposite to the
speed of light. From the speed addition we have:

c
n + v

1− vc
nc2

≈ c

n
+

(
1− 1

n2

)
v,

for v2 ¿ nc, where1/n2 = ρe/ρf .
The previous equation confirms the results predicted in

the Fresnel and Stokes models without the need for the exis-
tence of ether.

The speed of electromagnetic radiation is invariant for all
inertial frames, so it is impossible for the boy not to see him-
self in the mirror.

2.4. Step 4

In TDS, the adidactic situation is ended in the validation
stage. One way to validate the dynamics of action and vali-
dation is to understand the technologies and applications de-
rived from the solutions of the inconsistencies. Here, we have
two derived technologies: GPS and physics. Step 4 in the
TDS deals with the situation of validation and institutional-
ization.

GPS and nuclear physics are part of students’ daily lives,
so these technologies give meaning to all efforts to under-
stand the importance of LTs in electrodynamics.

In the last situation, the teacher must clarify the objectives
through the knowledge acquired in the previous steps. Insti-
tutionalization, in the teaching of mathematics according to
Guy Brousseau, is accomplished through the formalization
and generalization of knowledge.

The present work has as an objective to implement the
TDS in theoretical physics and for that we have to differenti-
ate the knowledge acquired in Mathematics from the knowl-
edge acquired in Physics. In Physics, the guiding principle
of the theory plays an important role, for example, we have
the principles of conservation. The idea of the postulate of a
physical theory arises to guide and direct the whole theory.

The situation of institutionalization of work related to
Physics calls attention to add principles and postulates to the
mathematical formulation, thus in the generalization of the
knowledge of topics in theoretical physics, they are also as-
sociated with principles and postulates.

The discussion of problematizations is closely related to
the covariance of the laws of physics in inertial references.
Therefore, both the observer at rest and the observer in uni-
form rectilinear motion must view the phenomena of elec-
tromagnetism in the same way. This intuition leads to the
understanding of STR which is based on two postulates:

1. The laws of physics (mechanics and electrodynamics)
take the same form for any inertial reference;

2. The speed of light in a vacuum isc for any iner-
tial frame regardless of the movement assumed by the
source.

The first postulate says that it is not possible, through
purely mechanical or electromagnetic experiments, to infer
to the observer what the state of movement of the reference
system is. As for the second postulate, it is an immediate
consequence of the first, otherwise, there would be the pos-
sibility of distinguishing an inertial referential from another
also inertial, which would imply the existence of an absolute
system.

Both postulates are supported by LTs, which relate dis-
tances and times. This leads us to important results that
were very well understood by Einstein. The first is the phe-
nomenon of time dilation, observed when two inertial ob-
servers in relative motion decide to measure the time interval
between two events. Therefore, we have to,

∆t =
∆t′√

1− (
v
c

)2
. (23)

Another important result, closely linked to time dilation
is the contraction of the dimensions of objects in the direction
of analysis of the movement known as contraction of lengths:

l =

(√
1− v2

c2

)
. (24)

In Eq. (22),∆t′ represents the time interval between two
events measured by an observer in frameO′, and∆t the time
interval measured by an observer in frameO that sees frame
O′ moving in uniform motion with velocityv. In Eq. (23),
the length of the bar measured in the frame in which it is at
rest is called its length calledl0.

In addition to temporal expansion and contraction of
spaces, the conceptual change also occurs with mass, mo-
ment, and energy within the STR.

We can highlight two applications for the theory of rela-
tivity: GPS and nuclear energy.

2.5. Global Positioning System

The Global Positioning System (GPS) is a localization tool
widely found today. It is used for navigation of vessels, air-
planes, and vehicles and is at hand with computers and smart-
phones.

This technology became possible due to the efforts of
aerospace engineering and telecommunications, basically a
system of satellites that emit radio signals synchronized by
atomic clocks corrected due to time dilation. We have here
three areas of physics that communicate: electrodynamics
(radio signals), mechanics quantum (atomic clocks), and STR
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FIGURE 5. Summary of the didactic proposal worked on the proposed topics of theoretical physics.

(time dilation). This communication requires a understand-
ing of the mathematical equations that make possible the ac-
curacy of information via GPS [25].

A given information from a single GPS receiver requires
four pieces of information via four satellites modeled using a
system of four equations:

4∑

i=1

(
[x− xi]2 + [y − yi]2 + [z − zi]2

)

=
4∑

i=1

c2(t− ti)2.

We know that the speed of the radio signal isc = 300, 000
km/s so that an accuracy of 5m in position requires an accu-
racy of 5 nanoseconds [25]. The term(t − ti)2 should be
corrected due to the time dilation for physical entities that
move at high speeds.

2.6. Nuclear energy

A direct consequence of STR is the equivalence between
mass and energy. This made possible the use of a new form
of energy, namely: nuclear or atomic energy. Nuclear energy
accounts for 16% of the energy produced in the world to-
day [26]. Nuclear plants are more concentrated in the north-

ern hemisphere, mainly in western Europe and North Amer-
ica. The electricity generated in a nuclear plant comes from
the heat produced in the nuclear fission process. In this, the
atomic mass is divided releasing energy.

