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SpaceMath v.2.0 with Machine Learning is an extension ofSpaceMath v.1.0 and implements processes with Flavor-Changing
Neutral Currents at tree and one-loop level, namely, i) Radiative decays`i → `jγ, ii) `i → `j`k

¯̀
k decays (̀i = τ, µ, `j, k = µ, e, with

`i 6= `j 6= `k), iii) anomalous magnetic moment of the muonδaµ and iv) decaysB0
s,d → µ−µ+. In addition to scanning parameter spaces,

SpaceMath v.2.0 has a novel implementation that make use of Machine Learning algorithms to predict Benchmark Points for numerical
evaluations of observables in particle physics. A detailed example applied to theTwo-Higgs Doublet Model of type IIIparameter space is
developed.
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1. Introduction

Our current knowledge of elementary particles and their in-
teractions is based on solid theoretical foundations that are
embodied in the Standard Model (SM). This theory provides
a description of the weak, strong and electromagnetic in-
teractions, explaining almost all experimental observations,
except for isolated cases. However, despite these achieve-
ments, there are phenomena that the SM cannot explain, for
example: the hierarchy problem, the origin of dark matter,
the problem of flavor, etc. The fact that the SM cannot pro-
vide an answer to these phenomena suggests physics Beyond
the SM (BSM). In the last decades, several extensions of the
SM have been presented to try to solve them [1–16]. The
price to pay is the emergence of free parameters that are not
predicted by the theory. From a phenomenological point
of view, one frequently finds these free parameters which
should be constrained in some way, but at same time moti-
vated and allowed by experimental measurements or by the-
oretical restrictions. With theSpaceMath package, it is
possible to do it. Free model parameter spaces can be con-
strained automatically within a friendly interface and an in-
tuitive environment, where the user defines the couplings and
executing the commands ofSpaceMath to generate both
plots and tables which show areas and numerical values, re-
spectively, according to experimental data. Similar pack-
ages toSpaceMath can be consulted in the Refs. [17–23].
However,SpaceMath has the feature that it only requires

the installation ofWolfram Mathematica (available in
many universities and research institutes) and a very basic
knowledge ofWolfram language. Unlike other programs
that require prior knowledge of programming languages, the
SpaceMath package has a fast learning curve and a practi-
cal approach which makes it an option for quick results.

The organization of our work is as follows. In Sec. 2 we
present the theoretical framework necessary to have the ba-
sis of the programming ofSpaceMath . Section. 3 shows
a concise to installSpaceMath v.2.0 and how it works,
giving a detailed example. Section 4 is focused on the valida-
tion of SpaceMath v.2.0 by reproducing several results
shown in the literature. Finally, conclusion and perspectives
are presented in Sec. 5.

2. A theoretical overview

We have implemented inSpaceMath v.2.0 LHC Higgs
boson data (as well as projections for the HL-LHC and HE-
LHC) and Lepton Flavor Violating processes (LFV). The for-
mer can be applied to any model that predicts corrections
to the Higgs-fermions and Higgs-V (V = W,Z) couplings,
while the LFV processes only can be studied for models with
Flavor Changing Neutral Interactions at tree level. Specif-
ically to models with both real and complex singlets, real
and complex doublets and effective theories. We start de-
scribing the theoretical framework in whichSpaceMath
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v.2.0 works. Namely:

1. Higgs boson data

(a) Signal strength modifiersRX ,

(b) Higgs boson coupling modifiersκi.

2. LFV processes

(a) h → `i`j ,

(b) Radiative processes̀i → `jγ,

(c) Muon anomalous magnetic momentaµ,

(d) `i → `j`j`k decays,

(e) B0
s, d → µ+µ−.

2.1. LHC Higgs boson data

2.1.1. Signal strength modifiersRX

For a production processσ(pp → Hi) and a decayHi → X,
the signal strength is defined as follows:

RX =
σ(pp → h) · BR(h → X)

σ(pp → hSM) · BR(hSM → X)
, (1)

whereσ(pp → Hi) is the production cross section ofHi,
with Hi = h, hSM; hereh is the SM-like Higgs boson com-
ing from an extension of the SM andhSM is the SM Higgs
boson;BR(Hi → X) is the branching ratio of the decay
Hi → X, with X = bb̄, τ−τ+, WW ∗,ZZ∗, γγ.

2.1.2. Higgs boson coupling modifiersκi

The coupling modifiersκi are introduced to quantify the de-
viations of the SM-like Higgs boson to other particles. The
coupling modifiersκi for a production cross section or a de-
cay mode, are defined as follows:

κ2
pp =

σ(pp → h)
σ(pp → hSM)

, or κ2
X =

Γ(h → X)
Γ(hSM → X)

. (2)

We consider tree-level Higgs boson couplings to differ-
ent particles,i.e., ghZZ∗ , ghWW∗ , ghτ−τ+ , ghµ−µ+ , ghbb̄, as
well as effective coupling modifiersghgg andghγγ which de-
scribe gluon fusion productionggh and theh → γγ decay,
respectively.

TABLE I. Experimental measurements on theRX implemented in
SpaceMath v2.0

RX Value [24]

Rbb̄ 0.99± 0.12

Rτ−τ+ 0.91± 0.09

RWW∗ 1.00± 0.08

RZZ∗ 1.02± 0.08

Rγγ 1.10± 0.06

TABLE II. Current bounds of the observables implemented in
SpaceMath v2.0 .

