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Broad spectrum attenuated total reflectance:
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Nano-optics is one of the most rapidly expanding fields in physics. Providing students with a basic knowledge of nano-optics and its practical
applications, bridges the gap between theoretical concepts and real-world technological advancements, making the study of this branch of
physics more tangible and exciting. In this study, we present a comprehensive analysis of the reflectivity of light from a thin-multilayered
system across a broad spectrum. We theoretically examined the transmission and reflection of incident plane waves at interfaces between
different media using the T-matrix method. We compared our theoretical findings with experimental results obtained from an attenuated
total reflection (ATR) setup, which employed a supercontinuum laser as light source. This setup allowed us to observe both angular and
spectral dependence of reflectivity. The sample under study, fabricated using e-beam physical vapor deposition, consisted of a BK-7 glass
substrate, a 3 nm Cr layer, a 30 nm Au layer, and air as the superstrate. The obtained results demonstrate the accuracy of both, experimental
and numerical methods. Our study not only serves as a valuable didactic resource, but also opens new perspectives for sensing applications
where spectral shift of plasmonic resonances is a subject of interest.
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1. Introduction

Physics is the cornerstone of all natural sciences, teaching us
the fundamental laws that govern the universe. For students,
an understanding of physics is not just an academic require-
ment; it’s a critical tool that paves the way for innovation and
technological advancements. By grasping the principles of
physics, students gain the ability to solve complex problems
and contribute to the evolution of various technologies.

In recent years, the study and development of thin-
multilayered systems have found applications across diverse
fields, highlighting their versatility and importance. For in-
stance, multilayer configurations are widely used in optical
coatings for lenses [1] and spectacle glasses [2], as well as
optical filters [3]. They also play a crucial role in energy-
efficient windows, where films are utilized to minimize heat
loss [4,5], the composition of transistors and integrated cir-
cuits [6,7], the configuration of fiber lasers [8,9], the instru-



2 E. PISANOet al.,

mentation for X-ray astronomy [10,11], and the development
of micro-LEDs for display applications [12], among others.

Notably, nanotechnology has been crucial in advanc-
ing our comprehension and implementation of multilayered
structures. As a result, scientific research done in this re-
gard includes: characterizing optical coatings [13,14], test-
ing novel sensitive materials [15,16], developing advanced
optical sensors [17,18], proposing integrated optical devices
for on-chip applications [19,20], designing photonic crystals
for optical filter applications [21], predicting the behavior of
light modes in a waveguide [22], designing single-mode plas-
monic bandpass filters [23] and optimizing optical cavities
[24], to name a few.

Manipulation of electromagnetic fields at the nanoscale
has played a fundamental role developing highly sensitive
devices consisting of multilayer systems. Such is the case
of the propagation and control of surface plasmon polaritons
(SPPs), which are surface electromagnetic waves confined to
the interface formed by two media (layers), one being a con-
ductor and the other a dielectric [25]. As the excitation of
SPPs requires fulfilling the wave vector matching condition
between the incident light and the SPPs, the chosen excitation
method will depend on the purpose of application.

SPPs can be excited through diverse methods. Among
them, the excitation of SPPs with light through the attenuated
total reflection (ATR) configuration stands out for its simplic-
ity. In this method, a polarized light beam is incident onto a
thin metallic film deposited on a glass prism. The coupling of
the light beam to SPPs can be achieved by varying the angle
of incidence, i.e., through the ATR mechanism. The coupling
of light to SPPs occurs at an angle called the angle of reso-
nance, where the wave vectors of the incident light match
those of the SPPs [26].

The ATR configuration has expanded its capabilities be-
yond its original design, being nowadays the base setup for
novelty sensors based on the Surface Plasmon Resonance
(SPR) phenomenon. A notable advancement has been the
addition of the spectral analysis for the SPR-based sensors.
This approach adds a broad-spectrum light source and a spec-
trometer to the original design. Instead of relying solely on
the resonance angle, this analysis measures the drop in inten-
sity for specific wavelengths within the analyzed spectrum
[27-30]. These minimums in intensity are highly sensitive to
changes in the properties of the media that make up the inter-
face where plasmonic coupling occurs, which represents an
attractive feature for SPR-based sensors.

