Education in Physics Revista Mexicana dei€a E23010212 1-6 JANUARY-JUNE 2026

Interactive MATLAB GUI for exploring extreme values in bivariate functions
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This paper presents the development of a graphical user interface (GURTIh AB designed to assist in the identification and classification

of extreme values and saddle points of functions of two variables. Aimed at supporting mathematics and physics education for university
students and instructors, the tool integrates symbolic differentiation and the second derivative test to provide an interactive learning expe-
rience. Through three representative examples, the GUI demonstrates its ability to detect multiple critical points and visually convey their
nature, enhancing conceptual understanding. While the method is effective in most cases, it is limited when the disfrietinals zero,
rendering the second derivative test inconclusive. Furthermore, the current implementation supports only two-variable functions; adapting
it to higher dimensions would require further development. Overall, the GUI serves as a valuable educational aid for teaching and learning
bivariate calculus concepts.
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1. Introduction and physics, for example, often involve the exploration of
theoretical models and intricate relationships that are diffi-
Over the past several decades, the incorporation of Graphgult to grasp through symbolic notation alone. By offering
cal User Interfaces (GUIs) into educational frameworks haglynamic visual representations—such as graphs, interactive
brought about a significant transformation in the manneplots, and real-time simulations—GUIs help translate abstract
by which students and educators interact with digital learnnathematical and physical concepts into tangible, compre-
ing platforms and computational tools [1-8]. These inter-hensible forms. This not only aids in cognitive processing
faces have evolved into critical components of modern edbut also fosters a more active and participatory learning envi-
ucational technology, promoting accessibility, interactivity, fonment.
and a deeper engagement with complex subject matter. lvan The broader impact of computational technologies on sci-
Sutherland is widely regarded as the seminal figure in thigntific inquiry and academic instruction cannot be overstated.
field. In 1963, he developeBketchpagdthe first interactive  Within this technological landscape, GUIs have emerged as
computer graphics system [9]. This pioneering innovationpowerful pedagogical assets. Their ability to combine com-
not only introduced the foundational concept of graphicalputational power with visual clarity enhances the presenta-
interaction between humans and machines but also laid thi#on, exploration, and analysis of mathematical structures and
groundwork for future developments in computer-aided dephysical systems. The user-friendly nature of GUI-based
sign, simulation, and visualization across diverse scientifiplatforms encourages greater experimentation, promotes crit-
domains. ical thinking, and supports conceptual understanding by en-
GUIs function as essential mediators between users—su@?ling learners to manipulate variables, observe outcomes,
as university students, academic instructors, and researcherdld draw conclusions through direct interaction with visual
and sophisticated software environments [10-12]. They endata.
able seamless and intuitive transitions across different appli- The importance of graphical user interfaces (GUIs) be-
cations, facilitating a more fluid and productive interactioncomes particularly pronounced during natural disasters and
with digital tools. In the context of higher education, GUIs global crises, such as the recent COVID-19 pandemic. This
serve as invaluable instruments for enriching the teachinginprecedented health emergency accelerated the shift from
and learning process, particularly in disciplines characterizettaditional classroom-based instruction to remote, distance
by high levels of abstraction and complexity. Mathematicslearning modalities [13-15]. Undoubtedly, this transition
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emerged as both a legitimate and essential necessity for learretical concepts with hands-on application, thereby promot-
ers and educators worldwide. GUIs played a crucial role ining deeper understanding. This context-specific educational
this transition by enabling educators to deliver content in in-tool reflects a novel contribution to teaching practice by in-
teractive formats and allowing students to engage with mategrating well-established mathematical methods into a user-
terials despite geographical and logistical constraints. By fafriendly, visual platform customized for enhanced student en-
cilitating access to complex mathematical models and simugagement and conceptual learning.
lations, GUIs ensured that the quality of instruction could be  This study is guided by the underlying hypothesis that an
maintained, and in some cases even enhanced, during a tinrgeractive, visually driven computational tool can enhance
of unprecedented global disruption. students’ conceptual understanding of critical points and ex-
In the field of physics, the concept of extreme values oftrema in bivariate functions. The objective is not solely the
functions of two variables is integral to the analysis of nu-development of a functional GUI, but also the creation of
merous phenomena. For instance, in thermodynamics, then educational resource tailored to address specific learning
optimization of heat transfer involves the determination ofchallenges faced by students—particularly within the context
maximum or minimum values of heat flux and temperatureof undergraduate science education in Karachi. By translat-
distributions, subject to specific boundary conditions. Sim-ing abstract mathematical principles into interactive visual
ilarly, in optics, Fermat's principle posits that light travels representations, the proposed interface aims to foster deeper
along the path that extremizes travel time; solving this probcomprehension and active engagement in learning environ-
lem requires finding the minimum or stationary value of aments where traditional instructional methods often fall short.
time-dependent function of multiple variables. In structural
mechanics, the minimization of potential energy allows for
the determination of equilibrium shapes of elastic bodies—z' Theory

