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1. Introduction braic techniques to evaluate the thermodynamic functions
of different diatomic molecule systems. They also calcu-
Numerous studies have been carried out on the propefated the number of bosons per electronic state for the di-
ties of quantum mechanical systems in the nonrelativistiGitomic molecules considered. Valencia-Ortega and Arias-
regime [1]. This has been achieved via the solutions oHernandez [44] studied a one-dimensional microscopic sys-
the Schédinger equation (SE) with various potential mod- tem for the generalized Morse potential (GMP), describing
els. Different techniques and approximation approaches havgcal anharmonic effects. The authors obtained some thermo-
been used over the years to obtain the solutions of the SBynamic functions for a heteronuclear diatomic system (HCI)
[2-13]. The most commonly used method is the Nikiforov-and compared these functions with that of the Morse poten-
Uvarov (NU) method [14], as applicable to our studies.tial, graphically. In addition, a relationship between the GMP

Several potential models have been studied using the Nind the Eckart potential was established u§i6g2, 1) alge-
method. These include Hulthen Potential [15, 16], generpras.

alized Hulthen potential [17, 18], Kratzer Potential [6, 19],
Wood-Saxon Potential [20], Deng-Fan molecular potentials Recently, Boumali [45] presented the closed-form ex-
[21], Manning-Rosen Potential [22-24], Yukawa potential pressions of the vibrational partition function and other re-
[25-27], just to mention a few. lated thermodynamic functions for the one-dimensional g-
In addition, different potentials have been combined fordeformed Morse potential energy model, using the Euler-
wider applications. Examples of such combined potentialgaclaurin method [46]. Also, the thermal properties of
include Manning-Rosen plus Hulthen potential [28], Hulthenthree dimensional Morse potential for some selected diatomic
plus a Ring-Shaped like potential [29], Hulthen plus Yukawamolecules were obtained [47] using Euler-Maclaurin method.
potential [30], Manning-Rosen plus a class of Yukawa potenSimilarly, the thermodynamic functions of some potential
tial [31], and others [32, 33]. models have been studied for some diatomic molecule sys-
Before now, various potential models have been emtems recently [35, 48-50]. More recent studies on ther-
ployed to study the thermodynamic functions of differentmodynamic and thermochemical functions for various di-
guantum systems, with the help of numerous techniqueatomic molecule systems have been reported in the litera-
[34-42]. Angelova and Frank [43] employed the Lie alge-ture [51-56].
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In this study, we are motivated to extend the work of Ah-where ¢, is the radial wave functionf. is the reduced
madovet al. [31] to thermodynamic studies, with respect to Plank’s constanty is the reduced mass(l + 1)/r? is the
temperature. This study has not been carried out before teentrifugal barriery;,,, is known as the spherical harmonics,
the best of our knowledge. The applications of this studywith n andi being the radial and orbital angular momentum
spans from the vibrations of diatomic molecules in molecu-quantum numbers, respectively. To get rid of the centrifugal
lar physics to the description of charged particles in plasméarrier in Eq. 6), we use the Greene and Aldrich approxima-

physics, etc. tion scheme [60,63]
The Manning-Rosen potential considered in this work is
defined as [57-60] 1 4gPer 1 26e7°" ©)

2T 22 (] — o—2or)
2 Ja(a—1)e27/4  Ae=7/d ' (=™ ro(1=em )

- 1)

VMR(T):2Md2 (1—e—r/d)2 (1—e-r/d) ]’

By employing the Greene and Aldrich approximations

_ ) ) scheme of Eq.[6), and an assumptioh/d = 26 on Eq. B),
whereA ando are two dimensionless parameters dnisithe  the combined potential becomes

range of the potential. On the other hand, a class of Yukawa

potential is defined as [31] Vi ge—4or Vone—207
V(r) = — 22 = Y )
—or !/, —20r (1 —e€ ) (1 —e€ )
Voe Vye
Vey(r)=—-———-—5—. ) . :
U r Here, the following parameters are defined as follows:

