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Electromagnetic fields with symmetry. I
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We show that in the framework of special or general relativity, the invariance of an electromagnetic field (with or without sources) under a
one-parameter family of space-time transformations leads to a constant of motion for a charged test particle if the transformations also leave
the space-time metric invariant. We also show that if the electromagnetic field and the space-time metric are invariant under a one-paramete
family of space-time transformations, then one can find four-potentials that are also invariant under this family of transformations.
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1. Introduction 2. Definition of symmetry

In a recent paper [1] it was shown that if an electromagneti@t first sight, it would seem that the definition of the invari-
field is invariant under a one-parameter family of translationsance of the electromagnetic field is a straightforward matter;
or rotations (in the Euclidean three-dimensional space), thehowever, one can see that there are three different natural def-
one can find a constant of motion associated with this syminitions, depending on what type of tensor field is employed
metry for a charged test particle in this field and that this conto represent the electromagnetic field. As is well known, the
stant of motion can be determined without having to chooselectromagnetic field can be represented by three different
electromagnetic potentials for the field. Furthermore, ongensor fields, whose components are usually denotéd as
can find electromagnetic potentials with the symmetry of theF"® 5 and F*#, and these components are related by
field.
The aim of this paper is to show, in a covariant manner, Fop = gary F g, F5 = g, F'*7,
without having to adapt the coordinates to the symmetry, that
if an electromagnetic field is invariant under a one-parametewhereg, s are the components of the space-time metric. (Ad-
family of transformations that also leave invariant the (flat orditionally, one can consider the dual 8},5.) Owing to the
curved) space-time metric, one can find a conserved qualifferences in the rules of transformation of these tensors, a
tity for the equations of motion a charged test particle, whichfransformation leaving invariant one of these tensors may not
does not require the specification of a four-potential for the€ave invariant another, except in the case where the trans-
field. We also show that, under the conditions mentionedormation also leaves invariant the metric tensor. (This dif-
above, one can find a four-potential possessing the same syii¢rence was not relevant in the examples treated in Ref. [1]
metry as the electromagnetic field and the metric. because the only transformations considered there were or-
In Sec. 2 we show that one half of the components of arflinary rotations and translations, which leave invariant the
electromagnetic field, with or without sources, invariant un-space-time metric.)
der a one-parameter family of space-time transformations can As in most cases encountered in physics, the more rel-
be expressed in terms of a real-valued, gauge-independe@yant symmetries are those belonging to families of trans-
function and in Sec. 3 we show that, if the transformationformations depending on one or more continuous parameters
also leave the metric invariant, this function takes part inand in what follows we shall consider a family of space-time
the constant of motion associated with this symmetry for gransformations depending on one parametgor instance,
charged particle subjected to the electromagnetic field. Ispatial rotations, translations, and boosts in the Minkowski
Sec. 4 we show that if the electromagnetic field is invariantspace-time),
under a family of space-time transformations then one can X = X", s), Q)
find four-potentials for this field sharing the same symmetry. o
Throughout this paper it will be assumed that the readei”md_we ghall ass%me that fer= 0, the tr.ansfo'rmguon IS
is acquainted with the basic notions and the standard notzihe identity: X (2", 0) = z°. A_S our ba3|_c deflnltlon, we
tion of special and general relativity (seeg.,Ref. [2]). The shall say th_at an e_Iectromagnetlc field is invariant under the
lower case Greek indices run fromto 3 and there is sum transformationsi) if
over each repeated index appearing once as a subscript and OXH 9XV
once as a superscript. Fop(a?) = e WF“”(XP)’ 2
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for all values ofs. (By contrast with the Lorentz transfor-

Then, the equations of motion of a particle with rest-mass

mations, which are usually considered as passive transfoend electric chargein a given electromagnetic field are

mations (that is, the phenomena are described from different

reference frames), here we are consideidatjve transfor-

mations,z® and X ¢ are coordinates with respect to a unique

coordinate system of two possibly different points.)
Taking the partial derivative of both sides of Eg) (ith
respect tes, ats = 0, making use of the definition

o 0X®
f - 65 5:0’ (3)
we obtain the basic equation
0F,.  0¢” 3
—¢p
0=¢ OxP * Oxf Foo Oz Fup- “)

(The vector field with components® is usually called the
infinitesimal generator of the family of transformatios. (
The expressions on the right-hand side of E4). 4re the

components of the Lie derivative of the differential form

F,pdx® A dz? with respect to the vector fielg® 9/0x2,
seee.g.Refs. [2-4].)
Equationd) can be rewritten as