such as the characteristic minimal surface formed by a S08@/e provide essential definitions—for the illustration of ex-
film stretched between two rings. Moreover, in analyticali.ome values—in this section

mechanics, the principle of least action, which underpins Lapefinition 1. (Critical point) Consider a functiory of two

grangian mechanics, involves minimizing an action integral, 4 iaples that is defined oft c R2 as below:

Solving such problems often entails the application of the

calculus of variations to functions of two or more variables, f:Q—R.

making the identification of critical points a fundamental task

in theoretical physics. This function will have a critical point atx,, v, ), if its first-
Traditionally, the analytical determination of maxima, order partial derivatives (with respect to x and y) are zero or

minima, and saddle points for functions of two variables hasat least one of the partial derivatives is undefined. Symbol-

relied on manual computation techniques. While mathematically, f, = 9f/0x = 0, f, = 0f/0y = 0 or f, ¢ R or

ically rigorous, this process can be labor-intensive and prong, ¢ R.

to computational errors, particularly when dealing with com-Definition 2.  (Relative maximum) Letf(x,y) be a

plex or nonlinear functions. In contrast, the use of mod-function defined on a neighborhood of a poi@ty, o).

ern computational tools—such as MATLAB-has revolution-We say thatf has a relative maximum afz,yo) if

ized this process. These tools offer efficient algorithms for3s > 0 such thatf(z,y) < f(zo,yo).¥(z,y) within the -

solving optimization problems, as well as powerful visual- neighborhood of £, 10). i.e., within some open disk cen-

ization capabilities that allow users to graph surfaces, contouered at (g, 0), the value of the function never exceeds

plots, and critical points in real time. Such visualizations notf (x, y,).

only enhance the accuracy of analysis but also contribute tpefinition 3. (Relative minimum) Letf(z,y) be a
a deeper and more intuitive understanding of the underlyingunction defined on a neighborhood of a poifto, o).
mathematical structures. We say thatf has a relative maximum afz,yo) if

Considering the points discussed above, we introducels > 0 such thatf(z,y) > f(xo,vo).¥(x,y) within the -
a custom-designetlATLAB algorithm developed for this neighborhood ofi, 7). i.e., the function is not smaller than
study. This tool is tailored to support the analysis of extremef (z, y,)in some neighborhood around the point.
values and saddle points in bivariate functions, and itincludepefinition 4. (Saddle point) A pointzo, o) is a saddle point
visualization features to aid interpretation. While the primaryof f if (i) it is a critical point: of)ox = 0,0f/dy = 0 and
users are expected to be university-level science instructors) it is neither maximum nor minimum, but in every neigh-
and students, the algorithm holds value for educators in oth&sorhood of(z, yo), the function takes on both values greater
fields as well. Importantly, this GUI was developed in di- than and less tharf (xo, yo).
rect response to the challenges faced by students in our lo- Figure 1 illustrates the pictorial representation of relative
cal academic context, particularly at institutions in Karachi,maximum, relative minimum and saddle point.
where traditional methods of teaching bivariate calculus ofDefinition 5. (Second derivative test for a bivariate func-
ten fall short in conveying the abstract nature of critical pointtion) Let f(z, y) be a function with continuous second partial

analysis. By streamlining complex calculations, it reducesjerivatives. Suppose:, o) is a critical point off, i.e.,
the potential for manual errors and effectively bridges theo-
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FIGURE 1. a) Depiction of relative maximum. b) Depiction of relative minimum. ¢) Depiction of saddle points.

