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Charged patrticle reflection in a magnetic mirror
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We study the reflection of electrons in a magnetic field mirror. It is a field with a gradient from the lowestRalizethe largest one

B,,. With this purpose, Montecarlo simulations are made. We use a humber of 5,000 particles with random pitch angles. The frequency
distribution of these random values follows a Gaussian distribution centered &tand with standard deviatian. Various values ob

and also different values of thBy/ B,,, ratio are used in the simulations. The simulations show dhlags an important influence on the
confinement of charged patrticles, for the differéht/ B, ratios here studied. However, the percent of reflected particles differs from a

By /B, ratio to another in the whole range @f although fore = 10 the differences between different ratios are sixalb%). The number

of reflected particles increases very rapidly within the range ofl0° to 40°. For theo range from20° to 40°, the percent of reflected
particles is> 20% larger for By / B,, = 0.10 than for the 0.55 ratio.
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1. Introduction 2. A charged particle in a magnetic mirror

) _ We consider ideal conditions of a magnetic field in free space,
Natural scenarios where particles are trapped by magnetighich has a gradient in the axial coordinate, with the lowest
fields B are seen in several objects, the atmospheres of pla’\‘/'alueBO and the highest one equal &,. To represent this

ets, including the Earth, the Sun, pulsars, and in several Assjt ation, a cylindrical geometry can be used. The region with

tronomical objects [1], where the interaction of charged par large magnetic field can act as a mirror for charged parti-

ticles with B is important. In the atmospheres of planets "?mdcles. In our caseB, is in the middle and the magnetic field
at the Sun, magnetic loops are seen to be good scenarios jihreases towards both sides. This scenario is referred to as a

retain charged particles. In the Earth, the Van Allen Belts arenagnetic bottle [1]. In Fig. 1 a part of such a bottle is shown.

one of such cases where high densities of charged particl§ge assume that a charged particle departs from the region

are maintained at magnetic loops. However, in all these scgyith B, and goes towards the region Bf,,. The total force

narios also a part of the particles precipitates and leaves “@(perienced by a moving charge is the Lorentz force, given
loops. The interaction of magnetic field and charged particleg,

in the loops is important to understand why a part of the par-

ticles is retained while other left the loops. For instance, the F=gq(E+vxB), (1)
performance of cyclotrons and other particle accelerators de-

pends on the trapping of particles by magnetic fields while in

some other cases, the confinement and further release of par-

ticles is of importance as in thrusters in space technology and

also in the industry [2], as in the cases of welding machines
and plasma cutting instruments. w

The path of a charged particle in @ homogeneous Mag- oo > Cemezf Hie
netic field B is the well-known helix, with its axis aligned to \_/\
the B lines and where the particle traces circles in the per- Bn [
pendicular direction to the helix axis. Here we deal with the
case of a magnetic fiel® whose strength is a function of Bo
with growing B asz grows. As below seen, we assume ang gyre 1. Representation of the magnetic field lines, in the
ideal case of an ensemble of electrons that is released at thgse where the field has a gradient in the direction of the lines
point with the lowest5 and travels towards the direction of (VB || B), whereB, and B, represent, respectively, the mini-
higherB. mum and maximum magnetic fields.
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wheregq is the charge of the particle,is its velocity,E and Substitutingr;, from Eq. (L1) into Eq. 8), we obtain

B are the electric and magnetic fields, respectively. If we as- )

sume that there is no applied electric field, we only include o= "% 8Bz' (12)
the contribution of the magnetic field. In cylindrical coor- " 2B. 0z

dinates, and taking into account that the component in theta

, ) o
is zero because we assume an axisymmetric geometry, the N Ed- 12), the termmu; /23, represents the kinetic en-
Eq. (1) results ergy of the particle due to its rotation around tBelines,

divided by the axial magnetic field. This ratio is equal to the
F = 7(queB.) + 2(que By.). (2)  force in the axis of the magnetic bottle. The potential energy

