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In this study, we consider (3+1)-dimensional Boussinesq equation with dual dispersion. It appears in many models of nonlinear problem
such as ocean ecology, weather forecast, wave motion and ocean engineering. We applied the Jacobi elliptic function expansion metho
in order to construct dark soliton, bright soliton and trigonometric solutions. Depending on the structure of the auxiliary dduation

v/ PF*+ QF? + R,a wide variety of solutions are obtained when special values are givéh@ R. Besides, the figures for some
solutions are given. The resulting outcomes verify that the referred method is valid and reliable for analytical technique of an extensive
application of nonlinear phenomena.
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1. Introduction engineering area such as in ocean ecology, weather forecast,

) _ ) _ ) wave motion, and ocean engineering. It is generally handled
Nonlinear partial differential equations (PDEs) are com-[39-42] by the expression

monly used to modelling different kinds of fields of nonlinear
phenomena, particularly plasma physics, solid state physics,
fluid mechanics, and optics, etc. The search of the travel-
ling wave solutions takes a substantial role in the study of  ag stated in [35, 36], it it does not posses three soli-
physical phenomena which has applications in many sciencgy, solutions nor passes the painleve test. Utilizing the Hi-
branches. _ _ _ rota bilinear method and the Riemann theta function method
A unique valid technique for solving all types of NLEES 4, (3+1)-dimensional Boussinesq equation, soliton solutions
has not been investigated yet. So many mathematiciangere found from the periodic wave solutions [43]. Khalique
and physicists are making efforts to establish more exaci; 5. constructed exact solutions with the aid of Lie symme-
solutions of them. Therefore, a great number of methy, annroach and simplest equation method. Moreover, they

ods such as sine-cosine method, tanh method, extendefs, ohtained conservation laws using Ibragimov's method
tanh method, sech-tanh method, Backlund transform metho<P44]_

homogeneous balance scheme, Painlev expansion, Exp-

function method, rational expansion method, elliptic function o ] ) ) )
method, inverse scattering, and the modified simplest equa- Yacobi elliptic function expansion method is used for find-
tion method, have been used to investigate exact solutiorf89 €xact travelling wave solutions of NLEEs in a unified

Utt — Ugy — Uggxr — Uyy — Uzz — 3(U2)$$ =0. (1)

[1-34]. way. This method provides a more comprehensive solution
The classical Boussinesq equation, set compared to other exact solution methods. This method
was first introduced by Liwet al. [45] and Fuet al. [46] in
Upr + QUgppe — Uge — bufm =0, which doubly periodic solutions of nonlinear wave equations

) ) ) were constructed. Then the method was developed and ap-
depicts the propagation of gravity waves on the surface ofjieqd in many forms. Jacobi elliptic function method is more
shallow water. Herei(z,¢) and the modified simplest equa- general than the tanh method, sine-cosine method, extended

tion method, have been used to investigate exact solutions [$5nn method and>’ /) expansion method which are widely
34]. Of the free surface of the water, and arbitrary constants \;sed in the literature. The superiority of this method com-

andb depend on both the depth of the water and characteristiﬁared with other methods is that it comprises various kinds
speed of the long waves. o of exact solutions, including periodic and exponential func-
Two-dimensional Boussinesq equation is expressed by ions. For this, the trigonometric solutions and soliton-like
solutions have also been obtained as limiting cases, when the
modulusm — 1 andm — 0, respectively.
a, b, r, ands are arbitrary constants with=£ 0. The aim of this work is to perform the Jacobi elliptic func-
In the literature three-dimensional Boussinesq equatiotion expansion method to find travelling wave solutions of
appears in the modeling of many problems in physics an@3+1) dimensional Boussinesq equation with dual dispersion