fm(m()ayo) =0 and fy(xovyO) =0. 1

Now define the discriminar® at (xg, yo) as

LISTING 1. MATLAB code for critical point analysis.

% This MatLab code will explore all possible
% options for the computation of extreme values

3 % of a function of two variables.

4| clear % Clear Workspace
s|clc % Clear command window
— 2 6| close all % Close all figures
l)“'f;z(x07y0) 'f&y(anyO)"(j;y(anyO)) ’ 7| syms x y %
8| a=input (' Enter function f(x,y) E:g; XT2+ty"2) = "y
Decision "s”); % Ask user to input function

9| @ =strrepia; i ".M)y % Replacing ™ with .”
10| a =strrepfla, "x’, '.x"); % Replacing * with .=x

@) If D > 0andf..(x0,y0) > 0 thenf has a relative u|a -strrep(a, /', ’./')i % Replacing / with ./
2| £ =str2func(['€(x, y) " al]) % Converting the

minimum at(z, yo)- .

(i) If D > 0and f,.(z0,y0) < 0 thenf has a relative N
maximum at(z, yo). i

(iii) If D < 0thenf has a saddle point &to, yo)
(iv) If D = 0then no conclusion can be drawn. 2

2.1. Design principles behind the GUI

The development of the GUI was informed by constructivist
learning theory, which advocates for active student engage- -
ment and knowledge construction through interactive expe- *
riences. By integrating dynamic visual and computational .,
elements, the interface aims to facilitate a deeper conceptua *
understanding of extreme values in bivariate functions. From
a software design perspective, the GUI was structured to be:
modular and user-friendly, adhering to established usability
heuristics and leveraging MATLAB’s capabilities for inter-

active visualization and computation. “

3. Experiments :

In this section, we present three illustrative experiments uti- *
lizing the MATLAB algorithm (refer to Listing 1 for imple- i
mentation details). These experiments are designed to en «
hance the understanding of key concepts in bivariate calcu- |
lus, specifically relative maxima, relative minima, and saddle s
points. It is important to note that the underlyiMATLAB 2
code is based on the application of the second derivative tes ..
(see Definition 5).

3| fx=diff (f(x

string to function handle

¥),x) % Derivative of function w.r.t x
fxx= dlff(fx %) % Derivative of fx w.r.t X
fy=diff(f(x,y),y) % Derivative of function w.r.t y
fyy= dlff(fy y) % Derivative of fy w.r.t y
fxy=diff (fy,x) % Derivative of fy w.r.t x
% Critical Points %
eqgl=fx==0; % Assigning fx equal to zero
eg2=fy==0; % Assigning fy equal to zero
[X,Y]=solve (eql,eq2, [x,¥])i % Solve eql and eg2

simultaneously

2| S=double (X); % Conversion of X into Numeric data
3 T=double(Y), % Conversion of Y into Numeric data

x_o0=8(imag(S)==0); % Filter imaginary number

25| y_o=T (imag (T ) =0); % Filter imaginary number

% Initializing
X_o=zeros (length (y_o),1);
Y o=X o;

% Value of critical point

if isempty(x_o) || isempty(y_o)
disp(’Critical poin are complex.’)

