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Motion in the gravitational field of an oblate spheroid
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We present the theory of motion in the gravitational field of an attracting object, considering its equatorial bulge. There is a secular precession
of the orbit that occurs in the direction opposite to the orbital revolution. The precession rate increases as the gravitating body'’s flattening
increases and the orbit’s characteristic size decreases. Using the perturbation approach, we derive the equations for finding the precessic

period and the apocentric distance. We also construct the generalized version of the Laplace-Runge-Lenz vector for this type of motion.
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1. Introduction The first effect caused by the equatorial bulge is nodal
precession [1]. Nodal precession is the precession of the or-
There are countless objects in the universe that have an asital plane of a satellite around the rotational axis of an astro-
pherical shape. Among them, you can often find bodiesiomical body such as Earth. Renzetti [2, 3] has studied the
whose shape may be roughly approximated by an oblatifluence of different types of non-sphericity of gravitating
spheroid (the ellipsoid of revolution or rotational ellipsoid). bodies on satellite orbital precessions.
The reason for this is an equatorial bulge [1], which is de-  Another important effect is an axial precession. This is a
scribed by a difference between the equatorial and polar digravity-induced, slow, and continuous change in the orienta-
ameters of an object due to the centrifugal force exerted bylon of an astronomical body’s rotational axis. As Newton
the rotation about the body’s axis. Examples of such obpointed out in his “Principia”, the oblateness of the Earth
jects are: planet Saturn (eccentricity= 0.432; Fig. 1), star  along the axis of rotation leads to the fact that the gravita-
Archenar withe = 0.66, dwarf elliptical galaxy M32 with  tional attraction of the bodies of the solar system causes the
e = 0.49, etc. precession of the Earth’s axis. In Newton’s mathematical
It is well known that the field strength of any uniform model, the Earth was mentally divided into a spherical part
body of spherical shape is inversely proportional to the squarand a ring-shaped equatorial thickening. From the laws of
of the distance between the sphere center and the observatiorechanics discovered by Newton, it followed that the attrac-
point as in the case of the point mass model. Our experienc#on of the Moon (and to a lesser extent the Sun) creates an
shows that many students leave introductory physics coursexlditional torque for the thickening, leading to a rotation of
with the impression that in the calculation of gravitational the Earth’s axis.
force, the entire mass of any extended object can always be In this paper, we give a detailed analysis of the satel-
assumed to be located at its center of mass. At the same timigge’s orbital motion (apsidal precession) in the presence of
some other students (puzzling the author), repeatedly askedslightly oblate spheroidal object. This issue is an accessi-
how the deviations from the spherical shape should modifiple and instructive topic for undergraduates studying an ad-
the usual Keplerian orbits of the satellites. vanced course in classical mechanics. Moreover, it helps
readers identify how deviations from the point mass model
affect the orbital motion patterns of satellites.

2. Theory

The multipole expansion for the gravitational potential en-
ergy of a spheroid, including only the first two terms, has the
following form [4]:

GMm 3cos?6 —1
U(T) ~ _T + GszmT»

where G is the gravitational constanfl/ is the mass of a
FIGURE 1. The planet Saturn is approximately in the shape of an gravitating object;n is the mass of a satellite. . is the
oblate spheroid with eccentricity= 0.432. gravitational quadrupole moment. Equation (1) is written in
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the spherical coordinate system, wherés the radial dis- Equation (8) is a second-order differential equation re-
tance, and is the polar angle. The quadrupole moment canquiring two initial conditions for a unique solution. We
be expressed via the components of the moment of inertiahoose the periapsis (the point of closest approach of a satel-
tensor. For an oblate spheroid [4]: lite to spheroid) as the starting point. At this point the radial
component of the velocityd¢/d¢) turns to zero. But,