2
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2 S. SAN AND R. ALTUNAY

(B-DD). Seadawt al. applied(G//G) expansion methodto  We seek for the exact solutions of the form
find solitary wave solutions for this equation and the relevant
equation is given in [47] as follows:

u(@) =Y aiF'(€), (5)
=0

Uty — V1 (u2>zx — VoUgy — U3 (umazmw + uzxtt)
— VgUyy — V5Uzz = Oa (2)

where the coefficients; for i = 1,...,5, are real constants. whereF satisfies the Eqi3j and n is an integer, which can
The structural form of this paper is constructed as follows: Inbe determined by using homogeneous balance principle in
the first section, we present the introduction. Secondly, wé=q. (4). F'(¢) ensures the following ansatz equation:

give the Jacobi elliptic function method. In the third section
we apply the method on the Boussinesq equation and con- , I 5
struct new exact solutions. In the last section, we present the F'(§) = VPFA(§) + QF?(§) + R, (6)
conclusions about the obtained solutions.

where P,Q, and R are constants. The last equation hence
2. Jacobi’s elliptic function procedure holds forF'(¢) :

Consider the a general form of the non-linear PDE
F" = 2PF3 + QF,
N (U, Uy, U, Uy, Uz, Ugsg,y ) = 0, 3 F" = (6PF2 + Q)F',

which consist of three spatial and one time variableg, » F" =24P?F5 + 20PQF? + (12PR + Q*)F, ™
andt, respectively. Meanwhiley is an unknown function.
Firstly, we apply the following travelling wave transforma-
tion
- - By substituting [6) into (4) along with Eq. [f) and group-

w,y,2,1) = u(®), §=atytz-ut, ing the terms of the same powér (F’)/ (j = 0,1, i =
wherew corresponds to wave speed and is to be attained af 1, 2, ...) and setting each of the obtained coefficients to zero
the end of the process. Consequently, the nonlinear BPE (we get a set of algebraic equations. From it, it is possible to
is reduced to an ordinary differential equation (ODE) as fol-gbtain the values of P, Q, R angd and by substituting them
lows: into Eq. (6), it yields the hyperbolic and trigonometric solu-

N(u, ', " u™,..) = 0. (4)  tions. Itis well-known [48, 49] the table of ansatz equation
|  solutions:

Case 1.P=m?, Q= —(1+m?), R=1 so F(§) = sn¢,
Case2.P=-m? Q=2m?—-1, R=1-m? so F(£) = cn&,
Case3.P=1, Q=—(1+m?), R=m? so F(§) =ns¢,

Cased4.P=1, Q=2-m? R=1-m? so F(§) = cs¢,

5.2
Case5.P:i, Q=1 22’" , R:i S0 F(€) = ns¢ + s,
1 1— 2m? 1
Case6.P = 7, Q= 2m . R= S0 F(¢) = nsgeest,
mQ? —m?Q Q
Case >0, Q=0Q<0, R (I m2)?P so F(¢§) (1+m2)P$n( T2 )

Case8P=P <0, Q=Q >0, R:(l_mQ)stoF(g):\/_an< _Q )
m ( )P

2 —m?2

1_ 2
I, R=7 0 F§) =

Case 9.P = i Q=
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ABUNDANT TRAVELING WAVE SOLUTIONS OF 3+1 DIMENSIONAL BOUSSINESQ EQUATION WITH DUAL DISPERSION 3

1 1—2m? 1 sné
Case 10.P = T Q= — R= I SOF(&) = T ene’
2m? —m? -1 msn2¢ — 1
C 11P=—-(m?2+2 )B?, Q=2m?+2, R=——>—— F)=———F——,
ase (m*+2m+1) Q =2m*+ I so F(¢§) Blmsn2e £1)

Case12.P =1, Q=—-1-m? R=m? so F(£) = ns¢,
Case13P =1, Q=—-1-m? R=m? so F(§) = dc,
Case1l4P=1-m? Q=2-m? R=1 so F(§) = sc,