Some studies of SPR-based sensors employing the ATR
configuration performing spectral analysis have been re-
ported in the literature. For instance, in Ref. [31], Chlebus
and coauthors determined the dielectric function of thin metal
films by measuring the wavelength dependence of the re-
flectance ratio of p- and s-polarized components from a white
light source subjected to the SPR phenomenon at different an-
gles of incidence. In Ref. [32] they used the same SPR con-
figuration with a white light source to determine the spectral
phase shift due to the presence of an analyte (NaCl solutions)

at different concentrations. In Ref. [33], Arora et al. demon-
strated numerically and experimentally the enhancement of
the SPR sensing using a broadband light source in the ATR
configuration, with the addition of a plasmonic nanograting
on top of a gold (Au) thin layer. In Ref. [34], Shalabney
and Abdulhalim improved the sensitivity of an SPR-based
sensor focusing on spectral interrogation mode. This study
showed that adding a thin dielectric layer with a high refrac-
tive index on top of the metallic layer in the SPR-based sensor
caused a red shift on the resonance wavelength, then obtain-
ing a sharper resonance dip and enhancement to the spectral
sensitivity. Also, in Ref. [35], Pavelkin presents a theoretical
study to obtain the ATR spectra of plasmonic structures from
visible to infrared spectral regions.

To understand the behavior of the SPR phenomenon from
the spectrum analysis approach, efficient and reliable numeri-
cal methods are essential. In this regard, the T-matrix method
has been employed. This method is a powerful mathematical
formalism widely used in electromagnetism to describe the
transmission and reflection of incident plane waves at the in-
terface between two different media. While it can be applied
to single-layer configurations, its true strength lies in its abil-
ity to analyze multilayered structures without the necessity
of high computational resources. At each interface between
adjacent layers, electromagnetic waves undergo changes in
phase and amplitude dictated by the optical properties of the
layers, such as their refractive index and thickness [36]. In
the end, the properties of each layer and the amplitudes of
the incident and transmitted waves can be related by a sole
2× 2 matrix by multiplying the matrices for each layer [19].

In this work, we present a concise and comprehensive
overview of the mathematical formulation of the T-matrix
method, including the interpretation of the dispersion curves
and reflectivity maps. Moreover, we have specifically imple-
mented the T-matrix method for the spectral and angular anal-
ysis of the ATR configuration for a glass-chromium-gold-air
system. We provide a discussion of the experimental setup
and compare results achieved with the implemented analyti-
cal method with those experimentally obtained.

2. Numerical method: T-matrix method

Let us consider the system ofN thin layers depicted in Fig. 1.
The system is invariant along the out-of-planey direction.
Each layer has a thicknesstm and dielectric constantεm(ω),
for m = [1, 2, ..., N ]. Both, substrate (medium1) and super-
strate (mediumN ) are semi-infinite. The interface between
two adjacent layers along thez direction, is denoted bydm,
with m = [1, 2, ..., N − 1].

To compute the modes supported by the system, as well
as the reflection and transmission of light, we can propose
a general solution for the electromagnetic waves propagat-
ing at each layer, as the superposition of propagative and
counter-propagative harmonic plane waves. Considering that
the thickness of the layers is shorter than the wavelength of
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light, tm < λ, (paraxial approximation) this superposition
can be expressed as

ψm(x, z, ω) = Amei(βmx+αmz)eiωt

+ Bmei(βmx−αmz)eiωt, (1)

whereAm and Bm are the amplitudes of propagative and
counter-propagative plane waves, respectively;ω is the fre-
quency of the harmonic plane-wave, andαm andβm are the
components of the wavevector,km, alongz andx directions,
respectively. Considering the normal to the system along the
z axis, the wavevectors are given by

αm = k0nm cos θ =
2π

λ
nm cos θ, (2)

βm = k0nm sin θ =
2π

λ
nm sin θ, (3)

being θ the angle between thez axis and wavevectorkm,
andnm =

√
εm(ω)µm(ω) the refractive index of them−th

layer. At optical frequencies, the magnetic permeability
µm(ω) ≈ 1.0, hence we consider only the electric permit-
tivity for the refractive index,nm =

√
εm(ω).