2Ma?e?
sz = 2(190:1: - Izz) - - 5 3 (2) dj 7 7£d77 1
whereaq is the equatorial radius of an oblate spheroidal ob- de r2 dt dep/dt’

ject. Therefore, the value @, . is negative for an oblate
spheroid (for a prolate spheroiQ.. . is positive).
Using the relationF’ = —VU and Eg. (1), we get:

wheredy/dt # 0 is the angular speed. Therefore, our initial
conditions are as follows:

du
M 3Q..(3cos?6—1)\ . u(0) =1+e, — =0, 9)
F = GTTL|: <_7“2 + 47“4 € dw =0
3Q.sin20 wheree is the eccentricity of a conic section (the orbit) at
A 0} (3)  a=0. Inthis case
whereé, andé, are the spherical unit vectors. Thus, inthe gy — __© <1 Lo Yltda- 1) 4
general caseF' is a non-central force. However, for the or- V14 4o 20 ’
bits in the equatorial plane (= 7/2), F is still a central do
force even in the presence of a non-zero valugof. In a0 =0. (10)
»=0

what follows, we shall consider only these stable orbits (this
property directly fol lows from Eq. (3)). Inthe ca8e= 7/2,  The exact solution to equations (8), and (10) has the follow-
the angular momentunl is still a conserved quantity even jng form [7]:
if Q.. # 0. Moreover, employing Bertrand’s theorem [5],
we can state a priori that in our case, all bound orbits are not v(p) =A— 6mw?sn?(we, m), (11)
closed orbits.

Now, we introduce the focal parameter of the conical secwheresn(z, m) is the Jacobian elliptic sine function of real

tion: argument: [8];
L2
p—m—cons‘c, (4) " 1+24 ’ (12)
i \/ 4(1 +m)
where L is the absolute value of the angular momentim
Denotingu = p/r = 1/p (p is the dimensionless radial 1 3(242 +24-1)
distance), and using the approach of Ref. [6], we get at the "'~ 3 + 3+ (1+24)/3(1 —24)(3 +24) (13)
following differential equation given the shape of the orbital
motion (the Binet equation): is the square modulus of the functiem
) At o = 0, we have:m = 0, w = 1/2 andu(y) =
d*u +u=1-au’ (5) 1+ ecosy. Thisis the case of ordinary Keplerian orbits (el-
dep? lipses, parabolas, or hyperbolas, depending on the value of
wherey is the azimuthal angle and parametee). At o # 0, there is a secular (apsidal) preces-
sion of the orbit that occurs in the direction opposite to the
o 3@z 3 <a6>2 =0 ©) orbital revolution (Fig. 2).
4Mp? 10 \ p ’ Moreover, the shape and size of the satellite’s orbit un-

. . . dergo some variations (Fig. 3). In particular, the apocentric
is the parameter of our problem (<« 1). Equation (5) is distance somewhat increases.

known as the equation of the quadratic non-linear oscillator.
Let us proceed to the new variables:

. (u T 1> 3. The perturbation approach

V1+da 2c To describe quantitatively both effects found in a simple way
1/4 (in terms of parametest < 1), we apply the perturbation
¢ = (1+4a)"p. @) ¢ . 0
echnique based on the method of variation of constants [9].
Then Eq. (5) takes the simplest possible form: We write the solution of unperturbed. (= 0) Eq. (5) in the
form:
d2v 9
g e =l ®) uo() = 1+ ecos(p — o), (14)
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FIGURE 2. The polar plotp(¢) (Rosetta orbit) according to  Figure 3. The satellite’s orbits at = 0.5. Dashed linea = 0
Eg. (10).ac = 0.02, e = 0.5. (ellipse); solid line:a: = 0.02.

where we can set, for simplicity, the initial anglg equal to  Equations (20) and (6) tell us that the precession rate in-
zero. Now, we search for the solution of perturbed Eq. (Skreases with an increase in the degree of flattening of the
in form (16), considering the integration constan@nd¢y  gravitating body and a decrease in the characteristic size of
now depend on the variable that is the orbit. It is precisely this circumstance that explains the
u(p) = 1+ e() cos( — o). (15) fact that the orbit of Saturn’s innermost ring D68 is charac-

terized by significant precession [10] (the same behavior is
Stl’aightforwal’d Ca|CU|ati0nS Iead to the fOllOWing diﬁerential Observed for the Orbits of Saturn’s inner moons).