Here, 1/6 is the potential range andy is the potential
strength. The linear combination of the Manning-Rosen and ~ Via = (Vi +Va),  Vag = (Va2 + V3),

a class of Yukawa is given as follows: v 22520 (o — 1)
1 = Y
V) 2 Ja(a—1)e /4 Ae=/d M -
2M d? (1 — e‘r/d)Q (1 — e—T/d) Vi = _452‘/—0/’ Vo = 2h%6 A7 Vs = 26V. (8)
—or /,—28T M
e e )
r r2 By substituting Eqgs. @) and [7) into Eq. 5), the radial SE
This study is organized as follows: In Sec. 2, we solve thebecomes
radial Schodinger equation with the Manning-Rosen plus a A2 (r) 2 2Vaz €27
class of Yukawa potential (MRCYP) and obtained its cor- a2 + [hQEnz + 2 (1—e2m)
responding eigensolutions via the Nikiforov-Uvarov (NU)
method. The procedure of the NU method is presented ouViy e tor )
in Appendix A. The thermodynamic functions of the com- TR (e 4l(1+1)6
bined potential model are evaluated in Sec. 3 using the Euler-
Maclaurin formula. Section 4 is devoted to results and dis- e~ 20r
cussion. Finally, a brief concluding remarks are presented in X m Vi (1) =0. ©)
Sec. 5.

By simplifying Eq. 9), we get
2. Solution of the Schibdinger equation with

2
combined Manning-Rosen and a class of ¢ 77”"12(’") 1_% [ €2 (1 — ey
Yukawa potential dr (1—e72m)
+ fe_Qér(l _ e—26r)
In spherical coordinates, the time-independent &dimger
equation (SE) takes the form [61]: — e " — 11+ 1)e " by (r) = 0. (10)

h The following parameters have been defined in Ed) {or
——V24V .0,0) = Ea(r,0,¢), (4 gp ,
{ 2m + (T)} ¥(r,6,9) w(r.0,9),  (4) bound-state solutiong4,; < 0):

where ¢ (r, 0, ¢) is the wave function,E,,; is the energy 9 24
eigenvalue of the particle antd(r) is the interaction po- Snl = ’WE"“
tential. By separation of variables in the wave function 2% 2%
U(r,0,¢) = LR Y1, (0, ¢), the radial part of the SE reads: €= gV V= ragz Vi (11)
MQ(T)JF%L {Enz—V(T)—l(Hl)QW} Ui (r)=0, (5) By implementing the coordinatg transformatisn= e7257"
dr h 2ur with (1) — 1b,i(s), we obtain the hypergeometric-type
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differential equation of the form
d*ni(s) (1 —35) dippi(s)
ds? s(1—s) ds

1
‘*‘m[(—giz—W—f)Sz

+ (260, + €11+ 1)) s —eny]vuls) = 0.
12)

By comparing Eq./A.1) with Eq. (12), we obtain the follow-
ing parameters:

7(s)=1-s, (13)
o(s) =s(l—s), (14)
5(s) = = (em +v+¢€) s

+ (282, + €11 +1)) s — €2, (15)

The functionr(s) can be obtained by substituting EcA.8§),
(14) and @5) in Eqg. (A.10). This gives

W(S):fgﬂ:\/(§17k)527(§271€)5+§3, (16)
where
a=en+E+y
=2 +E—11+1); @ =cn 17)

To find the expession fok, the discriminant of the expres-
sion under the square root of EQA6f must be equal to zero.
Hence, we have

kry=—(1+1) =& £2,/I(1+1)+1.

For bound-state solutions, the valid expressionif@ in the
form

(18)

ko= — (1 +1)— &) — 2510+ D) 1. (19)

The four possible functions af(s) are obtained by substitut-
ing Eq. (18) in Eq. (16). This gives

( )_ Sj: <5nl* l(l‘i’l)‘i"y)sfgnl k—i—v
YT <€nl+\/l(l+1)+’}/)8—5nl k_.
(20)

Also, we choose the expressinfis) — where the function
7(s) has a nagative derivative. This is given as

S

2 Ks"l —VIil+1) +7) 5 —enz] ., (21)

with 7(s) obtained as

r(s) =1-25 =2 (VIT+ D+ +2u) s +em. (22)

The first derative of Eq.22) satisfies the bound-state condi-
tion, as given in Eq./A.9)

7'(s) = =2 (14 VIT+ 1) 7 +2u) <0.

