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Gravity train of variable mass
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The gravity train is a hypothetical vehicle that travels in a tunnel across Earth, and its motion due to only gravity is a simple harmonic
oscillator. It can travel at a constant velocity by appropriately exhausting fuel. In this case, the train obeys the equation of motion for
a variable mass system. We discuss the mass and energy reduction of the gravity train during travel and find the optimal conditions for
economical travel. This study is suitable for university students in physics classes.
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1. Introduction 2. Theoretical studies

If there is a tunnel across the Earth of constant density angonsider a train traveling from point A to point B through the
a train moves through the tunnel due to gravity, it moves agenter of Earth, point C, due to gravity as shown in Fig. 1. We
a harmonic oscillator because the gravitational force is pro@ssume that Earth is a sphere of radis= 6.37 x 10° m
portional to the distance from the center of Earth. This trainwith uniform density. The gravitational force acting on the
(the gravity train) travels between any two points on the surirain of massm is F = —mw?z, wherew = /g/R and
face of Earth in about 42 minutes [1]. Many authors haveg = 9-81 m/s” is the gravitational acceleration. The train
studied this classical problem so far. The brachistochrone fofnoves at a constant velocity by exhausting fuel like rocket
the gravity train is a hypocycloid [2], and a non-uniform as- Propulsion. The train reduces mass. = —dm by exhaust-
sumption of Earth reduces the travel time [3]. The rotationing forward (in the positive direction of) or backward (in
of Earth [4], the relativistic effects [5], and the drag and con-the negative direction of) at a constant relative speedo
tact friction effects [6] were also discussed. Reference [7] ignaintain its velocity. From Eq1j, the equation of motion

a worthy note on the history of the gravity tunnel. for the train is
Let us consider the motion of the gravity train with a con- B 9 dm 5
stant velocity. Appropriately exhausting fuel can control to 0=-—mw's+eu—r, @

keep the velocity of the gravity train. However, it causes the . . .
; . : ; wheree = +1 is a sign parameter to specify the fuel exhaust
mass reduction of the gravity train. If an object of mass . i
: . . . direction, andim/dt < 0. From Eq. ), one finds
moves like a rocket with exhausting fuel of the relative ve-
locity i, the following equation of motion for a variable mass <0 — e=+1 (forward jet),

system can describe its motion:
x>0 — e=—1 (backward jet). 3

m— =F + d—, (1)

where F is the external force exerted on the system. This
problem has been discussed in the context of physics educa-
tion by many authors [8—11].

In this manuscript, we consider the motion of the gravity
train with a constant velocity. The forde in Eq. () is the A
gravitational force exerted on the train, which obeys Hooke’s -R
law. The condition ofdd/dt = 0 is satisfied by appropri-
ately exhausting fuel forward or backward during its motion.

Thus, university students can readily solve Et).d4nd find

the mass (fuel) reduction rate of the travel. They can find the

most economical way by solving the extreme value problem.

This study will be suitable for university students in physics FIGure 1. Schematic diagram of the gravity train at a constant
courses. velocity vo with the exhaust velocity relative to the train.
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The train starts from point A at = —R andt = 0, and
reaches point B at = R andt = T = 2R/vg. The position
of the train,z(t), is thus given by

x(t) = vot — R. 4)

Energy Ratio

Hereafter, we parametrize the velocitigsandu as

u=B/gR, (5)

and use the dimensionless position parameter

V9 = a/ gR,

i:%:ame 1<i<l (6)
FIGURE 3. The position dependence of the energies relative to their
If one wants to travel i’ = 7/R/g = 42 minutes like ~ Nitial values for3 = 0.316.
Cooper’s estimation [1}x = 2/m, and thus
mp = mAe_f%ﬁ, (11)

2
VgR = 5.0 x 10°> m/s, (7

™

is required. As for3, it would be helpful to see the specific @nd the train reduces its mass Byn = mp — mx as the

values of each rocket, such ds< 0.316 for a solid-fuel ~ fuel jets. N )
rocket ands = 1.90 — 26.56 for an electrostatic ion thruster Figure 2 shows the position dependencenefz)/ma

[12]. As examples, we will perform numerical calculations from Egs. (0) for 5 = 0.316 (black solid curve) and2.6

Vo

for § = 0.316(w = 2.5 km/s) and12.6(u = 100 km/s).
By usingdm/dt = awdm/dz, we rewrite Eq.[2) as

dm  em _

and its general solution of Ec8)is
m(F) = Cemn® )

where(C' is an integration constant. From the boundary con

dition at point A;ms = m(—1), we findC' = mpe~(1/225),
Thus, the position dependence of the mass is

m(Z) = ma exp [20&15 (6532 — 1)} . (10)

The final mass at point Bpg = m(1), is

-1.0 -0.5 0.0 0.5 1.0
xR

FIGURE 2. The position dependence of the mass ratipm  for
[ = 0.316 (black solid curve) and2.6 (red dashed curve).

(red dashed curve) with Eq7) for vg. The mass reduction
during the travel is less for large values®because the mo-
mentum of the exhausted fuel relative to the train is propor-
tional to 5m..: large values ofs require less amount of...

Figures 3 and 4 show the position dependence of the en-
ergies relative to their initial values at point A f6r= 0.316
and12.6, respectively. The kinetic energy = (1/2)muv?
behaves in the same way@asshown in Fig. 2. The potential
energyU = (1/2)mw?2? is different from a quadratic func-
tion of x because of the position dependencerof In fact,

‘one can see the behavior from its derivative

af

whereU, = (1/2)magR. Forz < 0, the sign of Eq.12) is
always negative, and it is a decreasing function in this region.
Forz > 0, the sign of Eq.12) changes at the point

A (UNE s ey mi)
ﬁ(m)‘ (%ﬁ+x)mA, (12)
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FIGURE 4. The position dependence of the energies relative to their
initial values forg = 12.6.
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0.634 (3 = 0.316),
4.00 (8 = 12.6).