Case15P =1, Q=2-m? R=1-m? so F(§) = cs¢,

1 1 —2m? 1
Case 16P = 1, Q = Tm R = 50 F(§) = nsgest,
1 1 —2m? 1
Case 17.P = 1 Q= Tm R= 1 s0 F(&) = nsé-cs€,
1 —m? 1 2 1 —m?
Case 18.P = 4m , Q= +2m , R= 4m S0 F(§) = nc€ + sct,
1—m? 1 2 1—m?
Case19P = —"", Q= +2m , R=—""" 50 F(¢) = nct - sc,
1 1 —2m? 1 sné
Case20P=-, Q= ———, R=-soF(¢) = ,
ase 4 2 R 4 SOF(¢) 1+ cné
1 1 —2m? 1 sn&
Case21.P_Z, =—5 R=-s0 F(g)_l_mf,
1—m? 14+m? 1—m? cné
Case 22.P = T Q= 5 R= 1 o] F(g)_1+5n§,
1—m? 14+ m? 1—m? cné
Case 23 T Q 5 R 1 so F(§) T sne’
B2_C?2
Case24.P = Com — (B + CH)m” + B Q= m 41 R= _ome1 so F(§) = V ([(32—0%32) +sng
N 4 T2 T T 4(C?m? — B?) ~ Bené+Cdng
(C2m2+B2-C2)
B? + C?m? 1 1 \ o mEroEmn T eng
Case25.P = ———, =——-m? R=—————— s0 F(§) = ,
S 1 @=g5-—m etz 5y 0 PO Bsné + Cdnt
/ B2+CQ?C2m2
Case26P—M Q—m—Q—l R—mi4 so F(¢) = ( (B ) + dng
4 T2 " 4(0? + B2) B Bsné + Cené '

In literature, commonly used Jacobian elliptic functions @ré, cn& anddné which correspond to sine function, cosine
function and elliptic function of Jacobian type. The other Jacobian functions can be generated by these three kinds of functions,
namely

1 1 1 _eng
nst = sné’ ne§ = ené’ nd¢ = dng’ sc€ = sn€’
_sn§ _dn€ _sné
cs€ = %, ds¢ = —Sng, sd€ = —dng.
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4 S. SAN AND R. ALTUNAY
Also, these functions satisfying the following formulas:
sn2€ + cenlé =1, dn?€ + m2sn2é = 1, ns?é = 1 + cs?¢,
ns2€ = m? + m2ds3¢, sc?€ + 1 = nc?¢,
m2sd?¢ + 1 = nd?¢,
and the addition derivative properties,
sn'€ = enédné, en'€ = —snédné, dn'€ = —m?snéené.

If m — 1, then the Jacobi elliptic functions are reduced to the hyperbolic functions as follows:
If m — 0, then the Jacobi elliptic functions are reduced to the trigonometric functions as follows.

{sn&, sd€} — sin&, {cné, cd€} — cos&, sc€ — tang,
{ns€,ds€} — csc&, {nc€,dc€} — seck, cs€ — coté,

dn&,ndé¢ — 1.

Traveling Wave Solutions oP}
To seek traveling wave solutions of E®)(by substitutingu(z, y, z,t) = w(§), £ = * + y + z — wt into Eq. @) and
integrating it once, taking the integral constant be zero, we get

(w? — vy — vy —vs)t' — 2010w — v3(1 + wHu" =0, (8)

where prime denotes differentiation with respecttaV = 2 is attained by balancing nonlinear term$§ and«’u. Hence,
from (5), we might select
u(€) = ag + a1 F(£) + a2 F(£)? 9)

inwhichag, a1, andas are undetermined constants. Substitut®)gapd 6) into (8) and setting the coefficients 6F () F' (£)7 =
0,7=0,1,2,3, 7 = 0,1 to zero yields the following set of algebraic equationsdgrai, a2, ands:

24asv3w?2 + 24asvs + 4(131}1 =0,
6Pajvsw? + 6Pajvs + 6ajasv, = 0,
—8Qasvsw? — 8Qagus — dagasvy — Za%vl + 2a0w? — 2a9v9 — 2a2v4 — 2a5v5 = 0,
—v3a1w?Q — v3a1Q — 2viagar + a1w? — a1ve — a1vs — aqvs = 0. (20)
By solving the above algebraic equations, one finds the following results