Observable Bound [24]

BR(h → eµ) < 4.4× 10−5

BR(h → eτ) < 2× 10−3

BR(h → µτ) < 1.5× 10−3

BR(µ → eγ) < 4.2× 10−13

BR(τ → eγ) < 3.3× 10−8

BR(τ → µγ) < 4.2× 10−8

BR(τ → 3e) < 2.7× 10−8

BR(τ → 3µ) < 2.1× 10−8

BR(µ → 3e) < 1.0× 10−12

FIGURE 1. Feynman diagram of the decayh → `i`j . This de-
cay can constrain parameters involved in theh`i`j interaction, as
indicated by black circle.

2.2. Lepton Flavor Violating processes

Let us first to show in Table II all the upper limits that corre-
spond to each individual process presented below.

2.2.1. h → `i`j decays

The LFV processesh → `i`j (`i, j = `−i, j`
+
i, j) where`i`j =

eµ, eτ, τµ can arise at tree level in many models that extend
to the SM. The relevant interactions can be extrated from the
Yukawa Lagrangian

LY ⊃ −Yij
¯̀i
L`j

Rh + h.c. (3)

The correponding full decay width of theh → `i`j decays is
given by:

Γ(h → f̄ifj) =
Ncg

2
hf̄ifj

mh

128π

[
4− (

√
τfi +√

τfj )
2

]3/2

×
√

4− (
√

τfi −√τfj )2, (4)

whereghf̄ifj
is thehf̄ifj coupling coming from an exten-

sion of the SM,Nc = 3 (1) is the color number for quarks
(leptons),mh is the Higgs boson mass andτi = 4m2

i /m2
h.

Note that in generali 6= j andf denotes a fermion, particu-
larly fi,j = `i,j . Figure 1 presents the Feynman diagram at
tree-level that contribute to the processh → `i`j .
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FIGURE 2. Feynman diagram that contribute to the decay`i →
`jγ. This process constrains parameters that are a function of the
φ`i`k and φ`k

¯̀
j LFV interactions, blue and red circles, respec-

tively.

2.2.2. Decays̀i → `jγ

The Feynman diagram that contribute to the process`i →
`jγ is presented in Fig. 2.

The effective Lagrangian for thèi → `jγ
i is given by

Leff = CLQLγCRQRγ + h.c., (5)

where the dim-5 electromagnetic penguin operators read

QLγ, Rγ =
e

8π2
(¯̀jσαβPL, R`i)Fαβ , (6)

hereFαβ is the electromagnetic field strength tensor. The
Wilson coefficientsCL, R receive contributios at one-loop
level and an important contribution from Barr-Zee two-loops
level. For the particular case when`i = τ and`j = µ, we
assume the approximationsgφµµ ¿ gφττ andmµ ¿ mτ ¿
mφ. Under this assertion the one-loop Wilson coefficients
CL, R simplify as follows [25,26]

C1loop
L '

∑

φ

gφττgφτµ

12m2
φ

(
− 4 + 3 log

m2
φ

m2
τ

)
,

C2loop
R '

∑

φ

gφττgφτµ

12m2
φ

(
− 4 + 3 log

m2
φ

m2
τ

)
. (7)

The numerical expressions for 2-loop contributions are
given by

C2loop
L =

∑

φ

g∗φτµ(−0.082gφtt + 0.11)/(mφGeV)2. (8)

The rate forτ → µγ is

Γ(τ → µγ) =
αm2

τ

64π4
(|CL|2 + |CR|2). (9)

To obtain the corresponding width decay of the processes
µ → eγ andτ → eγ, the replacementsτ → µ, µ → e for
the first decay andµ → e for the second process from (5) to
(9) are required.

2.2.3. Muon anomalous magnetic moment (µAMM)

The Feynman diagrams that contribute toµAMDM are
shown in Fig. 3

The one-loop contribution for diagram in Fig. 3a) is given
by

aµ =
mµ

16π2

∑

`=e, µ, τ

∑

φ=h, H, A

m`gφµ`

m2
φ

×
(
2 ln

(mφ2

m2
`

)
− 3

)
, (10)

while for the contribution coming from diagram in Fig. 3b),
in terms of Feynman parametritation method, reads

aµ =
mµ

8π2

∫ 1

0

2mµ(x− 1)x
m2

φ −m2
µx

. (11)

There are also Barr-Zee two-loop contributions to the
µAMDM. The dominant contribution is given by

atwo−loop
µ =

α2

8π2s2
W

m2
µgAµµ

m2
W

×
∑

f=t, τ, b

Nf
c Q2

frff(rf )gAfif̄i
, (12)

whererf = (mf/mA)2, mf is the fermion mass,Nf
c = 1(3)

for leptons (quarks),Qf is the electric charge of fermions and
gAff is given by the following Lagrangian

FIGURE 3. Feynman diagrams that contribute toµAMDM. Hereφ represents a CP-even scalar, CP-odd scalar and the SM-like Higgs boson.
H± stand for charged scalar bosons. TheµAMM can constrain several free parameters that are function of theφ`i`j , H+H−γ, H±`±ν`

interactions, as shown in the black, red and blue circles, respectively. Neutral and/or charged scalar massesMφ, H± (φ = H, A) can be also
constrained.
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L = i
gmfgAff

2mW
f̄γ5fA. (13)

Finally, the functionf(rf ) is given by

f(rf ) =
∫ 1

0

log( rf

y(1−y) )

rf − y(1− rf )
dy. (14)

2.2.4. Decays̀i → `j`k
¯̀
k

These types of decays can occur at tree-level via the exchange
of scalars changing flavorii, as shown in Fig. 4. Neverthe-
less, the process could be suppressed by the flavor violating
Yukawa couplingsY`i`j

and by the flavor-conserving cou-
pling Y`k`k

. However, it depends on the model under consid-
eration.