) ) of the particle is
From Maxwell’'s equations, we know that the divergence

of the magnetic field is zero. In cylindrical coordinates, the U=—u-B, (13)
expression for the divergence Bfis
16rdB, OB. wherey is the magnetic dipole moment. Equatid8)im-
V-B=- 3 9 0, (3) plies that the energy is the lowest when the magnetic moment
rooz & is aligned with the magnetic field. Due to the conservation of
then momentum [5], we have that
orB 0B
T — _ z , (4) d,LL
or 0z i 0. (14)
and

9B On the other hand, the angle of the particle path, respect
drB, = —r—=dr. (5) tothez axis (the magnetic bottle axis), also referred to as
9z pitch angle, can be expressed as

Further, we can see that integrating EB8), (the radial

component of the magnetic field can be expressed as a func- sing = L. (15)
tion of the axial componenB,, i.e., in the direction of the v
axis of the cylinder, with a variable radius. The gyroradius of the particle is determined by the per-
" 9B 2 9B pendicular component of the velocity to the axis of the bottle
rB, = —/ r——2dr = ——-—"2, (6)  [3], then the magnetic moment is
0 82’ 2 32
which leads to = 1 m;i 7 (16)
B, — 198 7) y
" 2027 where the perpendicular component of the velocity can be

Then, we can also calculate the force that the particle exPbtained from Eq.15)
periences in the axial direction fomponent of Eq/d)], us-

ing Eq. () vy = vsind. a7
r 0B, Substituting Eq.17) into (16) we obtain
F, = qug—= . (8) g Eq.17) (16)
2 0z L2 L me? sin2 0
The radial component of the magnetic force, given by = e (18)
o 2 B 2 B
Eq. (2), is
F. — qupB.. ©) We can divide Eq.18) by the kinetic energy of the par-

ticle, which in this case is also conserved [3]. Therefore, the

The radial component of the force ES) {s equal to the sin? @/ B ratio is the same at the location of the minimum

centripetal force that undergoes the particle [3], leading to th&agnetic fieldB,, where the particle’s pitch anglefg, and
Eq. (10), as follows in any other location (where the magnetic fielddsand the

pitch angle ig9). Then, when the particle is at the magnetic
queB, = _mvg (10) field maximumB,,,, the next equality is fulfilled.
z r N

In its movement inside the magnetic bottle, the charged
particle describes a helical trajectory [4]. On this trajectory, B Bo
the gyro-radius (or Larmor radius) for an initial velocity and
a component of the magnetic fielg}, is given by

sin? 0 _ sin? 6, (19)

The critical condition for the particle to be reflected at the
position of B,, is
muvg

L= TR 11) 6> 90°. (20)
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Reflected

On the other hand, if the angle at that position is

Reflected
Losl
0 < 900, (21) ‘%- Il(]:.\.ﬂ.‘«l:.\ away)

then, the particle will not be reflecteicg. it would go through z
the neck of the magnetic bottle. That is, the @hgle deter-
mines whether the particle is reflected or it goes through the
bottleneck. Therefore, in the left-hand-side of ETG)( we

can substitute the pitch angle by°@0We can consider that, FIGURE 2. Representation of the range of angle of loss for two
in this case, the corresponding angleRt further referred  different Bo /B, ratios, whereB, is the same for both cases and
to asfco, is the critical angle that makes the particle to be re-Bm1 > Bm2. The arrows represent the pitch angles that differ-

flected and (and it will not pass through the region with). ent particles have in the zone of the minimum magnetic figld
Then, it results the next equality The triangles represent the regions where the initial pitch angle of a

particle should be directed to pass through the magnetic bottleneck
sin?90°  sin? ¢ (i.e. when it reaches the zone of the maximum magnetic figlg.