_14Qv3w2 + 4Qus — w? + vy + vg + U5

ag = 2 0 )
6Pvs(w? + 1
a1 =0, CLQ:—M, W= w. (11)
U1

Substituting these results ini®)( we have the following solution of Ec8):

1 4Qv3w2 —+ 4Q1}3 — U)2 —+ (%) + V4 —+ Vs 6Pv3(w2 + 1)
2 V1 (%1}

u() = F(&)%. (12)
With the help of all the table cases and from the above solufi@) ¢ne can induce more general united Jacobian-elliptic

function solutions of Eq.8). Thus, we attain the following exact solutions. Some soliton-like solutions of Ziacah be

attained in the limited case when the modulus— 1. For instance,

Case llfwetake P:m? Q:—(1+m?), F(§) = sn&, thenwe have

4(1+m*vsw? —4(1 +m?)vg —w? + vy +vg +vs  6m3vg(w? + 1)
U1 U1

sn2¢.

1—
U1:_§
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ABUNDANT TRAVELING WAVE SOLUTIONS OF 3+1 DIMENSIONAL BOUSSINESQ EQUATION WITH DUAL DISPERSION 5

In the limit case when the modulus — 1, we get soliton-like solutions of Eg2) as

1 —8vzw? — 8vz — w? 6 211
ul(av,y,z,t):—5 U3 s vlf tvatvstus vg(u;lJr )tanh(z+y+z—wt)2. (13)

Case 2.Suppose thaf’ : —m?, Q:2m? — 1, F(£) = cné, then

4(2m? — Vwzw? + 4(2m? — 1)vg — w? + vo +v4 + v N 6m2vg(w? + 1)

2
cen“€.
-2, (1 ¢

Uy =

Consideringn — 1, one of the solitary wave solutions of E®) has been obtained as

1 dvsw? + dvg — w? + ve + v4 + vy n 6v3(w? + 1)
2 U1 U1

ug(z,y, 2, t) = sech(z +y + 2z — wt)?.

Case3When P:1, Q:—(1+m?), F(£) =ns¢ are chosen, then

—4(1 +m*Hvzw? —4(1 + m?)vs —w?  va+wvg+uvs  buz(w?+1)
Uz = — — ns“€.
—2’01 2’Ul U1

Asm — 1, the solitary wave solution of E02) has been attained as

1 —8vzw? — 8uz — w? 6 241
- v3W vz —w* + v +vg+v; Guz(w® + )Coth(:cherszt)Q.
U1 U1

Case 4.Choosing P : 1, Q: (2 —m?), F(§) = cs¢, for all the cases in the table, then,

'U,g(l',y, th) =

42 — mHvzw? +4(2 —m?)vs —w? + vy + vy +vs  6vz(w? +1)
- c
721)1 U1

s2€.

Uy =

If m — 1, we get the solitary wave solution of E@)(@s

1 dvgw? + dvg — w? Gvs(w? + 1
-5 vsw” +4vs —w” tvptuatus  Gus(w” )csch(x—i—y—i—z—wt)Q.
VU1 U1

U4(~T7y7 Zat) =

Case 5.Supposing P : 1/4, Q : (1 —2m?)/2 for all the table cases this choices correspond 6) = ns¢ + cs, therefore

2(1 — 2m?)vzw? + 2(1 — 2m?)v3 — w? + vy + vy + vs B 3vz(w? + 1)

2
o0, 50, (ns€ + cs€)” .

Us =

Form — 1, we acquire one of the solitary wave solutions of

—2u3w? — 203 — w? + vy + v4 + v Jvz(w? + 1)
—21}1 2’1}1

Case 6.Considering P : 1/4, Q : (1 —2m?)/2 for all the table cased;(£) = ns¢ — cs€, therefore we obtain

(coth[z 4y + z — wt] + cschlz +y + 2z — wt])%.