The decay width is given by

Γ(`i → `j`k
¯̀
k) =

∑

φ=h, H, A

5m5
`i
|gφ`k

¯̀
k|2(|gφ`j`k|2 + |gφ`k`j |2)
24(8π)3m4

φ

. (15)

2.2.5. DecaysB0
s → µ+µ− andB0

d → µ+µ−

Decays of neutral mesons into muons are strongly suppressed
in the theoretical framework of the SM. This suppression
arises due to three key factors: (i) they occur through loop
diagrams, which are inherently weaker than tree-level pro-
cesses; (ii) helicity suppression reduces the probability of the
interaction; and (iii) the small values of certain CKM matrix
elements further diminish the decay rate. Consequently, the
branching ratios for these decays are extremely low. While
other channels such as electron andτ decays might be theo-
retically possible, they are strongly suppressed and difficult
to reconstruct, respectively. A representative Feynman dia-
gram illustrating this process is shown in Fig. 5.

B0
s,d meson decay intoµ+µ− pair is both interesting and

stringent due to its sensitivity to constrain BSM theories.
Within the theoretical framework of the SM, the branching
ratios areBR(B0

s → µ+µ−) = (3.66 ± 0.14) × 10−9 and
BR(B0

d → µ+µ−) = (1.03± 0.05)× 10−10 [27], while the
current experimental values reported by CMS collaboration

FIGURE 4. Feynman diagrams that contribute to the decay`i →
`j`k

¯̀
k. These processes can constrain parameters that are a func-

tion of theφ`i`j andφ`k
¯̀
k interactions, red and blue circles, re-

spectively.

FIGURE 5. Generic Feynman diagram for the decaysM → µ+µ−.
The black circle denotes a flavor-changing in the quark sector. Pa-
rameters that arise in theφqiq̄i interactions can be constrained. For
the particular case of the decayB0

s → µ−µ+, the parameter to be
constrained comes from theφbs̄ interaction.

areBR(B0
s → µ+µ−) = (4.02+0.40

−0.38(stat)+0.28
−0.23(syst)+0.18

−0.15

(B))× 10−9 andBR(B0
d → µ+µ−) < 1.9× 10−10 at95%

C.L. [28], respectively. In the context of the 2HDM-III, the
decaysB0

s,d → µ+µ− are mediated by the SM-like Higgs
boson, the heavy scalarH and the pseudoscalarA and it can
arise at tree level. For the decayB0

s → µ+µ−, qi = s and
q̄j = b̄, while for the processB0

d → µ+µ−, qi = d and
q̄j = b̄.

The effective Hamiltonian governing the transitionB0
s →

µ+µ− is

HB0
s→µ+µ−

eff = −G2
F m2

W

π2

(
Cbs

A Obs
A + Cbs

S Obs
S

+ Cbs
P Obs

P + C ′bs
A O′bs

A

+ C ′bs
S O′bs

S + C ′bs
P O′bs

P

)
+ h.c., (16)

where the Wilson operators are given as follows

Obs
A =

(
b̄γµPLs

) (
µ+γµγ5µ

−)
,

Obs
S =

(
b̄PLs

) (
µ+µ−

)
,

Obs
P =

(
b̄PLs

) (
µ+γ5µ

−)
. (17)

The primed operators are obtained replacingPL ¿ PR. The
branching ratio for this decay is given by

BR (
M → `+`−

)
=

G4
F m4

W

8π5

√
1− 4

m2
`

m2
M

mMf2
Mm2

`τM

×
[ ∣∣∣∣∣∣

m2
M

(
Cij

P − C ′ijP

)

2 (mi + mj)m`
− CSM

A

∣∣∣∣∣∣

2

+

∣∣∣∣∣∣
m2

M

(
Cij

S − C ′ijS

)

2 (mi + mj)m`

∣∣∣∣∣∣

2 (
1− 4

m2
`

m2
M

) ]
, (18)
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Cij
S =

π2

2G2
F m2

W

∑

φ=h,H

2gφ`+`−gφij

M2
φ

,

Cij
P =

π2

2G2
F m2

W

2gφ`+`−gφij

M2
A

,

C ′ijS = Cij
S (gφij ¿ gφji) ,

C ′ijP = Cij
S (gφij ¿ gφji) , (19)

where `+(−) = µ+(−), i = s, j = b̄, mM = mB0
s

=
5.36692 GeV is theB0

s meson mass,fM = fB0
s

= 0.2303
is theB0

s meson decay constant,τM = τB0
s

= 2.311 × 1012

GeV is the lifetime of theB0
s meson,GF the Fermi constant

and the SM contribution at one loopCSM
A is given by

CSM
A = −V ∗

tbVtsY

(
m2

t

m2
W

)
− V ∗

cbVcsY

(
m2

c

m2
W

)
, (20)

where the functionY is defined asY = ηY Y0 such that the
NLO QCD effects are included inηY = 1.0113 [29] and the
loop Inami-Lim function [30] reads

Y0(x) =
x

8

[4− x

1− x
+

3x

(1− x)2
ln(x)

]
. (21)

To obtain the correspondingBR(B0
d → µ+µ−) we carry out

in Eq. (18) the replacementsmB0
s
→ mB0

d
= 5.27966 GeV,

fB0
s
→ fB0

d
= 0.190, τB0

s
→ τB0

d
= 2.312 × 1012 GeV; In

Eqs. (19) gφb̄s → gφb̄d and in Eqs. (17) s → d.

