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Linear and angular momentum stored in a distribution
of charges in a magnetic field. The other side of the story
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The linear or the angular momentum stored in an arbitrary electric charge distribution in the presence of a magnetic field is defined by
calculating the linear or the angular momentum transferred to the electric charge distribution by a time-dependent magnetic field, which is
initially zero and after some time reaches the desired final value. The component of the transferred linear momentum along some axis depend
only on the final magnetic field if and only if the magnetic field is invariant under translations along this axis. Similarly, the component of the
transferred angular momentum along some axis depends only on the final magnetic field if and only if the magnetic field is invariant under
rotations about this axis.
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1. Introduction of the magnetic field, taking into account that in Ref. [1] the

calculation is based on the Lorentz force on an electric charge
In a recent paper [1] the linear and the angular momenturiyoving in a static magnetic field, while the calculation pre-
stored in a distribution of charges in a magnetic field wassented in this paper is based on the application of Faraday’s
calculated by considering the linear momentum and the anaw of induction to find the force on a static charge in a time-
gular momentum transferred to a point charge displaced frorﬁependent magnetic field.

infinity to a final position in a given static magnetic field. It In Sec. 2 we summarize the findings of Ref. [1] in or-
was shown that the component of the linear momentum alonger to compare them with the results derived here. In Sec.
some axis transferred to a point charge is independent of the \ye calculate the linear or the angular momentum that has
path if and only if the magnetic field is invariant under trans-to pe transferred to a static electric charge distribution when
lations along that axis, and that the component of the angulahe magnetic field attains some predetermined value begin-
momentum along some axis transferred to a point charge iging from zero. We show that the imposition of the adequate
independent of the path if and only if the magnetic field issymmetry of the final magnetic field is crucial in order for
invariant under rotations about that axis. the transferred momentum to depend on the final configura-
In this paper the same calculation is addressed in a diftion only. Throughout this paper it is assumed that the reader
ferent way. We consider an arbitrasyatic electric charge s acquainted with the basic notions of electrodynamics (as

distribution and a time-dependent magnetic field which ispresentede.qg, in Refs. [2, 3]) and vector calculus.
initially zero and after some time acquires some final pre-

determined value. According to Faraday’s law, the variable

magnetic field will induce an electric field which will exert 2.  Summary of previous results

some force and some torque on the stationary electric charge ] ] ] ] o

(by contrast, the magnetic field does not produce forces oS shown in Ref. [1], |f_one considers a static magnetic field,

torques on the electric charges, since they are static). In of3 (Produced by electric currents or by permanent magnets),

der to maintain the charges in their positions, some linear of? order to displace a point chargg,along a pattt’, one has

angular momentum must be transferred to the charge distrf© transfer to the point charge a linear momentum given by

bution. This linear or angular momentum transferred to theiN €gs units)

charges is defined as the linear or angular momentum stored Apy = g/ B x dr, (1)

in the system formed by the charges and the magnetic field. ¢Jo

This procedure is similar to that employed to define the enwherec is the speed of light in vacuum. Thecomponent

ergy stored in the magnetic field (seeg, Ref. [2]). of this linear momentum, for instance, is path-independent
It is a remarkable fact that the two procedures yield thef and only if the magnetic field is invariant under the trans-

same expressions for the linear and the angular momentutations along the:-axis (that is,0B/0z = 0). Hence, if
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this symmetry condition is satisfied, one can define #he the reasoning given in the previous paragraph is valid regard-
component of the linear momentum of the system formed byess of the symmetry of the magnetic field, which is essential
the magnetic field and the point charge at some final posiin the findings of Ref. [1].

tion by Eq. (1), making use ofinypathC starting at infinity

and ending at the final position of the charge. With the aid of3.1. Stored linear momentum

Gauss's law, the-component of the stored linear momentum

is expressed in the form We shall consider a fixed charge distribution characterized by
a charge density. and a time-dependent magnetic fielsl,
. = 1 (E x B).dv @) which induces an electric fiel® (different from the electro-
T dme = static field,E’, produced by the charge distribution). Accord-

ing to the elementary formulas, thecomponent of the force
produced on the charge distribution by the induced electric
0field is given by

whereE is the electric field produced by the point charge
when it reaches its final position.
In a similar way, the angular momentum transferred t

the point charge is given by [1] F, = /pCEZ dv. 5)
_q According to Gauss's lawy - E' = 47p., and making use of
AL = c /Cr x (B x dr). ©) Gauss's theorem we can write E8) (n the form

The z-component of this angular momentum, for instance, is 1 , 1 ,
path-independent if and only if the magnetic field is invariant 2T Arn /(V ENE: dv = T Arn E - VE, dv.

under the rotations about theaxis. Then, if this symme- . , o

try condition is satisfied, one can define theomponent of ~ 11US, making use of Newton’s second lawpif is the z-

the angular momentum of the system formed by the maggomponent of the linear momentum that we have to transfer

netic field and the point charge at some final position by Eq!C the charges in order to keep them motionless,
(3), making use of any path' starting at infinity and end- dp. 1 OE, OE, OF,
= — E + E + F dv
t 47 0
1

ing at the final position of the charge. Again, with the aid of Y =
) d dy 0z
Gauss's law, the-component of the stored angular momen-

tum is given by _ 1 , (OB, OF, , (OE. OFE,
) 4w {EI ( or 0z ) T oy 0Oz
L.,=— [[r x (E x B)].dv, 4)
dre LB OF, LB O0E, LB OF, dv,
. L . 0z Y 0z 0z
whereE is the electric field produced by the point charge
when it arrives at its final position. and, employing Faraday’s laW, x E = —(1/c) 0B/0t, we
have
3. Alternative approach
pproa dp. _ 1 5 0B, B 9B:\ 4
dt 4me © Ot Yoot