’LL5(ZL',y, Zat) =

2(1 = 2m*)vzw® +2(1 = 2m*)vy —w® + vy +vs +vs  3vz(w? + 1)
72’[)1 2’[)1

(ns& — cs€)?.

Ug —

As m — 1, the solitary wave solution of Eg2) has been obtained as

—2v3w? — 203 —w? + vy + vy +vs  Bvz(w? +1)
—21)1 21)1

Case7.Ifweget P >0, Q <0, F(¢)=+/(-m2Q)/([l + m2]P)sn (\/(—Q/[l + m2})§) , then

ug(z,y, 2,t) = (coth[z +y 4+ z — wt] — eschjz +y + 2z — wt])*.

14Qusw? 4+ 4Quz — w? + vy + vy +vs  6Pv3(w? +1) —m2Q 9 ( -Q )
Uy = —— — .

2 v v (1+m2)P8n 14+ m?

As long asm — 1, we acquire the solitary wave solution of E&) &s

1 2
2 +1)Qtanh | =/—2 —wt
_14U3w2Q+4U3Q—w2+v2+U4+v5+3v3(w +1)Qtan <2m[$+y+z w])

2 U1 U1

’U,7($U, Y, Z7t) =

Rev. Mex. Fis. 9020203



6 S. SAN AND R. ALTUNAY

Case 8.For choices P < 0, Q > 0 for all the table casesy is givenF(¢) = /(—Q/[2 — m2]P)dn (\/Q/(Z - m2)§) )
in this way the solution may be expressed as

_14Qv3w2 +4Qus — w? + vy + vy +vs  6Pvz(w? + 1) -Q dn? ( Q )

ug =

2 vy a v (2—m2)P 2—m?

Form — 1, one of the solitary wave solutions of E2) can be found as

dv3w?Q + 4v3Q — w? + vy + vy + Vs N 6v3(w? + 1)Q sech(v/Qx + y + 2z — wt])?
—21}1 V1 '

Case 9.Setting P: 1/4, Q: (1 —2m?)/2, then F(¢) = (sn€)/(1 + cné), due to this settings,

u8(m7yazat) =

2(1 — 2m?)vzw? +2(1 — 2m?)vg —w? + vy vs+vs  3vg(w? +1) sné \’
Ug = + -
—20; —2v1 2u1 1+ cné

Moreover, whenn — 1, then we obtain one of the solitary wave solutions of 2)as

( n —203w? — 203 — w2 + vy + v + U 3vz(w? + 1) tanh(x + y + z — wt)?
ug(x,y, z,t) = = -
Ny, 2, —2u; 201 (1 + sech[z + y + 2 — wt])?

Case 10lfwe take P :1/4, Q:1—2m?/2 it may be deducted for all the table casB$¢) = sné&/1 — ené, therefore

2(1 — 2m?)vzw? + 2(1 — 2m?)vg — w? + vy L +vs  3uz(w?+1) ( sné )2

1o = -2 —20; B 2v1 1—cné

In this case forn — 1, one of the solitary wave solutions of E®@) can be shown as
—2ugw? — 2v3 —w? + vy + vy +vs  3vz(w? + 1) tanh(z +y + 2 — wt)?

t) = -
uo(,y, 2, t) “ou, 201 (1 — sechlz + y + z — wt])?

Case 11Regarding P : —(m? +2m + 1)B?, Q :2m? + 2, thenF(£) = msn?¢ — 1/B(msn?¢ + 1), so

Uil =

4(2m? + 2)vzw? + 4(2m? + 2)vs — w? + vy + vy + vs n 6(m? + 2m + 1) B2vz(w? + 1) < msn26 —1 \°
—2’01 (%1} ]

Blmsn2¢ + 1
Form — 1, the solitary wave solution of EQ2) can be stated as

16v3w? + 16v3 — w? + vy + vy + vs n 24vz(w? + 1)(tanh(z +y + 2z — wt)? — 1)2
—2uv; vi(tanh[z + y 4+ z — wt]? + 1)2

ull(xa Y, Zat) =

In addition to soliton-like solutions of Eg2) , we can also obtain some trigonometric-function solutions of B)xjn(the
limited case when the modulus — 0. For instance,
Case 12Ifwe choose P: 1, Q: —(1+m?), F(£) = ns&, then we have
—4(1 + m?)vzw? — 4(1 + m?)v3 — w? + vy n vy +vs  6uz(w? +1)
n