By employing Eq./A.11), we define the\ parameter as

(23)

A= —l(1+1)+&— 2
1

{+1)+~

I(14+1)+v — e (24)

By determinings”’(s) = —2 and using Eq.A.13), the con-
stant),, can be defined as

1
Ap =n%+2n [2+€nl+\/l(l+1)+7].

By comparing Eqs/24) and Eq. [25), we obtain the energy
spectrum with the linear combination of Manning-Rosen and
a class of Yukawa potentials (MRCYP) as

_h?e? {(HH)2 —(€+7)
2p (n+¢)

(25)

2
B = ] . (28)

where
1
C=§+ +1)+7. (27)

To calculate the radial wave function in E@.R), we first
evaluateg(s) by substitutinge(s) and = (s) from Eq. {14)
and R1), respectively into Eq.A.4) and solving the first-
order differential equation gives

o(s) = oot (1- s)%“r W+1)+y (28)

The weight functionp(s) from Eq. [A.7) can be obtained
using Eq. |A.5) as

o(s) = s2(anz—\/l(l+1)+'~/> (1- s)z./z(zﬂ)ﬂ. (29)
From Rodrigues relation of EJA(5), we obtain

n(5) = o) 2VIEDH
o +2(VIGFD) Fr—eni) (1_8)n+2\/l(l+1)+'y:|.

anfz(en,f l(l+1)+7) (1

ds™
(30)

From Jacobi polynomials, we have

2 VI 77w 2( T 77)

Xn(8)=B,Pn

By substitutingg(s) andx,,(s) from Eq. 28) and Eq. 81)
respectively into Eq./A.2), we obtain the unnormalized ra-
dial wave function as

Y(s) = Npu(s)s™ (1 —

Pj(,/l(l+1)+'y—s“z),2(\/m) (1-

whereN,,;(s) is the normalization constant.

(1-2s). (31)

5) (3+V1+D+)

2s), (32)
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3. Thermodynamic properties calculations us-
ing Euler-MacLaurin formula

where erff) is the error function and

Ay =+/—HpB/—-G?*HP, (37)
A /_G2H6
The thermodynamic functions of MRCYP can be obtained Ay =(V-HpB - Y
from the patrtition function, being the starting point to derive
all thermodynamic functions of any system [64]. The bound- 4, =V —G?*Hp _ \/fHﬂ ¢ +0) (38)
state contributions to the partition function of any system at * (+o ’
a given temperatur€ is given as [51]
v —-G?H
Az = CV/~HPB + Tﬂ;
BBt Ear) -1 V-GHB
Z(B,0) = Ze m—bo) g =(kgT)™ .  (33) Ay = T to ++vV-Hp ([ +o0), (39)
n=0
h%52
H= i G=&+7
2
Here,o is the maximum vibration quantum numbét,; are 2628 T4 G2
the energies of the combined potential modgljs the Boltz- c=vVG — ¢ J= {4 _3 } . (40)
mann’s constant and is the absolute temperature. It is well 124 ¢

known that the partition function cannot be calculated exactly  iper thermodynamic properties including Helmholtz
in a closed form. As such, reasonable approximation can only e energyF(3, o), entropyS(3, o), mean energy/ (3, o)

be obtained for high temperature wh&te— oo and for low

temperature wheré — 0 [65]. Hence, the partition func-

and specific heat capacity, (5, o) can be obtained from the
partition function as given below [66]:

tion can be obtained using the Euler-Maclaurin formula. This

is defined as [45—47]

S oy i e S B e
3 fla)y=5 00+ / flaldo= 3 ok 150

(34)

where By, are the Bernoulli numberg;(?»~1) s the deriva-
tive of order(2p — 1). Takingp up to3, we obtain

o
o0

2(5.0) = 5+ [ fwyin - > B0, (@)
J :

wheref(n) = e #En—FEo) B, = 1/6 andB, = —1/30.

F(B,0) = —% In Z(8, 0);

S(B,0) =kplnZ(B,0) — kBﬁg InZ(8,0);

op
B 8an(5,a).
U(ﬁ70) - 85 3
2 82
Co(.0) = k5 5 W Z(8,0). (41)

4. Results and discussion

In this study, we solved the time-independent SE with the
MRCYP and obtained the analytical expression for its en-
ergy eigensolutions in closed form using Nikiforov-Uvarov
method, as given in Eqs26) and B2), respectively. Numer-

ical results of the energies have been presented for different
screening parameters and quantum states in Table |. Through-
out our analysis, the following parameters have been em-
ployed:h=1; Vo=1;, M=1, p=1, a=0.175

By employing the Euler-Maclaurin formula, the expres-andVg = 0.1. The bounded energies shown in Table | are
sion for the partition function of Manning-Rosen plus a classS€€n to increase with an increase in quantum states, when

of Yukawa potential (MRCYP) is obtained as

VT
4/—HB
X [erf(Al) + erf(Ag)

+ et (erf(Az) — erf(A4)) ] — J,

2(8,0) = 5 - exp | Foy — 2GHB — 2 Ay |

(36)

considering a particular screening parameter. Also, an in-
crease in the screening parameter results in a decrease in en-
ergy for a specific quantum state.