The relationship between mass and energy is expressed
by the equation:

E =
m2

0√
1− (

v
c

)2
−m0c

2. (25)

Since the speed of lightc is invariant, we have that energy
is a function of the resting mass:E = f(m0). In such a way,
a particle, although at rest, has the energy that is associated
with mass. “So we have to replace the classic conservation
laws, separately from mass and energy, with a single law of
conservation of total relativistic energy: the total relativistic
energy of an isolated system remains constant” [27].

The dynamics proposed to be worked on in the TSD are
summarized in Fig. 5. Basically, the dynamics consist of di-
dactic and adidactic situations in which the milieu deals with
topics in theoretical physics that require an advanced knowl-
edge of mathematics. Figure 5 shows that Galileo’s transfor-
mations support covariance within dynamics, but that they do
not support covariance in electromagnetism, this is contextu-
alized utilizing inconsistencies. The effort to make Lorentz’s
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force invariant led to the covariance of the electromagnetic
field and Lorentz’s transformations. From a new set of trans-
formations, inconsistencies are removed and new technolo-
gies are created. The physics that treats objects at very high
speeds is modern physics and must be treated through the
Lorentz transformations.

A good exercise is to approximate the speed much less
than that of light in Lorentz transformations. The stu-
dent must be encouraged to understand that Galileo’s set
of transformations is embedded in Lorentz’s set of trans-
formations, therefore modern physics encompasses classical
physics. Therefore, there is no substitution, but a comple-
ment.

3. Conclusion

A good exercise is to make the speed much less than that of
light in Lorentz transformations. The student must be pro-
voked to understand that Galileo’s set of transformations is
inserted in Lorentz’s set of transformations, therefore mod-
ern physics encompasses classical physics. Therefore, there
is no substitution, but a compliment.

For this we started from four situations that lead to the
following questions: i) can different observers observe differ-
ent movements for the charge? ii) can the same electromotive
force be caused by different fields? iii) can the same value for
the speed of light, in different inertial reference frames, make
the ether hypothesis unsupported? v) how can a boy look in
the mirror and not see his face?

The answers to these questions cannot be found with the
use of the set of transformations commonly used in dynamics
(Galileo transformations). The answer depends on the under-
standing of covariance in electrodynamics, thus resulting in
a new set of transformations (Lorentz transformations) that
answer the initial questions and are key understanding of ev-
eryday technologies (GPS and nuclear physics).

This paper suggests a set of practices centered on TDS
and a text for use in university courses for the training of
physics and mathematics teachers. In the set of practices,
we distinguish didactic and adidactic moments guided by a
narrative from problem situations solved using previous and
recently acquired knowledge of physics.

The difficulty of understanding electrodynamics and the
special theory of relativity, as well as the relationships be-
tween these two theories, calls for the application of peda-
gogical methods. We understand that TDS can be applied to
theoretical physics, for this we suggest a narrative and a set
of practices.

Appendix A

The transformation of forces into inertial references, accord-
ing to STR, depends on the transformation of velocities and
changes in the definition of momentum. Let the inertial frame
O: (x, y, z, t) and the inertial frameO′: (x′, y′, z′, t′) with

constant speedv in the x direction, letV be the speed of a
structure massive in relation toO e letV ′ be the speed of a
massive structure in relation toO′. According to the transfor-
mations:

dx′ =
dx− vdt√
1− (

v
c

)2
, (A.1)

and

dt′ =
dt− v

c2 dx√
1− (

v
c

)2
, (A.2)

Therefore, the transformation of velocities, according to
STR, is given by

v′ =
dx′

dt′
=

V − v

1− v
c2 V ′ , (A.3)

for V = dx/dt.
The moment must be redefined so that the energy conser-

vation principle remains valid for the STR. This is possible
by admitting that the mass may vary in inertial references.
The mass is then defined bym = m0/

√
1− (v/c)2, where

m0 is the resting mass. The force is then defined, according
to the new moment by

F =
d

dt


 m0V√

1− (
v
c

)2




=
m0

dV
dt

3/2
√

1− (
v
c

)2
, (A.4)

in referenceO. Similarly, we have for referenceO′:

F ′ =
m0

dV ′
dt

3/2
√

1− (
v′
c

)2
,

and knowing thatd/dt′ = (dt/dt′)(d/dt) and thatdt/dt′ =√
1− (v/c)2/(1− [v/c2]V ), we have:

F ′ =
m0

dV ′

dt
3/2
√

1− (
v′
c

)2
. (A.5)

The relationship between Eqs. (A.4) and (A.5) depends
on the relationship betweendV/dt and dV ′/dt. Knowing
that dV/dt = a, dV ′/dt = a′ and (A.3), wherea anda′

are accelerations in relation toO andO′ respectivamente, re-
spectively, we have that:

a′ =
a

(
1− v2

c2

)

(
1− v

c2 V
)2 . (A.6)

The consideration that the massive structure is at rest in
relation toO′ (V ′ = 0), leads toV = v and:

F ′ =
m0a

3/2
√

1− (
V ′
c

)2
= F, (A.7)

being Eq. (A.7) the invariance of the force in STR.
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dactique des mathématiques, Rech. Didact. Math. 7
(1986) 33, https://revue-rdm.com/1986/
fondements-et-methodes-dela/ .

7. P. J. Magalh̃a es Teixeira and C. C. Manso Passos, Um
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