U2 = -
721)1 72’01 U1

s2€.
In the limit case whemn — 0, the periodic solution of Eq2) can be written as

—dvzw? — dvs — w? + vo + v4 + U5 _ 6v3(w? + 1)
—2’01 U1

Case 13Assigning P: 1, Q: —(1+m?), then F(¢) = dcg, hence

esc(x +y + 2z — wt)?.

ulQ(xaya th) =

—4(1 2 2401 2 —w? 6 241
s = (1 4+ m*)vsw (14+m?)vg — w? + vy L v +us  Gug(w? + )d62§'
—2v1 —2v1 U1

Form — 0, one of the traveling wave solutions of EQ) can be evaluated as

—4dvgw? — dvg — w2 + vy + vg + Vs B 6v3(w? + 1)

sec(x +y + 2z — wt)?.
721)1 (%

u13(x’yaz7t) =
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ABUNDANT TRAVELING WAVE SOLUTIONS OF 3+1 DIMENSIONAL BOUSSINESQ EQUATION WITH DUAL DISPERSION 7
Case 14.For choices P : 1 —m?, Q:2—m?, F(&) = sc€, then

42 —m?)vsw? + 4(2 = m*vz —w? + vy vat+vs  6(1 —mug(w? +1) ,
Uy = + — sc€.
—2v —2n U1

As long asm — 0, we can evaluate one of the traveling wave solutions of Boa$

Suzw? +8vz — w® +va + vy +vs  buz(w? + 1)

tan(x +y + 2z — wt 2,
o0 o (z+y )

u14($,y, Zat) =

Case 15When P : 1, Q : (2 —m?) for all the table cased; is obtained asF(¢) = cs¢, in this way the solution may be
expressed as
42 — m?)vsw? +4(2 —m?)vg —w? + vy vy +vs B 6vz(w? +1)

s = —2u; + —2v; V1 es't.

Consideringn — 0, one of the periodic solutions of E@)(can be attained as

Suzw? + 8vg — w? + vy + vy +v5  buz(w? + 1)
721)1 U1

uis(x,y,2,t) = cot(z +y + z — wt)*.

Case 16.Regarding P : 1/4, Q : (1 —2m?)/2 this choices correspond 6(¢) = nsé + cs€, hence

2(1 — 2m? 24201 —2m?)vg — w? 3 241
g = ( m?)vgw? + 2( m?)vg — w? + vy 7+v4+v5 ~ Bug(w® + )(nstrcsf)z.
—2’1}1 —2’01 2’[}1

Form — 0, we acquire the periodic solution of E®)(@s

12v3w? + 2v3 —w? + v +v4 +vs  3vz(w? +1)
2 V1 2v;

ue(w,y, 2,t) = (cot[x +y + z — wt] + csclx + y + z — wit])?.

Case 17Ifweget P:1/4, Q:(1—2m?)/2, then F(§) = nsé — cs€, SO

2(1 —2m? 242(1 —2m?)vz — w? 3 241
U7 = ( o )UBw T ( i )US Wt v + Vet s - UB(w ha )(nS§ - 835)2.
—2’[}1 —2’1}1 2’[}1

As m — 0, we obtain the traveling wave solution of EQ) @s

203w? + 2v3 — w? +vg + vy +vs  3vg(w? + 1)
—21]1 2’[)1

ui7(z,y, 2, t) = (csclx +y + 2z — wt] — cot[z +y + 2z — wt])?.