system ine andepo: The apocentric distance, for the quasi-elliptical orbit
de . dyg can be found as:
cos p— +esinp—— =0
de de . (16) ra l—e
. de deg 9 L
—sm<p@ +ecos<p@ =—a(l +ecosy) ro u(m)
The solution to this system is: - - 1—e . (1)
of 27 1= (e+ £ [(1+€)*—(1 = )*] ) cos(ma)
900(90):—g ep +sinp 1+?
wherer is the apocentric distance for the unperturbed=(
+ ecos o+ e® cos” 17) 0) case. Ase increases, the difference betweenandrg
3 ’ increases too (Fig. 4). At some critical valige < 1 the dis-
a 5 5 tancer, becomes infinitely large, and fer> e, the orbits
e(p) =e+ oo [(1+e)” = (1+ecosp)’]. (18)  are open (quasi-hyperbolas). As the paramatércreases,
The change o, over an entire revolution period is: the value ofe,, decreases.
Apo = @o(27) — po(0) = —2mau. (29)

_ 4. The generalized Laplace-Runge-Lenz vec-
Therefore, for each revolution of the body along the quasi- tor

ellipse, the perihelion shifts in the direction opposite to the

direction of revolution by an angle equal1ea. Inthis case, | Keplers problem, in addition to the total energy and an-
the precession period (in fractions of the orbital peff@lis  §yjar momentum, the conserved quantity is also the Laplace-
given by: Runge-Lenz (LRL) vector. The LRL vector is defined as [5]

1
7= 5 (20) A=px L—-GMm?e,, (22)
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£ ' (here we use dot notation for time derivative). Since
érchéq,:gb(—singpéz—i—cosgaéy), (24)
anddt = mr2dy/L, Eq. (23) takes form:

2

In the first order of perturbation theory, we can put
au(p) ~ aug(p) (see Eq. (14)) and solve Eq. (25). Then

3e
sin @(e? cos® o + 3ecos o + 2e2 + 3)\ .
L s © @ )) ey] . (@6)

3
A* = A+ aGMm? [U()(‘P)éw + (egp

3

%]
i

be the generalized LRL vector, which is a conserved quan-
1 . : . | . . . | : tity for our type of motion. The importance of Eq. (26) is
’ T Te ‘ T eer that it tells us that in the presence of the equatorial bulge, the
orientation of the apsidal line changes over time [due to the
FIGURE 4. Dependence, (¢) ata = 0.07. presence of the azimuthal angle in Eq. (26)].

wherep is the momentum of a moving body. Thus, this quan-
tity can be represented as the difference between two vectord, Conclusion
one of which is the vector product of another two vectors. Ac-
cording to Eq. (22), the LRL vector always lies in the plane

of the orbit and parallel to the apsidal line. In the limiting ! ' ) ]
case of a circular orbit, the LRL vector is equal to zero. in the shape and size of the satellite’s orbit and its secular pre-

The conservation of the LRL vector is intimately linked cession. This analysis highlights the limitations of the point-

with the fact that the orbit closes. The advantage of using thg@urce field model, offering readers insight into its applica-
LRL vector is that it allows one to bypass the need for direct®llity-

integration of the equations of motion, immediately provid-  Additionally, we derive and solve the equation of a
ing information about the geometry of the orbit [5]. quadratic non-linear oscillator, a topic of significant educa-

In the presence of the second term in Eq. (1), the LrLtional value. The concept of non-linearity is a cornerstone

vector is no longer a conserved quantity. Instead, we caRf modern physics, carrying profound scientific importance.
write “the equation of motion aft”. For the case, o 1/r Next, we introduce the reader to elements of perturbation the-
. T 1

this equation reads as [5] ory, a po_werfu! tool widely utilized in contempqrary cele_stial
mechanics. Finally, we construct the generalized version of
A 3G|Q.z|m” (23)  the Laplace-Runge-Lenz vector, which is a conserved quan-
4r2 " tity for our type of motion.

In this paper, we demonstrate that deviations from the model
of the gravitational field of a point mass cause both changes
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