OFap L OEFup) 0 OF s

OxP ozxe Ox®

Then, making use of the homogeneous Maxwell equations

8§F

0=¢ av
¢ oxP

+

OF.; 0OF,, 0Fs,
oxP OxP ozxe

and the antisymmetry,,g = —Fjs., we obtain
0= 8(§“Fug) _ a(f“szz)
Oz« oxP

which is locally equivalent to the existence of a functidn
such that

~0 (5)

oIl

FFpy = ———.
&L oz

(6)

A2z ¢

[e3

da?
™z T Par
wherer is the proper time of the particle.
Assuming that the electromagnetic field is invariant under
the family of transformations generated §Y, contracting
Eq. (7) with &,, making use of Eql@) we have
d?z® ~qolu daf ~ qdII

Mg T e dr T cdr

which amounts to
0, da? da®

d dz® ¢

ar (mfadT * CH) = M5B dr dr
The right-hand side of Eg8J vanishes for all possible four-
velocities of the particle if and only if

9o | 0
oxB oz 0- ©)

These last equations amount to say tffatgenerates sym-
metries of the space-time metric (a Killing vector) and one
finds that their only solutions correspond to Lorentz transfor-
mations (seee.g, Ref. [2], sec. 33.3, or Ref. [4], sec. 6.1).
Thus, in order to obtain a constant of motion, the useful sym-
metries of the electromagnetic field are also symmetries of
the metric tensor and therefore the three different definitions
of symmetry of the electromagnetic field mentioned above
coincide.

Summarizing, for a charged test particle in a given elec-
tromagnetic field (with or without sources) invariant under
a one-parameter family of Lorentz transformations with in-
finitesimal generatag®, the function

@)

®)

Sap® + 7L, (10)
wherep® are the components of the four-momentum of the
particle andlI is defined by Eq.8), is a constant of motion
(cf. Egs. (12) and (14) of Ref. [1]). It may be remarked that

(The minus sign is included in order to get agreement withi] [and, hence, the constant of motidh0)] is defined di-
the expressions given in Ref. [1].) (In Ref. [2], sec. 33.6,rectly from the electromagnetic field and therefore is gauge-

the existence of a scalar potential equivaleniltis obtained

assuming thaf® is simultaneously the generator of symme-

independent.

tries of the metric, and without realizing the role of this scalar3.1. An example
potential in the constant of motion for a charged particle sub-

jected to the field, see Sec. 3.)

3. Constant of motion

All the equations obtained in the previous section are valitiq |4 with £
xT

It may be illustrative to give an electromagnetic field invariant
under a family of Lorentz transformations, different from the
usual spatial translations and rotations. As is well known, for
a boost along the-axis, thex-components of the electric and
the magnetic fields are invariant. Hence, an electromagnetic
and B, constant, and all the other components

in a flat or curved space-time and in any coordinate systemq, 5 to zero, must be invariant under the one-parameter fam-
Now we shall consider the special case where the SPaCGy of Lorentz transformations

time is the Minkowski space-time and the coordinatésare
Cartesian, that is, the metric tensor has components
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X0 = 2%cosh s + ! sinh s,

X' = 2Y%sinh s + 2! cosh s, (11)
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andX? = 22, X3 = 23. A convenient way of proving this We shall say that the four-potential is invariant under the
assertion consists in verifying the existence of a funciibn transformations) if

satisfying Eq./6). Taking the electromagnetic field given by

Fio = Ey = —Fy, Fos5 = By = —Fjo, WhereEU and A (I"/) 8XHA“(XP) (13)

B, are constants, with all the other componefitg equal to Oz

zero (uniform electric and magnetic fields pointing along the, 5 . . _— .
+-axis), from Eqs.) and 1) we find€® — 21, £! — 29 and [cf. Eq. (2)]. Taking the partial derivative with respectipat

€2 — ¢ — 0. Then, Eq.16) gives s = 0, of both sides of Eq/1(3) one finds

ot ot , 04a 08"

@ = _guF#O = _EOCEOy ﬁ = _5‘ Ful = E()(L'l, O - EP al_p axa (14)
and, similarly,d11/92* = 0 = 0I1/0x?, which are satisfied [cf. Eq. @)]. (Owing to the fact that we have two differ-
with B ent tensor fields corresponding to the four-potential,and

= ?0 [(z")? = (2°)?]. A, we have two different definitions of invariance under the

transformationsd), but they coincide when the transforma-

tions leave the metric tensor invariant. The expressions on

. the right-hand side of Eq14) are the components of the Lie

ticle in this electromagnetic field, owing to the invariance

, . derivative with respect to the vector figddt9/0z“ of the 1-

of the field under the one-parameter family of booitt) ( form A,,dz.)