Case 18.Supposing P : (1 —m?)/4, Q: (1 +m?)/2 so, F(§) = ncé + sc€, then

2(1 + m?)vzw? + 2(1 + m?)vz — w? + vy n vg+vs 31 —m?)vz(w? +1)

2
721)1 72’01 2’1)1 (nC€ + ch) '

uig =

Form — 0, we attain one of the traveling wave solutions of E2).ds

2usw? + 2v3 — w? + vg + v4 + vs B 3vz(w? + 1)

o 200 (seclr +y + 2z — wt] + tan[z + y + 2z — wt])?.

U18(m7y727t) =

Case 19Ifwe take P: (1 —m?)/4, Q: (14 m?)/2 forall the table casesF(£) = nc€ — sc€, therefore

2(1 + m?)vzw? + 2(1 + m?)vz — w? + vy L +vs  3(1— m?)vz(w? + 1)
—2’U1 —2’01 21}1

(nc€ — scé)?.

U9 =

In the limit case whemn — 0, the periodic solution of Eq2) can be acquired as

2usw? + 2u3 — w? + vg + v4 + vs B 3vz(w? + 1)

o0 201 (sec(x +y + 2z —wt) — tan(x +y + 2z — wt))?%.

U19($>ya Z7t) =
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8 S. SAN AND R. ALTUNAY

Case 20When P :1/4, @ : (1 —2m?)/2 it can be deducted for all the table case(¢) = sné/(1 + cné), the solution
can be evaluated as

20 = B 14 cené

2(1 — 2m?)vgw? + 2(1 — 2m?)v3 — w? + vy L +wvs  3vuz(w?+1) sné \?
—2v1 -2, 2v1 '

Consideringn — 0, one of the periodic solutions of E2)(can be stated as

( ) 2v3w? + 2v3 —w? +va +vg+vs  Bvg(w? + 1)sinfz +y + 2 — wt]? (14)
ugo(z,y, 2,t) = -
20(%, Y, 2, —ou, 201(1 + cos[z +y + z — wt])?

Case 21.Suppose thatP : 1/4, Q : 1 —2m?/2, F(§) = sn&/1 — ené, then

2(1 — 2m?)vzw? + 2(1 — 2m?)v3 — w? + vy L v +wvs  3vz(w?+1) ( sné )2

U9 = —
2 —2u1 —2v1 201 1—cné

If m — 0, we get the traveling wave solution of E@) @s

( " 2u3w? 4+ 203 —w? + vy + vy +vs  3vz(w? + 1)sin(z +y + 2z — wt)?
U (z,9y,2,t) = _ _
2\ Y, 2, —2u; 201(1 — cos(z + y + 2 — wt))?

Case 22.Setting P: (1 —m?)/4, Q: (1 +m?)/2, then F(£) = cn&/1 + sn&, because of this setting

2(1+m*)vzw? +2(1 + m*)vz —w? +v2  vg+vs  3(1—m?)vz(w? +1) e\’
U9 = + —
—20; -2 2v1 1+ sné
Form — 0, one of the periodic solutions of E{R)(can be evaluated as

203w? + 203 —w? + vy + vy +vs  3vz(w? + 1) cos(x +y + 2 — wt)?
—2u; 201 (1 +sin(z + y + z — wt))?

u22(1.7yazat) =

Case 23.Considering P : (1 —m?)/4, Q: (1+m?)/2, then F(¢) = cné/1 — sn€, so

2(1 +m?)vzw? + 2(1 + m?)vs — w? + vy L +ovs 31 —m?)vg(w? + 1) ( cné )2
U23 = - .

—20; —20; 2v1 1—sné
As long asm — 0, we can obtain one of the traveling wave solutions of 2)jaé

( 0 203w? + 203 — w? + vy + vy +vs  3vz(w? + 1) cos(z +y + 2 — wt)?
U (T, v, 2,t) = _
2\ Y, 2, —2v; 201 (1 —sin(z +y + z — wt))?