The variation of the bounded energies with certain param-
eters and quantum numbers is displayed in Fig. 1. In Fig. 1a),
the energies decrease with an increasgfor different quan-
tum states. At a particulay, F,,; increases while increasing
n andl. The energies decrease with an increas&girfor
different quantum states, as shown in Fig. 1b). Ata specific

Rev. Mex. Fis. 9020204
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FIGURE 1. Variation of energy eigenvalues of MRCYP with restepct té;d)) Vo; ¢) p; d) n; and e)l, for various quantum states.

Rev. Mex. Fis. 9020204



M. RAMANTSWANA, A. N. IKOT, G. J. RAMPHO, C. O. EDET AND U. S. OKORIE

TABLE |. Energy eigenvalues of MRCYP for different screening parameters and quantum states.

0.04343734854
0.03209761056
0.02500506086

0.04164520098
0.03031738282
0.02323593189

0.02580015834
0.01530837738
0.009114176240

n l —En
6 = 0.0001 6 = 0.001 0 =0.01
0 0 —0.2047860794 —0.2056459966 —0.6940114185
0 0.1618605870 0.1607692012 0.5135365490
2 0 0.2659258174 0.2640362978 0.2454376935
1 0.1405236150 0.1386819594 0.1209335323
3 0 0.1483481473 0.1465026002 0.1286106270
1 0.08770339890 0.08588439030 0.06874269910
2 0.05785981880 0.05605700625 0.03959817075
4 0 0.09306815480 0.09124584530 0.07394246325
1 0.05987399025 0.05806990360 0.04154688244
2 0.04218571795 0.04039467676 0.02462098684
3 0.03178274934 0.03000293314 0.01502520083
5 0 0.06342586895 0.06161884650 0.04491373596
1
2
3
4

0.02008839780

0.01833050216

0.005177749845

Vo, the energies increase with an increase in the quarMaclaurin formula. The partition function and other ther-
tum states. In Fig. 1c), the energies increase sharply at modynamic function expressions are given in EG$) @nd
zero reduced mass. Further enhancement ofsults in a  (41), respectively. The variation of the partition function with
monotonous decrease in energies for the quantum states caemperature for different screening parameter and quantum
sidered. The monotonous decrease in energy is seen to kB&tes are given in Figs. 2a) and b), respectively. It is ob-
sharper fom = 2 andl = 1, as compared to other quantum served that the partition function first increases sharply at
states. Figure 1d) shows a monotonous increase in energiesro temperature and later remains constant at unique val-
as the principal quantum number, increases for different ues corresponding to the screening parameters and quantum
orbital angular momentum quantum numbdeFor a specific ~ states considered, as the temperature is increased. In Figs. 3a)
n, E,; increase with an increaseinFigure 1e) also shows a and b), the free energy respectively decreases linearly while
monotonous increase if,; asl increase for different. For  increasing temperature for different screening parameters and
a specifid, E,,; increase while increasing. quantum states considered. There exists a monotonous in-
The analytical expression for energy given in E26)(is  crease in mean energy as temperature is increased first for
employed to obtain the expressions for partition function andlifferent screening parameter and quantum states, as shown
other thermodynamic functions with the help of the Euler-in Figs. 4a) and b), respectively. Further enhancement of tem-

140[ s e e s 25 , : : : :
20 7 1 ;’f
I = = §=0.0001 201§ = = n=2I=1 1
L i s 5 = 0,001 if ° ¢ haE L e
' 15 s ]
N - 1 —= §=0.01 n=41=3
N D ————
60| ; P T T T T T
T e e R A S e . 10}4 1
40 s ———————— £
S §
20 £ 5% ]
0 "
0
a) . 9 i * . 5 b) ° 10 20 30 40 50
T (K} T K)

FIGURE 2. Variation of partition function with temperature for a) variausalues; b) various. and/ values.
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FIGURE 4. Variation of mean energy with temperature for a) varidwglues; b) various. and! values.