3. Installation and first steps

3.1. Installation

Run the following instructions in a Notebook of
Mathematica

Note that an error may appear because the quotation
marks (””); this can be resolved by deleting and then explic-
itly writing both quotation marks.

Periodically, the SpaceMath package is updated accord-
ing to new state-of-the-art information, ensuring that the user
has access to this updated data simply by executing the fol-
lowing instruction:

To deleteSpaceMath automatically, the user only has
to execute the following instruction:

3.2. First steps

Firts of all, we define in Table III the arguments that are com-
mons in the most commands described below. Thus, we en-
courage the reader to become familiar with them.

It is important to mention that theLHC option corre-
sponds to measurements done by the Large Hadron Collider
(LHC), meanwhile theHEandHL options stand for projec-
tions reported in Ref. [31].

3.3. Signal strengths

To generate random points in accordance with experimental
measurements, we use the following instructions.

Signal strengths:Rb & Rτ

TABLE III. Description of arguments shared in allSpaceMath v.2.0 commands.

Argument Description

xi, (i=1,...,10) Parameters to constraint

ximin (ximax) Initial (final) value of the interval to evaluates

xilabel Label the columni=1,...,10 to be plotted

NN Random values to generate

ghXX Represents theghXX coupling, whereXX= bb̄, tt̄, τ−τ+, µ−µ+, e−e+, WW, ZZ

ghXY Represents theghXY coupling, whereXY= µe, τµ, τe

gAXX Represents thegAXX coupling, whereXX= bb̄, tt̄, τ−τ+, µ−µ+, e−e+

gAXY Represents thegAXY coupling, whereXY= µe, τµ, τe

gHXX Represents thegHXX coupling, whereXX= bb̄, tt̄, τ−τ+, µ−µ+, e−e+

gHXY Represents thegHXY coupling, whereXY= µe, τµ, τe

colliderType Options:LHC, HEandHL

Rev. Mex. Fis. E23020201
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Signal strengths:RV , (V = Z, W ) & Rγ

All the signal strengthsRX & their intersection

Here, the RALL command includes all theRX ’s
to be plotted in a same plot while the instruction
Rintersection generates random points that satisfy all
theRX ’s. In Rgam, RALL and Rintersection , the ar-

gumentsgCHandmCHstand for theghH+H− coupling and
the mass of a charged scalar boson, respectively, these pa-
rameters could come from an extension of the SM. All the
points that satisfy the experimental restrictions will be ex-
ported to$UserDocumentDirectory iii (Documents) in
a CSV file with the same command’s name.

SpaceMath v.2.0 has its own command to graph the
RX ’s. After random points generation, it can accomplished
with the following instruction:

The user can generates a particular case ofPlotRX with
the replacementX → b, tau, W, Z, gam, ALL,
intersection for generates the correponding graph for
Rb,Rτ ,RW ,RZ ,Rγ ,RALL ,Rintersection, respectively.

Once the main commands have been defined, we focus
on the particular case ofRALL , which generates points in-
cluding all theRX ’s. For this purpose, we consider the
Yukawa Lagrangian of the Two-Higgs Doublet Model of type
III [32–43], it is given by

LTHDM-III
Y =

g

2

(
m`

mW

)
¯̀
i

[
cos α

cosβ
δij +

√
2 sin(α− β)

g cosβ

(
mW

m`

)(√
mimj

v
χij

)]
`jH

+
g

2

(
m`

mW

)
¯̀
i

[
− sin α

cos β
δij +

√
2 cos(α− β)

g cos β

(
mW

m`

)(√
mimj

v
χij

)]
`jh

+ i
g

2

(
m`

mW

)
¯̀
i

[
− tan βδij +

√
2

g cos β

(
mW

m`

)(√
mimj

v
χij

)]
γ5`jA

+
g

2

(
mu

mW

)
ūi

[
sin α

sin β
δij −

√
2 sin(α− β)

g sin β

(
mW

mu

)(√
mimj

v
χij

)]
ujH (22)

+
g

2

(
mu

mW

)
ūi

[
cosα

sin β
δij −

√
2 cos(α− β)

g sin β

(
mW

mu

)(√
mimj

v
χij

)]
ujh

+ i
g

2

(
mu

mW

)
ūi

[
− cot βδij +

√
2

g sin β

(
mW

mu

)(√
mimj

v
χij

)]
γ5ujA,

wherei andj stand for the fermion flavors, withi 6= j, in
general. As far as the type-down quark interactions, it is sim-
ilar to lepton part with the exchangè→ d andm` → md.
In addition to the SM-like Higgs boson, represented byh, the
THDM-III predicts two neutral spin-0 particles denoted by
H andA in Eq. (22)iv

SpaceMath offers a collection of pre-loaded notebooks
for each previously described observable, then users could
implement their models in a quick and easy way.

We start the implementation of THDM-III in
SpaceMath by executing the RALL and Rintersection com-
mands.

The explicit steps are listed below.

1. Open a notebook ofMathematica and load
SpaceMath v.2.0 by typing:

2. Select the option Observables → LHC
Higgs boson data → Signal strength
modifiers Rx → RALL and a notebook will be
displayed (See Fig. 6). Define the couplings as a func-
tion of the parameters to be constrained. In the theo-
retical framework of THDM-III [Eq. (22)], it is given
as follows:

Rev. Mex. Fis. E23020201
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FIGURE 6. SpaceMath package loaded inMathematica with
theObservablesmenu displayed.

whereCab, tanBeta , CHItt and CHIbb are identified
with cos(α− β), tan β, χtt, χbb, respectively. The complete
list of couplings can be found in Appendix A.