Case 24.For choices P : (C?m* — (B2 + C*)m? + B?)/4, Q : (m? +1)/2 it may be deducted for all the table cases,
F(&) = (\/[(B2 — C?)/(B2% — C?m2)] + sn&)/(Bené + Cdné), therefore

2(m? + Dvzw? 4+ 2(m? + 1)vz — w? + vy + v4 + v

U24 = “ou,
(BZ_c7) 2
3(C?m* — (B2 + C*)m? + BYus(w? + 1) [ mr—cmmzy T 57¢
201 Bené 4 Cdné
Form — 0, one of the periodic solutions of E{R)(can be evaluated as
2
B2 _ 02
3B2%v3(w? + 1) ——— tsin(z+y+ 2 —wt)
( 0 20sw? 4 2u3 — w? + vy + v4 + Vs B
U x z = -
24\L, Y5 2, —2u, 2u1(Beos(xz +y+ z — wt) + C)?

Case 25When P:B?+C?m?/4, Q:(1/2)—m?, then F(£)=(/[C?*m2+B?>—C?]/[(B>+C?m?]+cnf)/(Bsné+Cdné),
hence
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1 1
4<§—m2)03w2+4<§—mz)vg—w2+vg+v4+v5

U2s =

—2111
2
CZm21B2_C?
3B+ C)us(w? + 1) [\ BrcEy T ené

201 Bsné + Cdné&

Moreover form — 0, one of the travelling wave solutions of E®) can be obtained as

2
B2 _02
3B%v3(w? 4+ 1) [ \| ——=5— + cos[z +y + z — wt]
203w? + 2v3 — w? + vg + vy + Vs 5

—2u; 2v1(Bsinfz + y + z — wt] + C)?

U25('T7yaz’t) =

Case 26.Supposing P : (B? + C?)/4, Q : m?/2 — 1, for all the table cases,
F(&) = (VI(B2 + C?2 — C?m?]/[(B% + C?] + dn&)/(Bsn& + Cenf), then

2 2
4(%—1)v3w2+4(m7—1)v3—w2+vg+v4+v5

U26
—2’1}1

B2+C2_C2m2
~ 3(B%+ C?us(w? + 1) ey + ding

2v1 Bsn€ + Cené

If m — 0, we attain one of the travelling wave solutions of E2). 4s

—4vgw? — dvz — w? + vy + vy + Vs B 6(B?% + C?)vg(w? + 1)
—2u, vi(Bsin[z +y + z — wt] + Ccos[z + y + z — wt])?’

U26(may7zvt) =

FIGURE 1. 3-D and contour plots of a dark solitary wave solution of E&) with v1 = v2 = v3 = v4 = v5 = w = 1, and in the interval
5<z<5and—5<t<5.
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10 S. SAN AND R. ALTUNAY

FIGURE 2. 3-D and contour of a hyperbolic function solution of Eq. (14) with= v2 = v3 = v4 = v5 = w = 1, and in the interval-5 <
r<bHand—2 <t <2.

FIGURE 3. 3-D and contour plots of a periodic wave solution of Eq. (15) with= v2 = v3 = v4 = v5 = w = 1, and in the interval 10 <
r <10and — 10 < ¢ < 10.

3. Conclusion hyperbolic, are original. It is especially stated by the authors
that obtained solutions satisfy the original equation. Besides,
This study shows how to apply the Jacobi elliptic function3D and contour graphs of bright and dark soliton and travel-
method to seek for the travelling wave solutions of (3+1)- di-ing wave solutions are presented for better clarification. This
mensional Boussinesq equation with dual dispersion. By apstudy shows that this algorithm is powerful and effective to
plying wave transform, the equation is reduced to one dimenfind analytical solutions, so it can be also applied to many
sion. When special values are givenRoQ, R in the auxil-  other partial differential equations in physical phenomenon
iary Eq. 6), many solution classes are obtained. In this wayand applied sciences. In future studies, this method can be
we constructed twenty six sets of solutions such as dark solapplied to many fractional differential equations of different
tons, bright solitons and trigonometric function solutions. Todimensions.
our knowledge, the obtained solutions which appear in two Data availibility expression: No data were used in this
different forms, such asi{ — 0) trigonometric andip — 1) study.
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