(13)

T =12a0 = {
The blue dotted curve representitigU, has the maximum

atz = 0.634 in Fig. 3, while it is an increasing function in
Fig. 4 because the maximum given in E&i3)is outside the

range ofz.

The black solid curves represent the ratio of the total me-

chanical energyy/E5, whereE = K + U, in Figs. 3 and 4.
Its derivative is

d (FE T
dz (E_A> " apla?+1)
x [208 + e(a® + 7%)] M, (14)
ma

which is negative forz < 0 and E/E, is a decreasing
function in this region. Fot > 0, E/Es has the maxi-
mum at the pointt = /(28 — «). If the maximum ex-
ists in the regiord) < Z < 1, the parametef must satisfy
1/m < B < 1/m+ w/4 for o = 2/m. However, it is out-
side the region in our present case becdu3# < 1/x and

12.6 > 1/7 + w/4. Thus, forz > 0, E/E, is a decreasing
function in Fig. 3 and an increasing function in Fig. 4.

The next problem is to find the most economical way to

travel by solving the extreme value problemffvith respect
to vg. The energy loss) F, during the travel is

) B

~Ux (1-¢7%) (a® +1).

1B

AE:EB—EA=—<
ma

(15)

Figure 5 shows thex dependence of the dimensionless

value |[AE|/Ux. The red dashed curve has the minimum

value neara = 1, while the black solid curve is a mono-
tonically increasing function oft. Thus, one can find the
most economical traveling velocity for large valuessof

5

— B=0.316
----- B=126

w

Abs[AEJ/UA

FIGURE 5. The dimensionless value of the absolute valuddf,
|AE|/Ua. The red dashed curvgd (= 12.6) has the minimum,
unlike the black solid curvés = 0.316).
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FIGURE 6. Contour plot fordAE/da = 0 (black solid) and its ap-
proximation curve Eq.20) (red dashed). Color plot dAE|/Ua
is also depicted. The yellow point &, 3) = (0.96,12.6) corre-
sponds to the minimum of the red dashed curve in Fig. 5.

0.8

To do this, we solve the extreme value problemaf.
From the differentiation oA E by «,
mpgR (1_6621[3”7 (16)

IAE
- 5

da
the extreme conditiodAE /da = 0 gives

1
1+—2+2aﬂ
[0}

1+i2+2aﬁ(1—ea%):o. 17)
«

Figure 6 shows the color plot fAE|/U, inthea — 3
plane. The dark blue regions have small valuegaF|/Ua
and more economical ways of travel. For large values of
(#, one can reduce the energy loss during the travel. The
black solid curve represents the extreme condition [Eg), (
and there is the lower boungl = 1 for the existence of the
minimum. To solve Eq/X7) approximately, we assume that
a ~ 1and|1/3| < 1, corresponding to the red dashed curve
in Fig. 5. In this parameter region, the expansion

1 1

l—ewd v —— (14— 1
eon aﬂ(+2aﬂ>7 (18)
simplifies the extreme condition EALY) as
1
a4+ —-a—1=0. 19
3 (19)
Its appropriate solution is
1 1 1
a =4/ —&-4[32 23 55 (20)

which is depicted by the red dashed curve in Fig. 6. For
6 = 12.6, Eq. 20) givesa = 0.9603, which is consistent
with the numerical solution of Eql{) by Mathematica ,

a = 0.9600. The yellow point af«, 5) = (0.96, 12.6), cor-
responding to the minimum of the red dashed curve in Fig. 5,
is on the contour plots of both the numerical and approxi-
mate solutions. One can easily find some properties of the
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FIGURE 7. Schematic diagram for a variable mass system.

extreme from EQ.20) instead of Eq./17). There is no ex- velocity to@ + dv' by exhausting the fuel of magdsn. with a

treme value oty for 8 = 0.316, because it gives a negative velocity ¢ + 4 measured from the rest frame as in Fig. 7 (af-

value ofa. On the contraryj — oo whena — 1, and there  ter). Notice thati is the relative velocity of the exhausted

are no positive solutions gf for a > 1. fuel as defined in the main text. The change of the total mo-
mentumdyp’is

3. Conclusions B L L B

dp = m (U + dv) + dme (U + @) — (m + dm,) U
We have studied the motion of a gravity train moving at a — mdii — idm (A1)
constant velocity. The train exhausts fuel forward and back- o ’ '
ward, reducing its mass to maintain its velocity. A varlableWhere the relatiomm, — —dm has been used in the last ex-

mass system describes the motion of the train. Students Al cion The equation of motion of the svsterdied: —
readily solve the equation of motion of the train and solve% h .ﬁ : ]9 y the wh Iy tp¢ 'Fh
the minimum energy condition in an approximate form. OneE' V\{Aelrebe(lj)rieonlzfe ;xer INg on the whole system. Thus,
finds that the optimal velocity of the trainig ~ \/¢gR and .- &) s Eq),
that a large exhaust velocityis preferred. -

dv - _dm

Appendix A

We give a brief derivation of the equation of motion Ef)) ( Acknowledgments

for a variable mass system [8-11].
Consider a train of total mass + dm. moving at a ve-  The author would like to thank M. Shiga for fruitful discus-

locity ¥ as shown in Fig. 7 (before). The train changes itssions.
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