One can expect that the expressioBsdnd @) be obtain-

able by considering a different process: Instead of displacing n 1 (E’ oE, B 0E, R aEZ) d
the electric charges from infinity to their final positions in a 4m T 0z Y 0z ® 0z
given static magnetic field, we can imagine that the charges _

are maintained fixed all the time (with respect to sdmeg-  OF €quivalently,

tial frame) and now we build up the magnetic field starting d 1 1
from zero. In this way, we will have a magnetic field chang- n [p ~ I /(E’ X B)Zdv} =
ing with the time, which, according to Faraday’s law, must in-

duce some electric field (different from, and unrelated to, that y / (
produced by the static charges). This induced electric field

gives rise to a force and a torque on the electric charges and o . ] )

in order to keep the charges motionless, we would have ta’hus ifBis |nvar|a_1ntundertranslatlons along them; (that
apply an equilibrating force and torque on the charges, whiclig» @ll the Cartesian components Bf can be functions of
amounts to a transfer of linear and angular momentum. Thi§%: ¥-t) only) and, therefore, the Cartesian components of
linear or angular momentum can be defined as the linear dh'€ induced electric field are also independent,ahen the

OE, OE 0F
/! x / Y 12 z
K, 5% + E, 5% + E, P ) dv.  (6)

angular momentum stored in the system. right-hand side of Eql6) vanishes and, at any instant,
These ideas seem pretty simple but there are two difficul- 1
ties: Faraday’s law allows us to calculate the rotational of the Pz= (E' x B).dv, (7)

induced electric field, not the induced field itself, which is
what we need to calculate forces and torques. Furthermorgyhich agrees with Eq2).
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If the components of the induced electric field depend oricf. Eq. (6)]. This equation shows that if the time-dependent
z, then the value of the integral on the right-hand side ofmagnetic field and the induced electric field are invariant un-
Eg. 6) may be different from zero (keep in mind that the der rotations about theaxis, then, at any instant, the angular
static fieldE’ is arbitrary) and the transferred linear momen- momentum stored in the system is
tum will depend not only on the final value of the magnetic
field, but also on the detailed manner in which the magnetic L, = 1 r x (E' x B)].dv, (10)
field achieves its final value. Hence, in order to have a well- dme
defined value for the stored linear momentum at any momenfhich coincides with Eq/4).
or field configuration, the magnetic field must be invariant  gquation 9) shows that in order for the stored angular
under the translations along theaxis. momentum to have a value depending only on the final value
of the magnetic field, and not on the detailed form in which
the field changes with the time, it is necessary that the in-
duced electric field be invariant under rotations about:the

3.2. Stored angular momentum

Proceeding in a similar manner, we shall calculate the
component of the angular momentum that has to be tran@x'

ferred to a fixed charge distribution when a magnetic field is

turned on. For this calculation it is convenient to make use4. Discussion

of the circular cylindrical coordinategp, ¢, z), and the or-

thonormal basig 5, ¢, 2} associated with these coordinates. It should be remarked that the expressions found in the pre-
Accord|ng to the e|ementary def|n|t|ons th,@omponent of Cedlng section coincide with those obtained in Ref. [1] which
the torque on the charge distribution produced by the inducet$ highly satisfactory. If we have a configuration of electric

electric fieldE is and magnetic fields with the appropriate symmetry, the trans-
ferred linear or angular momentum is the same whether we
T, = /pc(r x E),dv = /pcqua dw. consider a fixed magnetic field and calculate the magnetic
force on charges brought from infinity or we consider a fixed
(Note the presence of the charge density,and the coordi- ~charge distribution in a magnetic field that is initially zero
natep in the last equation.) and evolves into its predetermined non-zero value.
Again, with the aid of Gauss's law and Gauss's theorem, N the approach followed in Ref. [1] the symmetry guar-
we have antees that the total transferred linear or angular momentum
is path-independent, while in the approach followed here, the
o (V-E')pEydv = —— /E’ (pEy)dv. (8)  Symmetry guarantees that the total transferred linear or an-
4 gular momentum does not depend on the precise manner in

which the magnetic field goes from zero to its final value.

If L, is the z-component of the angular momentum that we oI =
The attribution of a linear or angular momentum to a

have to transfer to the charges in order to keep them motion-

less, charge distribution in a magnetic field solves the so-called
Feynman’s paradox (see.g, Ref. [4]).
dL, :i/ (E’ O(pEy )+E 10(pEy) VB 8(pE¢)> d As pointed out in Ref. [1], the Maxwell equations lead to
dt  4m P dp o ¢ 0z the definition of a density of linear momentum for the elec-
tromagnetic field, which is given g x B /4 ¢, without hav-
( PE¢ p> ing to assume that the electromagnetic field possesses some
op symmetry. Despite the similarity with Ec2)( in the standard
derivation of the density mentioned above one considers the
+E ( (pE ) OF ) interaction of the electric and magnetic fields with the charges
0z 9¢ and currents producing them, whereas in the calculations pre-
OE, | OE, OE, sented here we have considered the force on a fixed electric
+ E, 99 + E}, 9 + E 5 dv charge distribution, neglecting the effect of the electric field
produced by this charge on the sources of the magnetic field.

In fact, in the calculations given in Sec. 3 it was not necessary
to specify if the magnetic field is produced by currents or by

ermanent magnets.
4 {Lz L s E x B)]Zdv} P J

which, making use of Faraday’s law, amounts to

dt 4dre It should be emphasized that the usual (gauge-dependent)
electromagnetic potentials were not necessary in the calcula-

1/ 0E, OF, OF, ; i i i
_ 4+ o R ) ¢ 4 E > dv 9 tions presented above (nor in the calculations presented in
4rr < T ¢ ®) Ret [1]).
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