else

if length(x_o)>length(y_o)

for jl=l:length(y_o)
X_o(jl)=x_o(j1);
Y o(jl)y=y_o(3jl);

end

elseif length(y_o)>length(x_o)
for j2=1:length(x_o)
Y_o(j2)=y_o(3j2);
X_o(j2)=x_0(3j2);
end

| else

X_o=X_o0;
Y_o=y_o;
end

% Plotting %
hold on

3l grid on

°

g=max (abs (X_o)); % Finding maximum of x co-
ordinate of critical points
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5s| h=max (abs (Y_o)); % Finding maximum of y co-—
ordinate of critical points

j=max (g, h); % Finding maximum co-ordinate
5711 J=J+15; % adding 15 to maximum co-ordinate
s8| [X,Y]=meshgrid(-j:0.1:3j,-3j:0.1:3j); % generate 2-D
grids of coordinates
9| z=f (X,Y); % Evaluating value of function using X
and Y values
60| z (imag (z) ~=0)=NaN; % Assigning imaginary number to
NaN (if exist)

coler’, [0.8 0.8 0.8]) %
Generate 3-D contours

0
O
(=
o
[e]
o
H
w
=
<
N
o
s

62| xlabel (’ X— ',’FontSize’,15)

63| ylabel (* ', 15)

sa| title (' C ' ; "Fontsize" ; 15)

65| surf(X, Y, z,’ EdgeColor’,'none’) % generate 3-D
surface without edge color

66| x1label (' X— T i OE ’,15)

67| ylabel (* ",15)

68| zlabel (' A =’ ,15)

60| title (' GRAPH f Fentsize’,15)

70| view (45, 30);

71| colorbar;

72| for k=1l:length(X_o)

73 plet3(X o(k);¥ o(k) ;L (Xo(k);Y o(k)), a’;:’
M +1,"linewidth’, 5,

T gecolor’ fk") % Blet Critical

pints in 3-D space

74| end
75| hold off
76| % Discriminant (D) %

79| for 1=1:length(X_o)

80 fprintf (" Critieal Peint — £({%5.3F; $5.3F) .\n";
X_o(l),Y_o(l))

81| d=fxxxfyy—fxy*2;

82| DD=Q@ (X, y) d;

83| D(1) = double(subs(d, {x, y}, {¥X_o(1l), Y_o(1l)}));
% First substitute value in discriminant (d)
and then convert it into numeric data

85| FXX=Q@ (s, t) £fxx ;

86| Fxx (1)=double (subs (fxx, {x, y}, {X_o(l), Y_o(l)}))
; % First substitute value in fxx and then
convert it into numeric data

80| 1f D(1)>0 && Fxx(1)>0

90 EprinGE(’ £{&5. 3L, $5.31) 48 Relative Minbma.
P¥_0(1),Y_o(1))
91 Minimum_Value=f(X_o(l),Y_o(l)) % Minimum Value

of function

92| elseif D(1)<0

93 fprintf (' £(%5.3f,%5.3f) is Saddle Point.\n’,
X o(l),Y o(l)) % Print Saddle point

o4l elseif D(1)>0 && Fxx(1l)<0

95 tprintf (! £(%$5.31,%5.3F) is R ive Maxi
",X_o(l),Y_o(l))

9 Maximum_value=f(X_o(l),Y_o(l)) % Maximum
value of function

97| else

98 disp(’No conclusion can be given because D=0.’
)

99| end

100| end

01| end

3.1. Computation of relative maximum

@(x,y) 4. *x. *y-x. M-y~

fx = (4] Figure 1 = o X
File Edit View Insert Tools Desktop Window Help -
- 4*x~3 + 4% - N & & ™oy
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—12%y~2 iy
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4

Critical Point = £(0.000,0.000) .
£(0.000,0.000) is Saddle Point.
Critical Point = f£(-1.000,-1.000).
£(-1.000,-1.000) is Relative Maxima.
Maximum value =

2

Critical Point = £(1.000,1.000).
£(1.000,1.000) is Relative Maxima.