3. Later, we execute the instruction

4. Once the random points have been generated (point 3),
in this case we consideredNN=1000000, the command
to plot them is the following:

where x1label =" cos(α − β)" , x2label =" tanβ" ,
x3label =" χtt" , x4label =" χbb" , x5label =" χττ " ,

FIGURE 7. In this menu the user select the plane to be plotted. In
this particular case, the parameterscos(α−β) andtan β have been
selected by clicking.

FIGURE 8. Plot generated bySpaceMath v.2.0 via the com-
mandPlotRALL . Points orange (purple, green, red and blue) are
the ones that satisfyRb (Rγ ,Rτ ,RW andRZ ).

Rev. Mex. Fis. E23020201



8 M. A. ARROYO-UREÑA, T. A. VALENCIA-PÉREZ

x6label =" mH±" . Notice that inPlotRALL the argu-
ments are enclosed in quotes ("..." ).

After executing the instructionPlotRALL[...] , a
menu will be displayed. If the user has selected the check-
boxes as shown in Fig. 7, then the Fig. 8 will be generated.

Machine learning

We have implemented methods of machine learning in
SpaceMath v.2.0 to generate specific Benchmark Points
useful to evaluate the calculations of physical observables of
interest.

SpaceMath v.2.0 through the Wolfram Language
offers fully automated and highly customizable machine
learning functions to perform predictions from data through
thePredict v command as follows:

Predict[Data, input] → attempts to predict
the output associated with input from the training exam-
ples given. Data are imported from theSpaceMath
v.2.0 commands: Rintersection[...] ,
Rintersection[...] andLFVintersection[...] ,
as shown later.

There are different Machine Learning methods [44–46]
to be used along with the commandPredict . In all the
cases,Ralgorithm , Kalgorithm , LFValgorithm ,
invokes the database created byRintersection ,
Kintersection , LFVintersection , respectively.
Herealgorithm stands for the Machine Learning method
used to predict.SpaceMath v.2.0 implements five of
them:

1. Linear Regression: This method mod-
els relationships between predictive parame-
ters and experimental constraints through lin-
ear combinations. In SpaceMath , Lin-
ear Regression is implemented using the
RLinearRegression , KLinearRegression
andLFVLinearRegression commands. It serves
as an initial tool to identify linear correlations between
the parameters, simplifying the early stages of analy-
sis.

2. Neural Networks: This algorithm is invoked via
theRNeuralNetworks , KNeuralNetworks and
LFVNeuralNetworks commands. Its function is to
model highly nonlinear relationships and intricate pat-
terns in the parameter space.

3. Decision Trees: This method partition the pa-
rameter space into hierarchical regions based on deci-
sion rules derived from the data. To run this algorithm,
use the RDecisionTrees , KDecisionTrees
andLFVDecisionTrees commands.

4. Gradient Boosted Trees: This models com-
bine multiple decision trees to minimize prediction
errors, making them effective for problems with com-
plex relationships. The correspondingSpaceMath

commands are RGradientBoostedTrees ,
KGradientBoostedTrees and LFVGradient
BoostedTrees .

5. Gaussian Processes: This probabilis-
tic approach captures uncertainties in predic-
tions and is ideal for limited data or non-
linear relationships. It is implemented via
RGaussianProcess , KGaussianProcess and
LFVGaussianProcess , enabling the extrapolation
of parameter values into unexplored regions.

To use the previous Machine Learning methods we again
consider the interactions from Eq. (22) and we execute the
instructionRintersection , as follows:

To plot the points generated via the command
Rintersection[...] the user can use the instruction:

whose output will be a graph as shown in Fig. 9.
Once the user has generated the random points, the com-

mand that involke these algorithms is as follows.

where algorithm → LinearRegression,
DecisionTrees, GaussianProcess , GradientBo
ostedTrees, NeuralNetworks .

We suggest usingRintersection as this considers
the points that pass the test of allRX ’s. In this way, in order
to illustrate howSpaceMath v.2.0 works, we consider
Rintersection applied to the THDM-III:
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FIGURE 9. Plot generated bySpaceMath v.2.0 via the com-
mandPlotRintersection . The blue points stand for these
allowed by all theRX ’s defined in Eq. (1).

Note that the parameters to be predicted must be enclosed
in quotation marks. If the analysis is for fewer than ten pa-
rameters, only the quotation marks must be used in the re-
maining entries.

TABLE IV. Benchmark Points predicted by the Machine Learning
methods.

Method cos(α−β) tan β χtt χbb χττ mH±

Linear

Regression −0.007 12.94 170.26 0.104 0.124 551.67

Decision

Trees −0.007 13.13 169.91 0.119 0.115 551.73

Gradiant

Boosted Trees −0.007 13.43 216.22 0.088 0.065 564.74

Neural

Networks −0.005 12.67 104.72 0.099 0.153 586.01

The SpaceMath v.2.0 predictions are given in Ta-
ble IV.

Higgs boson coupling modifiersκi

On the other hand, the Higgs boson coupling modifiersκi, as
defined in Sec. 2.1.2 include the following commands:

Higgs boson coupling modifiers:Kb & Kτ

Higgs boson coupling modifiers:KV , (V = Z, W ) & Kγ

Higgs boson coupling modifiersKg

All the Higgs boson coupling modifiersKX & their intersection

Note the last entry of all commands:colliderType=LHC,
HL,HE. If the user selectsLHC, thenSpaceMath V.2.0
considers results reported by theLHC, while theHL or HE
option takes into account projections expected at the High-
Luminosity LHC or High-Energy LHC, respectively.