= 22
B Bo (22)

For B,y by

We remember th_at_ ifa par_ticl_e has an initial p_itch angleyy o are superimposed to the triangle will go through the mag-
Oco (in the zone of minimund) itwill have a larger pitch an- et neck. On the other hand, the arrow also on the left-

gle as it moves to zones with larger magnetic.fields. We the'ﬁand-side plot, that is not superimposed to the triangle will
remark that the critical anglé, refers to the pitch angle of o refiected, as indicated with a label in Fig. 2. The third

the particle in the region of the minimum magnetic figl arrow, from bottom to top, on the right-hand-side plot is at

since for smaller angles at that regions§, a particle will the same anglé than the third arrow at the left-hand-side. It
go through the bottleneck at the region wih,. It is worth means, they represent the same pitch angle

to also remark that fof o, and larger pitch angles (at the re- Il that th . ic field d
ion of By), a particle will be reflected (at the region Bf,) We recall that the maximum magnetic fields are assume
9 0/ ) such thatB,,; > B2 (and consequentlyl/B,1] <

This is the reason because it is called a magnetic mirror [1]'[1/B ,]). Then, from the triangles that represent particle

Substituting the value of 90(the condition to be re- mes
flected), we have that the critical angle condition requires thaltOSS In Fig. 2, one can clearly see that the smallerhes,,

the pitch angle at the minimum magnetic field will be ex- ratio, t_he smaller the pitch angli, that a partmle should
. . have, in order to pass through the magnetic neck. As can be
pressed based on a relation between the minimum and maxi- ; : ; g
o Seen from the previous analysis, the relationship inZ8).ié
mum magnetic field . . ;
clue to understand the reflection and loss in a magnetic bottle.
By

Bm,

Further, to analyze the situation of particle reflection as3- Montecarlo simulations
a function of theBy / B, ratio, in Fig. 2 we show two cases ) _
of the angléq for two different ratios wherd3,,; > B,,,. ~ We made Montecarlo simulations to see how are the amounts

We assume that the minimum magnetic field is the same i@f particles reflected as a function of the initial pitch angles.
both cases. A number of 5,000 random pitch angles are used for the
In the other case, the maximum magnetic field on the leftcharged particles with values that follow a Gaussian distri-
hand-side is larger than that on the right-hand-side. Then, thution with a given central value (which is selected as zero)
initial angle that the particles should have, to pass throug@nd & given Standard Deviation
the neck of the magnetic bottle, is smaller in the case of Simulations are made for different values»gfin order to
the greaterB,,, value (left-hand-side) than the angle they re-see how the amount of particles reflected varies with growing
quire (to pass) in the case of the smalRy, (represented on o. Also, variousB,/B,, ratios are used (0.55, 0.40, 0.20,
the right-hand-side). In other words, some particles passing-13, and 0.10). A total velocity that corresponds to a given
through the neck of the bottle with weakB,, (represented mean temperaturg is used for all the particles.
on the right-hand-side) would not pass (with the same angle As described in Sec. 2, the loss or reflection of a parti-
of inclination) through the neck of the bottle with stronger cle in a magnetic bottle depends only on the pitch angle that
B, (left-hand-side). the particle has in the region of the weakest magnetic field.
The grey triangle of Fig. 2 represents the range of angleket us remember that, if the value of the initial pitch angle
(at By), where a particle should be directed to be lost (confc, for a charged particle, is greater than~' (B, /B,,,)'/?
sidering arrows whose back extreme is at the triangle apefEq. (23)], then the particle is reflected. In order to study the
on the left). It means, the triangles represent the initial pitctinfluence of the standard deviation of the pitch angle distri-
angle range aB,, for which a particle will be able of passing bution, which we calb, on the reflection of the particles in
through the magnetic neck. On the left-hand-side, the arrowthe magnetic mirror.