Maximum value =

2

FIGURE 2. Visualization of the results obtained from th&aT-
LAB-based implementation for the functigifiz, v) = 4xy —z* —

y*. The plot highlights the presence of a saddle point at the origin
and two relative maxima dt, 1) and(—1, —1).

(X, Y)X."2+y. "2+3.¥x+4. ¥y
(4 Figure 1 - o X
File Edit View Insert Tools Desktop Window Help ~

DEdS AR UDLL-E(0E nD

£x

2%x + 3
GRAPH OF f(x,y)
fxx =
600
[ ]
500
ty=
@ 400
2%y + 4 X
<
N 300
fyy =
200
2
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fxy =

0

Critical Point = £(-1.500,-2.000)%
£(-1.500,-2.000) is Relative Minima.

Minimum Value =
-6.2500
FIGURE 3. Implementation oMATL AB code for the relative min-
imum.

3.2. Computation of relative minimum

Figure 3 displays the outcome of applying thleTLAB al-
gorithm to the functionf(z,y) = 22 + y* + 3z + 4y. The
algorithm accurately identifies the function’s minimum value
of —6.25, occurring at the point—1.5, —2).

In the first experiment, we present the implementation of a

MATLAB script for the functionf (z,y) = 4xy — 2* — y*.
The function attains its maximum value of 2 at the points

3.3.  Computation of saddle point

(1,1) and (—1,—1), while exhibiting a saddle point at the The final experiment in our study involves the function
origin (0,0). These characteristics are illustrated in Fig. 2.  f(z,y) = 2? — y* — 3z + 5y + 3. TheMATLAB algorithm
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€ (2, y) 5. 720y "2-3 . %k, Fy+3 4.1. Comparison with related GUI tools

| Figure 1 = o X

fx

He oot Ven et oo Ouson Windew e = The present GUI distinguishes itself from a diverse range
22 -3 DOES[ERUDE L B0E D of earlier tools, many of which were designed for domain-
GRAPH OF f(x,y) specific scientific or engineering applications. For instance,
fx = w00 ORTEP-3 for Windows by Farrugia [1], EXPGUI by Toby
2 [2], and the CCP4 GUI suite by Pottertehal [5] provided
| graphical interfaces to support crystallographic visualization
1°° and refinement workflows. While powerful within their re-
o spective domains, these tools were not intended for instruc-
- tional use in mathematics, nor do they offer features for real-
time exploration of bivariate functions.
Similarly, Gabedit, developed by Allouche [6], is a GUI
tailored to computational chemistry packages, emphasiz-
ing molecular visualization and quantum chemical modeling

<&
Z-AXIS

0 rather than mathematical pedagogy. The work of Rol3berger
critical rornl VTR and von Luck [7] explored innovative physms—based_ GUI
£(1.500,2.500) is Saddle Point. prototyping methods for tabletop environments, but this was

aimed at interface design methodology rather than educa-
tional content delivery.
Closer in spirit to the current work atfdATLABbased
ducational tools, such as the trigonometry teaching GUI by
ulyawati et al. [10], and the engineering system model
by Petrovet al. [11]. These contributions underscore
the pedagogical potential of GUI development in technical
disciplines. However, both tools target specific subfields
4. Discussion and limitation (trigonometry and hydraulic systems, respectively), and nei-
ther integrates symbolic computation, graphical visualiza-

. . tion, and classification of critical points int hesive in-
While the proposed/ ATL AB-based algorithm demonstrates on, a d classitication of critical points Info a cohesive
structional interface.

strong performance in identifying extreme values and saddle Gul and Tufail [12] developed a graphical user interface

points for functions of two variables, there are important con- s ) . ; X
siderations and limitations to acknowledge (GUI) within Excel for the visualization of conic sections,

) ) ) o while Tufail and Gul [8] introduced an Excel-based platform
First, the algorithm relies on the second derivative testior exploring the complex plane. Although these tools are
which involves computing the discriminai? = f..fyy, —  designed with educational purposes in mind and promote in-
(fay)*. This test is effective in most cases; however, it be-gractive learning, their scope remains confined to specific
comes inconclusive whe® = 0. In such cases, the test athematical topics and does not extend to the more general

fails to.detgrmine the nqture of the priticgl pointl, and f“”herproblem of understanding extrema in functions of two vari-
analysis—either symbolic or graphical-is required to draw,