From Maxwell equations, the components of the
wavevector satisfy the constitutive relationship

βm(αm) =
√

k2
0εm(ω)− α2

m, (4)

and from continuity of tangential components of the electro-
magnetic field, at the interface between two adjacent layers
(dm) must be satisfied the boundary conditions [37]

ψm(x, z, ω)|z=dm
= ψm+1(x, z, ω)|z=dm

, (5)

1
νm

∂ψm(x, z, ω)
∂z

∣∣∣∣
z=dm

=
1

νm+1

∂ψm+1(x, z, ω)
∂z

∣∣∣∣
z=dm

, (6)

with νm = 1 for s polarization andνm = εm(ω) for p polar-
ization.

Considering that the propagation constant at each inter-
face must be the same along thex direction (βm = βm+1),
substitution of Eq. (1) into boundary conditions given by
Eqs. (5) and (6), leads to a two-equation system relating the
amplitudes and propagation constants of waves in layersm
andm + 1, given by

Ameikm + Bme−ikm

= Am+1e
ikm+1 + Bm+1e

−ikm+1 , (7)

Amγmeikm −Bmγme−ikm

= Am+1e
ikm+1 −Bm+1e

−ikm+1 , (8)

with km = αmdm, km+1 = αm+1dm, and γ =
(νm+1/νm)(αm/αm+1). Equations (7) and (8) can be writ-
ten in a matrix form as(

Am+1

Bm+1

)
=

1
2

(Tm)
(

Am

Bm

)
, (9)

where

Tm

=
(

(1+γm)ei(km−km+1) (1−γm)e−i(km+km+1)

(1−γm)ei(km+km+1) (1+γm)e−i(km−km+1)

)
. (10)

As the system hasN layers, we can extend the previ-
ous result toN − 1 interfaces by multiplying theTm matrix
of each interface, being obtained a general expression relat-
ing the amplitudes of plane waves of the substrate and super-
strate:

(
AN

BN

)
=

N−1∏
m=1

(Tm)
(

A1

B1

)

=
(

t1,1 t1,2

t2,1 t2,2

)(
A1

B1

)
. (11)

Relationship given in Eq. (11) is known as the T-matrix
method, a recursive algorithm that reduces the multilayered
system, into a two-medium problem.

2.1. Dispersion curves

From linear algebra, it is well known that a proper vector is
a set of values that remains unchanged after a linear transfor-
mation. For our multilayered structure, these proper vectors
correspond to the modes supported by the system. In other
words, waves whose amplitude and polarization remain un-
changed when light propagates through the system.

To find the proper modes of the system, we must impose
the boundary conditionsA1 = BN = 0, i.e., no external light
sources are considered. This assumption means that, regard-
less of incident light, solutions to the matrix Eq. (11) lead to
the modes supported by the multilayered structure. Hence(

AN

0

)
=

(
t1,1 t1,2

t2,1 t2,2

) (
0

B1

)
, (12)

and from this equation is obtained

0 = t2,2
AN

t1,2
. (13)

As amplitudesAN andB1 should be different from zero,
after computing the generalT matrix, Eq. (13) is satisfied
whent2,2 vanishes andt1,2 is different from zero. Hence, the
proper modes of the system can be obtained through

t2,2 = 0. (14)

In other words, all the values ofβ(α) given by relation-
ship (4), satisfying Eq. (14) correspond to the modes or reso-
nances of the multilayered structure.

Equation (14) cannot be always analytically solved and
numerical methods are required. For instance, when any of
the layers presents in a complex dielectric constant, such as
metallic layers, it is obtained a complex transcendental func-
tion. For this case, a simple and fast way to visualize an
approximation of the proper modes is by evaluating differ-
ent values ofβ in a wavelength spectral range and plot the
absolute value of the termt2,2.
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FIGURE 1. Schematic representation of a system of N layers in-
variant along the out-of-planey direction. Both, substrate and su-
perstrate are semi-infinite media. There areN − 1 interfaces along
z axis located at positionsdm, for m = 1, 2, ..., N − 1.