Machine learning

We continue the implementation of the THDM-III by
executing the commandsKALL, Kintersection , and
Kalgorithms . The way to proceed is similar to the pre-
vious one presented in Subsec. 3.3.
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The graphs generated by thePlotKALL and
PlotKintersection commands are shown in Fig. 10.

Meanwhile, the instruction to generate the Benchmark
Points by the different Machine Learning methods are the
following:

The Benchmarck Points found are given in Table V.

Lepton Flavor Violating processes

h → `i`j decay

The command to generate the parameter space allowed by the
upper limit on theBR(h → `i`j) is the following:

FIGURE 10. Plot generated bySpaceMath v.2.0 via the commands: a)PlotKALL , each point on the graph corresponds to a specific
κi and represents values that satisfy such aκi. b) PlotKintersection , the points on that graph are those that satisfy all theκi’s.
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TABLE V. Benchmark Points predicted by the Machine Learning algorithms.

Method cos(α− β) tan β χtt χbb χττ mH±

Linear Regression −0.004 15.16 33.61 0.047 0.131 561.68

Decision Trees −0.003 15.16 32.83 −0.009 −0.041 554.91

Gradiant Boosted Trees −0.005 12.14 55.63 −0.021 0.007 551.66

Neural Networks −0.0005 15.64 72.4 0.095 0.141 517.64

whereghlilj stands for theh`i`j coupling, while the rest
of the parameters are defined in Table III. The command
hlilj exports an output file with values agree with such an
upper limit, its name is labeled ashlilj.csv and it will be
saved in$UserDocumentsDirectory . The command
to graph the data generated byhlilj is given by

Assuming the interactions shown in Eq. (22), the
SpaceMath code (wheǹ i = τ and`j = µ) is as follows.

where

ghtaumu[Cab,tanBeta,CHItaumu]

=
cos(α− β)√

2 cos β

√
mτmµ

v
χτµ

=
cos(α− β) tan β√

2 sin β

√
mτmµ

v
χτµ, (23)

is the hτµ coupling which depends on the parameters
to be constrained. Note that thehτµ coupling de-
pends only on three parameters,x1=Cab , x2=tanBeta ,
x3=CHItaumu . In this case, the remaining 6 param-
eters are free, so it is recommended to set their val-
ues to 0, that is,x4min=x4max=0 , x5min=x5max=0 ,
x6min=x6max=0 , x7min=x7max=0 , x8min=x8max=0 ,
x9min=x9max=0 and x10min=x10max=0 . Again, to
plot the data we use the commandPlothTauMu .

Notice that the instructionPlothlilj works as the com-
mandPlotRALL .

Figure 11 shows the plot generated by the command
PlothTauMu .

`i → `jγ decays

As far as thè i → `jγ decays are concerned, the command
to generate the parameter space allowed by current upper
bounds onBR(τ → µγ) (see Table II) is given by:

The commandTauMuGammaexports an output file
(TauMuGamma.csv) to $UserDocumentsDirectory
with values in accordance with the upper bounds on
BR(`i → `jγ) (see Table II).

To analyze the model parameter space viaµ → eγ users
must make replacements

TauMuGamma→ MuEGamma,

gPHItaumu → gPHImue, gPHItautau → gPHImumu,

FIGURE 11. Graph generated bySpaceMath v.2.0 via the in-
struction in Eq. PlothTauMu[...] . The orange points stand
for the ones that satisfy the upper limit onBR(h → τµ).
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wherePHI = h, H, A . And analogously for theτ → eγ
decay

TauMuGamma→ TauEGamma,

gPHItaumu → gPHItaue .

The explicit instruction to constrain the free model pa-
rameters via the upper limit on theBR(τ → µγ) is given
by:

To generate the corresponding plot of the parameter space
we use

For the particular case whenLi = τ andLj = µ, the
specific instruction to follow is

`i → `j`k
¯̀
k decays andδaµ

In order not to overload the user with information, the pro-
cedure for analyzing the observables`i → `j`k

¯̀
k andδaµ

is similar to the previous instructions. User can follow the
path as shown in the instructions (24) to consult preloaded
examples inSpaceMath v.2.0 .

Li3Lj [...] : SpaceMath-2.0→ Observables→
LFV → Tau3Mu,

muonAMDM[...] : SpaceMath-2.0→ Observables

→ LFV → muonAMDM. (24)

LFVALL

Finally, we present the instructions to display all the LFV
processes in an individual plot as follows:

Note that we included the full couplings involved in each
individual processes. The command to generate the allowed
values by the LFV processes read:

Figure 13 presents the graph obtained by previuos com-
mandPlotLFVALL[...] .

LFVintersection

As far as the instersection is concerned, the instruction to
archieved it is given byLFVintersection[...] as pre-
sented below.
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FIGURE 12. Graph generated bySpaceMath v.2.0 via the instructionPlotLiLjGamma : a)PlotTauMuGamma, b)PlotMuEGamma
and c)PlotTauEGamma .

FIGURE 13. Graph generated bySpaceMath v.2.0 via the in-
structionPlotLFVALL.

Concerning to the command for graph it is

whose plot is displayed in Fig. 14.
Meanwhile, the instruction to generate the Benchmark

Points by the different Machine Learning methods are the
following:
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TABLE VI. Benchmark Points predicted by the Machine Learning algorithms.