= sin® fco. (23)
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FIGURE 3. Histograms of the initial (dashed line) and final (continuous line) pitch angle distributions of electrons moving inside a magnetic
bottle for By /B, = 0.40. Each panel corresponds to a different valuerpés indicated with a label. Also, for each case, the percent of
reflected particles is given inside the given panel.
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FIGURE 4. Histograms of the initial (dashed line) and final (continuous line) pitch angle distributions. In this cagk,/Br. = 0.10,
which is a smaller ration than that used to make the plots of Fig. 3. Provide@ghatthe same in both cases, the maximum magnetic field

(B, for the plots of the present figure has to be larger than the maximum magnetic field for Fig. 3. For this reason, the percent of reflected
particles is larger in this case than in Fig. 3.
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4. Results and discussion percent of passing particles (and a small percent of reflected
ones).

We performed a number of simulations of initial pitch angle  For the plottedB,/B,, ratios, the lowest percent of re-

distributions with different values of. flected particles€ 7%) takes place fos = 10°. For thiso,

As examples, the initial pitch angle distribution and thethe percents go froré (for 0.40) to &% (for 0.10). The per-
distributions of reflected electrons for= 10°, 30°, 60° and  cent of reflected patrticles reaches the highest values, between
90° are shown forBy/B,, ratios: 0.40 and 0.10 in Figs. 3 83% and 84%, for o = 90.
and 4, respectively. In each of them, two distributions are In Fig. 5, we plot the percents of reflected particles
shown, one of them corresponds to the initial pitch angles iragainsto (including some othes to that shown at Figs. 3
the sample (dashed line), and of the reflected particles (corand 4) for different values of the magnetic field ratios (also

tinuous line). including By/ B,,, = 0.55, which is a higher value than those
The plots correspond to two different cases of the magof Figs. 3and 4). o _
netic field ratio [Eq.23)]. In each case, the minimum mag- ~ As we have seen in the description of thg/B,, ratio,

netic field B, can be considered the same, being the maxiand its relation to the critical angle for reflection, the smaller
mum magnetic fieldB,,, different from one case to the other. this ratio, the larger will be the percent of reflected particles.
From Figs. 3 and 4, it can be seen that the percent of rell means, to have more particles reflected, the valug,of
flected particles depends on both, thg/B,, ratio and the ~ Should be as larger as possible in comparisofdo _
standard deviation of the pitch angle distribution As may be seen in Fig. 5, the number of reflected parti-
The percent of reflected particles grows wis,, it cles increases very rapidly, with increasingin the range of
means, it grows as th8,/B,, ratio decreases. Also, par- 1®° to 40°. For example, for a magnetic field ratio of 0.1,

ticles at some angles that would pass, through the neck bot1€ Percent of trapped particles increases by approximately

tle, in the case of the largeB,/B,, ratio, will be reflected 500% aso increases from 10to 30°.

for the case of the smaller ratio (see Fig. 2). For this rea- O the other ratios, the increase is also large in this
son, in the distributions of3y/B,, = 0.10 the gap in the range ofo, but the amount of reflected particles is smaller

middle of the reflected particles distributions is thinner than@S Bo/ B increasesilfe. as theB,, value is weaker). If the
purpose of the bottle would be to retain a large number of

for the By/B,, = 0.40 distributions. It means, some parti-

cles that for given angles can pass through the bottle for th§/€Ctrons, the option to avoid large magnetic fields is to in-
Bo/By = 0.40 ratio, are reflected for th&,/B,, = 0.40 crease the standard deviation of the pitch angle distribution,

one since this allows increasing the percentage of particles whose

As expected from the theoretical analysis made in Sec. fngle Is greater than the critical angle.
the distributions made with the smallestead to the largest
5. Conclusions

Percentage of Reflected Particles in a Magnetic Bottle

100 The value ofs plays an important role to make the particles

being reflected, for the differe®,/B,, ratios here studied.
It is found that the number of reflected particles increases
very rapidly withg, in the range of 10to 40°.

From 10 to largero, the difference in the percent of re-
flected particles is clearx( 5%) for all the B,y/B,,, ratios.
For example, for the range from 20 to 40, the percent of
reflected particles ig, 20% larger forBy/B,, = 0.10 (i.e.
for the largestB,,,) than for the 0.55 ratio (which corresponds
to the lowestB,,,).
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