2.2. Reflection and transmission

To compute the portion of light reflected or transmitted by
a multilayered structure, we can also use the T-matrix equa-
tion. For instance, let us assume that the system is illuminated
from the substrate with an incident plane wave forming an an-
gle θinc measured from the normal to the surface (parallel to
z direction). For this situation, it is clear thatBN = 0, as no
light impinges from the superstrate. To obtain a normalized
value of the reflection and transmission, let us assume a uni-
tary amplitude for the incident plane wave,A1 = 1. From
Fig. 1 we can define the reflection and transmission coeffi-
cients asr = B1 andt = AN . Then, from Eq. (11) we have

(
t
0

)
=

(
t1,1 t1,2

t2,1 t2,2

)(
1
r

)
. (15)

Thus, reflection and transmission values are given by

R = |r|2 =
∣∣∣∣−

t2,1

t2,2

∣∣∣∣
2

, (16)

and

T = |t|2 =
∣∣∣∣
t1,1t2,2 − t1,2t2,1

t2,2

∣∣∣∣
2

. (17)

We must remark that the polarization dependence on the
reflection and transmission is already contained in the ele-
ments of the matrix. From Eq. (3), the propagation constant

of reflected light can be expressed as a function of the inci-
dence angle,θinc, by

βsub =
2π

λ
nsub sin θinc. (18)

From Eq. (18), two limit values ofθinc arise:

• θinc = π/2. For an incidence angle parallel to the
x direction (grazing angle), the propagation constant,
βsub = (2π/λ)nsub, corresponds to the propagation
constant of light in the substrate. This value is known
as “substrate light-line”.

• θinc = θc = arcsin (nsub/nsub). When the incidence
angle is equal to the critical angle (defined from Snell
law), the propagation constant,βsub = (2π/λ)nsup,
corresponds to light propagating through the super-
strate. This value is known as “superstrate light-line”.

Hence, if we illuminate the system at an angle satisfy-
ing the condition for total internal reflection (θinc > θc), the
propagation constant of the reflected wave varies fromβsup

to βsub. This situation means that the effective index of re-
flected waves lays between the light-lines of substrate and
superstrate media,nsub > neff > nsup.

3. Experimental methods

3.1. Fabrication of the sample

The sample under study is a four-layered structure consisting
of a BK-7 glass substrate (nsub = 1.515), a thin layer of Cr
of thickness3 nm, on top of which is placed an Au layer of
30 nm in thickness, and the superstrate is air (nsup = 1.0), as
schematically depicted in Fig. 2a).

For the fabrication of this multilayered sample, e-beam
physical vapor deposition technique was used (EBPVD; Torr-
internationalr, EB4P7CC-3kW-LLr). Before deposition,
the substrate was cleaned with an ultrasonic bath using iso-
propyl alcohol and deionized water. To ensure the adherence
of the Au layer over the substrate, we deposited a thin film of
3 nm of Cr (99.95% pure, KurtLeskserr) with a pressure of
5.57×10−7 Torr, a current of 16 mA and a rate of deposition
of 0.1 Å/s. Afterwards, the Au film of 30 nm of thickness
(99.9% pure, American Elementsr) was deposited at a pres-
sure of3× 10−6 Torr, 100 mA, and 0.6̊A/s deposition rate.

3.2. Broad spectrum ATR

The experimental setup, as depicted in Fig. 2b), consists
of an ATR setup [38,39], with the modification of the illu-
mination source and spectrometer instead of a power me-
ter. The fabricated sample was attached to a BK-7 glass
prism (nprism = 1.515) with immersion oil of refractive in-
dexnoil = 1.512. The prism with the sample was mounted
on a two-rotation coaxial goniometric stage system. The first
stage was employed to rotate the prism,i.e., to control the

Rev. Mex. Fis. E22010209
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FIGURE 2. a) Schematic representation of a four-layered system.
The system consisted of a 30 nm Au layer and a 3 nm Cr layer on
top of a BK7 glass substrate (nsub = 1.515), with air as superstrate
(nsup = 1.0). b) Schematic of the broad spectrum ATR setup. The
sample was attached with immersion oil (noil = 1.512) on top of a
BK7 prism (nprism = 1.515). A p-polarized collimated beam from
a supercontinuum laser was employed as light source. The man-
ual stage controls the incidence angle, while the motorized stage
was adjusted for each incidence angle to measure the output signal
(reflectivity) with a fibered spectrometer.