Method cos(α− β) tan β χtt χτµ χτe

Linear Regression 0.025 6.93 −131.73 0.003 0.016

Decision Trees 0.026 6.93 −129.57 0.003 0.36

Gradiant Boosted Trees 0.028 6.71 −114.33 −0.003 0.032

Neural Networks 0.029 4.3 −110.65 0.02 −0.034

χττ χµµ mH mA mH±

0.00227802 −0.0134181 772.29 688.825 551.469

0.00213208 −0.00953442 772.29 688.824 551.427

−0.0841526 −0.0220177 774.676 700.979 550.757

0.0078228 −0.0638356 762.177 711.47 547.118

TABLE VII. First column: THDM-I, -II couplings. Second column: coupling defined inSpaceMath (v(V)=, z(Z), w(W)) . Third
column:SpaceMath code.

Coupling Input to SpaceMath Commandκi

gT HDM−I
hbb =

gmb
2mW

(
cos α
sin β

)
ghbb[Sa ,Tb ,Cb ]: kb[ghbb[Sa,Tb,Cos[ArcTan[Tb]]]]

=g*mb*Sqrt[1-Saˆ2]/(2*mW*Tb*Cb)

gT HDM−II
hbb =

gmb
2mW

(
− sin α
cos β

)
ghbb[Sa ,Tb ,Sb ]: kb[ghbb[Sa,Tb,Sin[ArcTan[Tb]]]]

=-g*mb*Sa*Tb/(2*mW*Sb)

gT HDM−I,−II
hV V = gV mV sin(β − α) ghVV[Tb ,Cb ,Sb ,Sa]: kV[ghVV[Tb, Cos[ArcTan[Tb]],

=((Tb*Cb*Sqrt[1-Saˆ2])-(Sb/Tb*Sa))*(gv*mV) Sin[ArcTan[Tb]], Sa]]

FIGURE 14. Graph generated byPlotLFVintersection[...] .
The red points are the ones that satisfy all the LFV processes.

The Benchmarck Points found are given in Table VI.

4. Validation

In order to validateSpaceMath v.2.0 , we apply the cou-
pling modifiersκi defined in Eq. (2) to the Two-Higgs Dou-
blet Model of Type I and II (THDM-I, II). In Ref. [47] are
reportedκb andκV in the context of these models. To re-
produce these results viaSpaceMath v.2.0 the only we
need to know are the model couplings, which are given in Ta-
ble VIII. The commands to evaluateκb andκV are displayed
in Table VII.

We have definedSa≡sin α, Tb≡tan β, Cb≡cos β,
Sb≡ sinβ are free parameters of THDM-I, -II. In addition,
we have used the relationstanβ = sin β

cos β , sin(β − α) =
sin β cosα − cos β sin α. The commandskb andkV can be
directly evaluated by introducing values forSa, Tb, Cb ,
or sinceSpaceMath is hosted inMathematica , we can
use its commands to graph. For this example we use:
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FIGURE 15. Contours ofΓ(h → bb̄)/Γ(hSM → bb̄) for the SM-like Higgs boson as a function ofsin α andtan β in Type 1 THDM. Left:
figure taken from [47] and Right: figure generated bySpaceMath v.2.0 .

FIGURE 16. Contours ofΓ(h → bb̄)/Γ(hSM → bb̄) for the SM-like Higgs boson as a function ofsin α andtan β in Type 2 THDM. Left:
figure taken from [47] and Right: figure generated bySpaceMath v.2.0 .

FIGURE 17. Contours ofΓ(h → V V ?)/Γ(hSMV V ?) for the SM-like Higgs boson as a function ofsin α andtan β in any of the THDMs.
Left: figure taken from [47] and Right: figure generated bySpaceMath v.2.0 .
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TABLE VIII. THMD’s hff andhV V couplings.

Coupling THDM-I THDM-II THDM-Lepton Specific THDM-Flipped

hV V sin(β − α) sin(β − α) sin(β − α) sin(β − α)

huiui cos α/ sin β cos α/ sin β cos α/ sin β cos α/ sin β

hdidi cos α/ sin β − sin α/ cos β cos α/ sin β − sin α/ cos β

h`i`i cos α/ sin β − sin α/ cos β − sin α/ cos β cos α/ sin β

FIGURE 18. Planecos(β − α) − tan β for different versions of THDM’s: a) Type I, b) Type II, c) Lepton Specific, d) Flipped. The plots
were generated inSpaceMath v.2.0 .

which generate the graphs displayed in Figs. 15, 16
and 17. The codes that generate these graphs can be
found in the "WorkArea" directory, whose path is:
SpaceMath/WorkArea/Validation RX/SPACEMA
TH RX-Validation-THDM.nb or click on the link
"Examples" onceSpaceMath was loaded.

In addition, we also show in Fig. 18 the THDM-I, -II,
Lepton Specific and Flipped parameter spaces in thecos(β−
α)− tanβ plane. Again, couplings are shown in Table VIII.
We compare our results with the ones reported by authors of
Ref. [48]. In these graphs we perform aχ2 test which is de-
fined as follows:

χ2 =
n∑

i=1

(
Oi − Ei

σi

)2

, (25)
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TABLE IX. Comparison of numerical evaluations computed bySpaceMath v1.0 andHDecay. The theoretical framework used is the
THDM-I, whose Feynman rules are shown in Table VIII. Results in brackets are those generated viaSpaceMath V.2.0 .