200 300
= = §=0.0001 250 | £ - = n=21=1
150 SRl : .
e e 4 =0.001 ~200}|: mEg=2
| | H
= At B i 2 n=4,7=3
= 100 5=0.01 = 150/ |
% L
“ 2 100
50
50
0 E e MIE =
a) 0.0 0.2 0.4 0.6 0.8 1.0 b 0.0 0.2 0.4 0.6 0.8 1.0
T (K) ) T (K)

FIGURE 5. Variation of free energy with temperature for a) variduslues; b) various. and! values.
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FIGURE 6. Variation of specific heat capacity with temperature for a) varibuslues; b) various andi values.

Rev. Mex. Fis. 9020204



8 M. RAMANTSWANA, A. N. IKOT, G. J. RAMPHO, C. O. EDET AND U. S. OKORIE

perature in both plots results in the mean energy becominghere the wave functiop(s) in Eq. (A.2) is defined as a

saturated at the origin. logarithm derivative [14]

In Figs. 5 and 6, we observe a sharp increase in entropy
and specific heat capacity to a unique value at a temperature dé(s) _ B dp(s) _ m(s) (A.4)
value called Critical Temperature, for different screening pa- d(s)  p(s) d(s)  o(s)’ '

rameters and quantum states. Furthermore, the entropy and ) ) ) o
specific heat capacity begin to reduce monotonously as thandm(s) is at most a first-degree polynomial. Similarly, the
temperature is increased. Beyond a temperatudeldf, the ~ Second wave functiory, (s) in Eq. {A.2) is a hypergeometric
entropy and specific heat capacity for the screening paramdunction given by the Rodrigues relation

ters and quantum states considered becomes saturated at the

origin. At this point, much energy can no longer be absorbed. Xn(s) = ﬁj—n [0"(s)p(s)], (A.5)
This is because the excited states of the system are fully oc- p(s) ds
cupied.

whereB,, is the normalization constant ap¢k) is the weight
function given by

do(s) _ 1 dpls) _7(5)=0'(s) g
In this research, we first solved the radial part of the time- d(s) o s) d(s) B o(s) ’ )
independent Scidinger equation (SE) containing manning-

Rosen plus a class of Yukawa potential (MRCYP) modelsatisfying the condition

using the Nikiforov-Uvarov (NU) method. Analytical en-

ergy eigensolutions were obtained and their corresponding 4 [0(s)p(s)] = 7(s)p(s), (A.7)
numerical results discussed with respect to different screen- ds

ing parameters and quantum states. The energy expressighere

for the combined potential was used to obtain the partition

function expression and other thermodynamic function ex- 7(s) = 7(s) + 2n(s). (A.8)
pressions with the help of Euler-Maclaurin formula in closed

form. Effect of temperature on the thermodynamic functionsror the wave functiom(s) to satisfy the (NU), the polyno-
for different screening parameters and quantum states Wefgia| () should be equal to zero at some point within the in-

discussed extensively. It is seen from our discussion that thirval(, b) and its derivative” (s) should be negative within
screening parameter and quantum states have a strong infliis interval, that is

ence on the energy and thermodynamic functions of MRCYP

considered. This study promises to be very relevant in the '(s) < 0. (A.9)

fields of atomic, particle and nuclear physics. In addition,

our results are very similar to results obtained in literature. As a result, we obtain the function(s) and parameters
required by the (NU) defined as

5. Conclusions

Appendix o) - o' (s) — 7(s)
A. Nikiforov-Uvarov Method 2
The Nikifirov-Uvarov (NU) framework is given by the i\/(al(s) —%(S)>2_&(s)+ko(s), (A.10)
second-order differential equation of the form [14] 2
6"(s) + @w,(s) G W(s) = 0, A1) A=K+ (s). (A.11)

a(s) a?(s)

wherey(s) is the function of hypergeometric-type(s) and
&(s) are at most second-order polynomials whereas, on the >~'".
other hand7(s) is at most a first-degree polynomial. To ob- | S gives
tain the exact solution for EGA(1), we set

P(s) = d(s)xn(s)- (A.2)

In order to transform in Eq/A.1) into a hypergeometric type
equation, we substitute ECAR) into Eqg. (A.1) to get

a(8)xn(s) +7(s)x7(s) + Axa(s) = 0, (A3) )\+n7’(s)+n(n2_1)0”(8)20, (n=0,1,2,..). (A.13)

The value oft in Eq. (A.11) can be obtained by setting the
giscriminant of the square root in EdA.Q0) equal to zero.
A =b? —4dac=0. (A.12)

The energy eigenvalue equation can be obtained using the re-
lation
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