incidence angle (θinc), while the second high-resolution mo-
torized stage (Thorlabsr) was used to align the detector, per-
forming a movement of2θinc. The detector consisted of a
multimode optical fiber plugged with a SMA connector to an
optical spectrometer (StellarNetr BlackComet) with a spec-
tral detection range from 360 nm to 1100 nm. To illuminate
the sample on the prism, we used a broad-spectrum colli-
mated beam from a supercontinuum laser (Leukosr Electro-
VIS-IR 430), with an emission spectral range from 450 nm
to 2400 nm. The beam was p-polarized with the assistance

of a broad-band linear polarizer. We limited our measure-
ments to a spectral range from 480 nm to 900 nm, where
the laser emission was flatter. Additionally, a power meter
(PM1000USB, Thorlabsr) was used to measure the average
power of light beam at the output of the laser. The reflectivity
of the sample was normalized to the reflectivity of the prism
without the sample. Experiments were performed at room
temperature and ambient humidity.

4. Results

By means of the T-matrix method, we numerically char-
acterized the four-layered structure described in Sec. 3.1
[Fig. 2a)]. We computed the dispersion curves of the sys-
tem and its reflectance when illuminating from the substrate.
For these calculations, the values for the dielectric function of
Cr were taken from Ref. [40], while the values for Au were
obtained by following the model described in Refs. [41-43].
Then, to demonstrate the accuracy of the theoretical results,
we experimentally characterized the angular reflection of the
multilayer structure using an ATR setup with a supercontin-
uum laser [Fig. 2b)], and compare the results.

4.1. Dispersion curves

The results shown in Fig. 3a) correspond to|t22|, the complex
magnitude of Eq. (14), computed in the spectral wavelength
range from480 nm to 900 nm, and propagation constant in
the rangeR{β} = [0, 3] × 107 m−1. Logarithmic scale was
used to improve the contrast of the map. Minima values cor-
respond to the modes of the four-layered system. Black dot-
ted and dashed curves correspond to superstrate (air) and sub-
strate (glass) light-lines,βsup, βsub, respectively.

FIGURE 3. a) Dispersion curves of the BK-7 glass/Cr/Au/air system computed with the T-matrix method. Black-dotted and black-dashed
curves correspond to air and glass light-lines, respectively. The two main minimum branches correspond to the modes of the system.
b) Reflectivity as a function of the propagation constant. Black-dotted and black-dashed curves correspond to air and glass light-lines,
respectively. A broad minima reflection is observed between air and glass light-lines, corresponding to the attenuated total reflectance.

Rev. Mex. Fis. E22010209
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FIGURE 4. Reflectivity spectra as a function of incidence angle. a) Theoretical results obtained with the T-matrix method, and b) experimental
results obtained with the broad spectrum ATR setup. The black-dashed line corresponds to critical angle (substrate light-line).

Two main broad branches of minimum values are ob-
served in Fig. 3a), one between air and glass light-lines, and
a second one beyond the glass light-line. Modes, whose
wavevector is betweenβsub andβsub (βsub < β < βsub), cor-
respond to waves that are radiated into the glass substrate.
Modes whose wavevector is larger thanβsub are modes con-
fined into Cr and Au thin layers. In other words, two modes
are supported by the system: one mode whose energy is ra-
diated to the glass substrate, and a second mode confined in
the metallic layers.

4.2. Reflectance of the system

Using relationship (16), the reflectivity of the system can be
determined as a function of the propagation constant and
wavelength. The resulting plot is shown in Fig. 3b). In
this map, it is observed that for propagation constants be-
yond the glass light-line (dashed curve), the reflectivity val-
ues do not provide information about confined modes, be-
cause these modes cannot be excited by illuminating from
the substrate nor the superstrate. For light radiated into the
substrate (βsub < β < βsub), a broad minimum band in the
reflectivity is observed. This band of minimum values be-
comes narrower as the wavelength increases. For light radi-
ated into the air superstrate (β < βsup), reflectivity vanishes
for wavelengthsλ < 530 nm, close to the spectral region
where intraband transitions for Au take place.

A more intuitive way to understand the map in Fig. 3b)
is by plotting the reflectivity as a function of the incidence
angle of light,θinc. To this purpose, we used the relationship
given in Eq. (3) to define the values of Eq. (16).