BR(h → bb̄) BR(h → ττ) BR(h → µµ) BR(h → ss̄) BR(h → cc̄) BR(h → tt̄)

0.6080 (0.6080) 0.6542 (0.6542)×10−1 0.2316 (0.2316)×10−3 0.2294 (0.2294)×10−3 0.2653(0.2653)×10−1 0 (0)

BR(h → gg) BR(h → γγ) BR(h → Zγ) BR(h → WW ) BR(h → ZZ)

0.7041 (0.7041)×10−1 0.2126 (0.2126)×10−2 0.1458 (0.1458)×10−2 0.2005 (0.2005) 0.2507 (0.2507)×10−1

BR(h → AA) BR(h → AZ) BR(h → W ± h∓) BR(h → h + h−) Γtot
h

0 (0) 0 (0) 0 (0) 0 (0) 0.4248 (0.4248)×10−2 GeV

whereOi andEi are the observed and expected values, re-
spectively, andσi indicates uncertainty. The command for
plot these figures is:

Complete instructions can be found at:
$SpaceMath/WorkArea/Validation RX/SPACE
MATHRX-Validation-THDM-Chi2Rx.nb .

We can observe slight differences between the graphs
generated viaSpaceMath v.2.0 and those of the
Gfitter group, this is due to two sources: 1) The exper-
imental data thatSpaceMath considers are the most recent
and 2) theGfitter team includes all production modes
of the Higgs boson. Here, it is worth mentioning that even
thoughSpaceMath v.2.0 only has gluon fusion produc-
tion implemented, our results are highly similar, this may be
because it is the dominant channel for the production of the
higgs boson.

Finally, we shown in Table IX a comparison between our
numerical evaluations and those made viaHDecay pack-
age [21], which the branching ratios of the Higgs boson de-
caying to pair of particles (bb̄, ss̄, cc̄, tt̄, τ+τ−, µ+µ−, gg,
γγ, Zγ, W+W−, ZZ) in the theoretical framework of the
THDM-I are shown. Again, the Feynman rules needed for
evaluations are shown in Table VIII, where it can be seen that

only two parameters are introduced. We take the same inputs
for these free THDM-I parameters as in Ref. [21], namely,

• tan β = 1.29775,

• α = −0.684653,

and we also consider a Higgs boson mass ofmh =
125.09 GeV.

In Table IX, the quantities in brackets are the results gen-
erated viaSpaceMath . We observe that our results are iden-
tical to thoseHDecay, which is to be expected since we actu-
ally reproduced the relevant expressions of the decay widths
of the Higgs boson reported in Ref. [49].

5. Conclusions

We have presented aMathematica package called
SpaceMath v.2.0 which generates parameter spaces of
Standard Model extensions that are in agreement with cur-
rent experimental measurements. The physical observables
considered in this version are LHC Higgs boson data (and
their projections for HL-LHC and HE-LHC) and Lepton
Flavor Violating processes.SpaceMath v.2.0 comple-
ments the previous version by implementing Machine Learn-
ing methods, namely,Linear Regression, Decision Trees,
Gradiant Boosted Trees, Neural Networks and Gaussian Pro-
cess, which will help us to predict Benchmark Points to be
used directly in numerical evaluations of physical observ-
ables associated with particle physics. We show in detail
howSpaceMath v.2.0 works by appliying it to the Two-
Higgs Doublet Model of type III. The results computed by
SpaceMath are in accordance with those reported in the lit-
erature by similar packages.

Appendix

A. THDM-III couplings
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B. Troubleshooting Common Problems

B.1 Installation

The SpaceMath v.2.0 package includes an automated installation process. However, if this method fails on your system, you
can proceed with a manual installation by following the steps outlined below.
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B.2 Compatibility with Mathematica

We recommend usingSpaceMath v.2.0 with Mathematica 13 or later. These releases include the integration of
machine learning methods. For users ofMathematica 11 or 12, we suggest usingSpaceMath v.1.0 [50].

C. Documentation

When the SpaceMath package is loaded, an interactive menu is displayed (see Fig.??). Below, the purpose of each button is
described:

• Documentation Center: Provides quick access to SpaceMath documentation, available athttps://spacemaths-organization.
gitbook.io/spacemath-documentation .

• Examples: Access the WorkArea directory, which contains three folders (HiggsBosonData, LFVprocesses and Valida-
tion RX) with notebooks demonstrating the application of the observables to the THDM-III.

• GitHub site: Provides a direct link to the repository hosting the SpaceMath package source code, available athttps:
//github.com/spacemathapp/SpaceMath-v.2.0 .

• Ask a question: Offers direct access to the forum where users can ask questions to the SpaceMath developers.

• Cite: Provides the necessary information to cite this article.

D. User Guide

The SpaceMath package includes a collection of preloaded examples that users can use as templates for their implementations.
We recommend that users start with the notebooks LHChbdRintersectionExpertMode.nb, HBDKintersectionExpertMode.nb,

and LFV intersectionExpertMode.nb (located in the Examples directory) as they provide an overview of how to use the
SpaceMath package. Specifically, these notebooks utilize the couplings of the THDM-III model. As an example, the structure
of the notebook for theRintersection command is divided into the following sections:

1. Loading the SpaceMath Package.
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i. `i → `jγ stand forτ → µγ, τ → eγ andµ → eγ

ii. In general, it can be also induced by other type of particles that
change flavor at tree level.

iii. You can execute this command in a notebook of
Mathematica and will show the location path.

iv. The Yukawa Lagrangian in Eq. (22) only shows the neutral in-
teractions, but the model also predicts two charged scalars, no
included there.

v. This command is hidden in otherSpaceMath v.2.0 in-
structions, generically defined asRalgoritm[...] .
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