> "dMables.
conclusions. This limitation is inherent to the mathematical In contrast, the present GUI is explicitly designed for

method itself rather than the implementation, butit affects the,,jergraduate instruction in bivariate calculus. It combines
algorithm’s reliability in borderline scenarios. symbolic differentiation, visual representation, and second-
Second, the current implementation is specifically tai-derivative classification into a unified, user-friendly interface
lored for functions of two variables. Extending the algo-that supports exploratory learning and conceptual reinforce-
rithm to handle functions of three or more variables wouldment.
require significant redesign, particularly in the computation
of the Hessian matrix and the classification of critical points4_2_
in higher dimensions. As such, its applicability is limited to

a specific class of optimization problems. While the primary emphasis of this study is on the design
Despite these limitations, the algorithm provides a reli-and functionality of the GUI, its pedagogical potential served
able and efficient tool for analyzing functions of two vari- as a central motivating factor in its development. The in-
ables, particularly in cases where multiple critical points neederface was specifically conceived to address persistent dif-
to be identified and classified. With further development, theficulties encountered by undergraduate students in compre-
approach could be generalized to handle higher-dimension&lending the abstract concept of critical points in functions of
problems and incorporate fallback strategies for inconclusivéwo variables. Preliminary, anecdotal observations from in-
cases. formal instructional settings indicate that the GUI may con-

FIGURE 4. Depiction of a saddle point for a function of two vari-
ables usingIATL AB.

we developed effectively identifies the saddle point located
(1.5,2.5). This result is illustrated in Fig. 4.

Pedagogical considerations and future evaluation
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tribute to increase student engagement and improved coffiers a meaningful pedagogical advancement. By providing an
ceptual understanding. Nevertheless, a systematic evaluatigmeractive visual environment tailored for students struggling
of its educational impact—such as a quasi-experimental studyith abstract bivariate concepts, this tool serves as a bridge
comparing learning outcomes between students utilizing theetween symbolic mathematics and intuitive understanding.
GUI and those receiving conventional instruction—remains aiits use in classroom and remote settings demonstrates its
important avenue for future investigation. Such an evaluaadaptability and potential to enrich physics and mathematics
tion could incorporate pre- and post-assessments, attitudinaistruction in resource-constrained and high-variability edu-
surveys, and observational measures to rigorously assess tb&tional contexts.

tool’s effectiveness in enhancing learning. While this study primarily focuses on the computational
development and performance of the GUI, its broader signifi-
cance lies in its potential to enhance students’ conceptual un-
derstanding of critical points in bivariate calculus. By com-

In this study, we have presented the implementation of Hining interactive visualization with mathematical rigor, the
MATL AB-based algorithm designed to analyze and identify00! @ims to bridge the gap between abstract theory and intu-
extreme values and saddle points of functions of two variltive learning. Future work will involve formal pedagogical

ables. To demonstrate its effectiveness, we explored thre&SSessment to empirically evaluate the GUI's impact on stu-
distinct examples in Secs. 3.1, 3.2, and 3.3. dent learning outcomes and guide further refinement of the

A notable strength of the proposed algorithm is its abil-nterface.
ity to detect multiple critical points within a single function, ~ Supplementary video demonstrations of the algorithm’s
rather than limiting the search to a single solution. For in-implementation and performance can be accessed through the
stance, in Sec. 3.1, the algorithm successfully identified twdollowing links:
relative maxima and one saddle point, showcasing its robust- |https://drive.google.com/file/d/11FUEb
ness and comprehensive analytical capability. gmL39R851zUnEVKbr4UW571k5hR/view?usp=

Beyond its computational effectiveness, the GUI also of-drive___link

5. Conclusion
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