The resulting map, shown in Fig. 4a), corresponds to the
reflectivity for a spectral range varying from480 nm to900
nm for incidence angles between37◦ and67◦. The vertical

dashed line corresponds to the critical angle (air light-line)
for a BK-7 glass/air interface (θc = 41.47). Minima values
correspond to ATR expected for a metal/dielectric (Au/BK-7)
interface due to the excitation of SPPs [26,38,39,44]. As ob-
served, for the BK-7/Cr/Au/air system, when the wavelength
increases, the band of minimum values becomes narrower
and approaches to the critical angle. When the wavelength
is shorter, the band of minimum values becomes wider and
can be reached at almost every angle,i.e., for shorter wave-
lengths, the radiated mode can be excited with light imping-
ing from the substrate at almost any angle above the critical
angle. This situation means that, for sensing applications, it
is better to operate at longer wavelengths, where the SPR ex-
citation is achieved at a shorter domain of incidence angles.

To corroborate the numerical results, we measured the re-
flectivity of the multilayered system with the broad spectrum
ATR setup described in Sec. 3.2. The results are shown in
Fig. 4b). A direct observation shows a good agreement be-
tween theoretical and experimental angular reflectivity spec-
tra.

To compare the theoretical and experimental results, we
plotted the reflectance at a fixed wavelength (λ = 633 nm) as
a function of incidence angle,θ [Fig. 5a)]. Red solid curves
correspond to theoretical values and blue dotted curves to
experimental data. The vertical dashed line corresponds to
the critical angle. Theoretical results exhibit a minimum re-
flectance atθ = 44.8◦, while experimental results show a
minimum atθ = 44.75◦. The difference between these val-
ues arise from angular resolution of the experimental setup.
Also, small amplitude discrepancies are due to signal scatter-
ing caused by the roughness of the sample.

In Fig. 5b) are compared theoretical (red curve) and ex-
perimental (blue dotted curve) reflectances as a function of
wavelength at a fixed incidence angleθ = 45◦. Theoretical

Rev. Mex. Fis. E22010209
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FIGURE 5. Comparison of theoretical (red curve) and experimental (blue dotted curve) reflectivity curves extracted from maps of Fig. 4. a)
Reflectivity as a function of incidence angle for a fixed wavelength atλ = 633 nm. Vertical dashed line correspond to the critical angleθc.
b) Reflectivity as a function of incidence wavelength for a constant incidence angle atθinc = 45◦.

results present a minimum reflectance aroundλ = 623 nm
and experimental data atλ = 625 nm. As light scattering
depends on the wavelength, there are larger discrepancies in
amplitude.

5. Conclusions

The comprehensive analysis presented in this work offers
valuable insights into the behavior of light when interact-
ing with a thin-multilayered system. As demonstrated, T-
matrix method is an efficient and reliable numerical approach
that provides information about the physical behaviour of
multilayered structures, requiring minimal computational re-
sources. With this numerical method, we were able to theo-
retically predict the dispersion curves and reflection spectra
of the system as a function of incidence angle. These theoret-
ical predictions were subsequently validated through experi-
mental measurements using the broad spectrum ATR setup.

For the multilayered structure (BK7-Cr-Au-Air) under
study, the derived dispersion curves provided a clear un-
derstanding of the modes supported in this system, includ-
ing a radiative mode and a confined mode. The reflectiv-
ity maps numerically generated, highlight the conditions for
mode coupling from the substrate (radiated mode), as a func-
tion of wavelength and incident angle, simultaneously.

Angular and spectral dependence for mode coupling was
experimentally demonstrated through the ATR setup illumi-
nated with the supercontinuum laser. Theoretical predictions
were in good agreement with the experimental results.

The performance of the ATR system was improved by
employing the collimated beam from the supercontinuum
laser and spectrometer for signal detection. The reflectivity
maps obtained with this setup, offer a simultaneous view of
angular and spectral dependence of reflectance minima.

This research not only emphasizes the potential of the
ATR setup as a significant advancement for sensing appli-
cations. It also serves as a valuable didactic resource for aca-
demic and scientific community requiring a theoretical and
experimental understanding about light interaction in multi-
layered systems, subject of interest in the realms of plasmon-
ics and metaphotonics.
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