(in fact, one-parameter group), there is a constant of motion .

given by [see Eq10)] A stralghtforward computation shows that the symmetry
) condition @) can be rewritten in terms of the four-potential

(Note thatll does not depend oB.)
According to the discussion above, for a charged test par;

_alp? a0 4+ CIQE[($1)2 ~ @) in the form
C
(The field is also invariant under translations along the four 0 = — <§M 8‘45 ogr > A )
coordinate axes as well as under spatial rotations about the Dz Dt 5$ﬁ g
z'-axis, and therefore there are five additional constants of A, 3§u
motion.) = 58 (5“ oo T e ) (15)
3.2. Curved space-time and therefore if the four-potential is invariant under the fam-

ily of transformations generated §, then the electromag-
Tetic field is also invariant under those transformations, but
Y%he converse is not necessarily true, that is, E6) does not
|mply Eqg. (14). However, Eq./15) is equivalent to the local
existence of a function7, such that

The results obtained above remain valid if the coordinate
are not Cartesian or if the space-time is curved, by simpl
replacing the partial derivatives by covariant derivatives. In.
particular, the conditior@) becomes

Vaép + Vgla =0, (12) 9A ek oG

3 =
Ozt Oz P Oxo

whereV, denotes the covariant derivative compatible with (16)

the metric. Equationsl@) are the Killing equations corre-
sponding to the metric tensgg,g, which determine the sym-
metries of the metric (see,g, Refs. [2—4]).

On the other hand, for a given electromagnetic field, the four-
potential is not unique but it is defined up to a gauge trans-
formation: A/, = A, + 0A/9x“, whereA is an arbitrary

function. Under this transformation the left-hand side of Eq.

4. The fOUI'-pOtentla| (16) transforms into

In the preceding sections, the four-potential of the electro- dA,, 92A aer aer AN
magnetic field has not been mentioned and the constant of ~ &" pye + &+ D O + Hua pt oo 9 O

motion associated with a one-parameter family of transfor-

mations leaving invariant the electromagnetic field has been - 8G <5u oA > )
expressed directly in terms of the componefits [see Egs. ov " D datt

(6) and [LQ)]. In this section we shall show that if the electro- - .

magnetic field is invariant under the one-parameter family O1Hence, ifA. is chosen in such a way that
transformation<) then one can find a four-potential for this A

field that is also invariant under the transformatiotjs ( 5”@ =-G, 17)

As is well known, the Maxwell equation$) are locally
equivalent to the existence of a four-potentidl,, such that  the four-potentiald’, is invariant under the family of trans-
045 04, formations generated . (Equation/L?) is a linear partial

Fop = 9z 028 differential equation for\, which is always solvable. See the
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example below.) (In Ref. [2], sec. 33.6, E@4 is employed gﬂ% %A =0
to define the symmetry of the electromagnetic field, restrict- ozP ~ 9z " ’
ing the discussion to transformations that leave the metric in- ,0A;  O¢!
variant; apart from this unnecessary restriction, Ad) pas § Gzp L Gps T T 0,
the inconvenience of being gauge-dependent.) ) .

It may be noticed that the right-hand side of Etd)(can  Which are of the form1€) with
be rewritten in the form E,
5paAa n aﬁA — (6Aa B 8AM> A(ErA,) G = —7[@0)2 + (24)?].

oz Ozt ox#* Oz o™

Hence, the linear partial differential equatiati’) takes the
— f“F + M form
. .W .Qxa ’ 1aA OaA_EO 042 1\2

therefore, if the four-potential,, satisfies the symmetry con- T o0 T T T [(2°)* + (27)7]

dition (14) then there exists the functiai, defined up to
an additive constant by Eg6), and we can assume that
&* A, = II. This implies that the constant of motiafQj

is given by

and, by inspection, one finds the particular solutibn=
(Eog/2) z°2'. Finally, a four-potential invariant under the
transformationsil) is given by

« q (0%
€a (p +EA ) (18) Al = (Eyxt /2, —Epx®/2,0, Byz?).

4.1. Example

In order to illustrate the results of this section, we shall find5' ConCIUdmg remarks

a four-pot_enua_l for the electromagnetic f_|eld considered in e electromagnetic field is invariant under the transforma-
Sec. 3.1, invariant underothe tranQqurmat|c‘m$)( One can  iqng generated by several Killing vectors, we can still obtain
verify that A, = (0, —FEox", 0, Boa®) is a four-potential for e ¢orresponding constants of motion as shown in Sec. 3, but
the uniform fields employed in Sec. 31'1'0b“t Edsl(are not 5 four-potential simultaneously invariant under all the Killing
satisfied. In fact (recalling that" = (z7,27,0,0)) one finds  yectors may not exist. A simple example is given by a static,

that uniform field in the Minkowski space-time, which is invari-
gp% ogr . = —Ega®, ant under the translations along the four coordinate axes, but
dwr 0x0 7! a four-potential invariant under all these translations would
f”% g/& _ B have constant Cartesian components, and the electromagnetic

Oxr  Oxl™H field would be equal to zero.
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