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Solution of the Schibdinger equation for a particle in a
uniform force field via the solution for a free particle
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We show that the solutions of the Sékinger equation for a free particle are related in a simple manner with the solutions of tbdiSghar
equation for a particle in a uniform force field. Making use of this relation we readily obtain the so-called Airy wave packets and the
propagator for a particle in a uniform force field.
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1. Introduction particle in a uniform force field. The Sdbdinger equation

for a particle in a uniform force field can be solved making
By means of transformations mixing the space coordinategse of the standard technique of separation of variables (see,
and the time we can see that the Sdinger equation witha ¢ g, Refs. [7,8]) and the reason why this problem is not con-
given potential is locally equivalent to the Sobdinger equa-  sidered in the elementary textbooks on quantum mechanics is
tion with another seemingly unrelated potential, in such ahat the corresponding time-independent 8dimger equa-
way that the corresponding solutions are related by meangon is Airy’s equation (see Eq(), below), which is not
of this coordinate transformation, without the need of inte-commonly studied.
gral transforms. Essentially, the simple substitution of the In Sec. 2 we show that by means of a simple change of

original space-time coordinates by the new ones leads fror,, ginates the Schdinger equation for a free particle can
the solutions of one of these Sthiinger equations 10 the o onyerted into the Sdbdlinger equation for a particle in
solutions of the other. Among other things, this relation al-5 nitorm force field and we find the corresponding relation
lows us to express the propagator of one of these equatiofiyeen the solutions of these equations. This relation is em-
as the propagator of the other multiplied by a simple faCtorployed to construct the solutions of each of these equations

and to establish relations between the one-variable f“nCtionéorresponding to the separable solutions of the other and in
appearing in the solution of the Scittinger equation by Sep- ;s \ay we obtain the so-called Airy wave packets, which

aration of variables.. . are nonspreading solutions of the Sidinger equation for a
For example, in Ref. [1] it was shown that the feo particle [9]. The relation between solutions of the two
Schodinger equation for a harmonic oscillator is the gepgsdinger equations is also employed to express the propa-

Schidinger equation for a free particle written in an appro-ga0r of one these equations in terms of the propagator of the
priate coordinate system and, in a similar manner, in Ref. [2]

the problem of a free particle in two dimensions has been
shown to be equivalent to the problem of a charged particle
in a uniform magnetic field.

There is a vast amount of work on the application of point
transformations in the time dependent Sxdinger equation, ) ) _
directly or in combination with Darboux transformations and We shall consider the effect of the coordinate transformation
supersymmetric techniques (seey, Refs. [3—6] and the ref-
erences cited therein). In the example considered here the i =z — jat’, t=t, (1)
coordinate transformations are employed in a direct manner,
involving only the standard elementary formalism of quan-whereq is a constant, on the Sdidinger equation for a free
tum mechanics. particle

In this paper we show that the Sédinger equation for B2 0%Wee . OWgee
a free particle is equivalent to the Sédinger equation for a T om o2 ih ot (2

2. Equivalent Schrodinger equations
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Making use of the chain rule one finds that, in terms of thewhat we do in electrostatics: given a charge distribution, the
primed coordinates, Eg2)is equivalent to electrostatic potentialp, at a given point of the space has a
2 920y, o0, a0y, yvell defingd yglue (as;uming, for. instance, that the potentiz_al
— o = 2 —ihat ——=. (3) s zero at infinity) but its expression depends on the coordi-
2m Oz ot Oz nates being employed to label the points of the space. For
In order to relate this equation with the Sotiinger equation  example, the potential of a point dipole at the origin, parallel

for a particle in a potential’, to thez-axis, is given byp = [p/4megz] (22 + y% + 22)73/2,
12 92w U in terms of the Cartesian coordinates and, equivalently, by
~omapz T VY =150 (4) o = [p/4meo|r—2 cos b, in spherical coordinates, and we use

the same symbolp, to represent the electrostatic potential,
thinking that it is a single function with various expressions.
Uhroo = (expiF/h) W, (5) We close this section by pointing out that the potential
V is already determined by the coordinate transformation
whereF' is some function of’ andt’ (or, equivalently, oz (1); this coordinate transformation relates the solution of the
andt). equations of motion, in classical mechanics, of a free particle

Substituting §) into Eq. B) one finds that the terms with yjth that of a particle in a uniform force field corresponding
the first derivative ofl’ with respect tar" disappear if and g the potential” = maz’.

only if 0F/0x' = mat’, that is,F' = mat’z’ + f(t'), where
f(¢') is a function oft’ only. Then,¥ satisfies Eq.4) with

we propose a relation of the form

3. Relating solutions

1
V:maa:’—ﬁmat + =

de’” Both partial differential equation2) and [7) admit separable

This potential corresponds classically to a constant forcéolutions,_with the big difference that the separable solutions
—9V/dz' = —ma, regardless of the form of. In or- of Eqg. 2) involve elementary functions:
der to simplify the identifications in what follows we take ) ke k2t /2m
f(t') = gma?t’®, so thatV = max’. Uhree (2, 1) = Vo erre T T, (8)

Thus, the wavefunction

; wherek is an arbitrary real number, whereas the separable
U = exp - (mat's’ + émaztIB) Utreo (6) sqlut!ons of Eq.[T) involve the Airy functions. Indeed, sub-
stituting
satisfies the Schdinger equation UE) (3! 1) = p B (z) e 1BV /T 9)
G - maa' U — ihag, @ into Eq. [7) one obtains the time-independent equation
2m Ox'? ot’ 2 2P

for a particle in a uniform force field, if and only Wy,.. sat- ————— +maa’yF) = EypF),
isfies Eq.R), with the coordinates related throudt) (see the 2mdw
examples below). (The relatioB)(is considered in Ref. [10] which, with the standard change of variable
but only in the case wer@y,. is the free gaussian wave b N 1/3
packet, without noticing that this relation is applicable for y= <2m a) (96/ _ E)
any solution.) h2 ma)’

Since the wavefunction¥ and ¥y, differ only by a . .
phase factor and (for a fixed value®fdx’ = dz, ¥ is nor- Is transformed into
malized if and only if¥/s,.. is normalized. 2 ) (B) 1

It must be stressed that we are considering the coordinate dy? —yp =0, (10)

transformationZ) just as a relation between different ways of = i )

labeling the space-time points. This issue is relevant becaus¥ch IS the Airy equation (see, g, Refs. [7,8, 12]). ,

as is well known, under changes of reference frame (Galilean The solutions of th? Alry e.quatlorj are Ilnear combina-

transformations, for instance), the wavefunctions do not bellons f the so-called Airy functions, Ai and Bi, but the func-

have as scalar fields in the space-time (seg, Ref. [11]and 0N Bi(y) diverges whery — co. The Airy function of the

the references cited therein). The coordinate transformatiord St kind, Ai, can be defined by [7,8,12]

considered here and in Refs. [1, 2] need not be interpretable 1 [ $3

as changes of reference frame. Ai(y) = g/ exp (i3 + isy) ds.
In other words, a given space-time point can be labeled

by the coordinate$z, t) and by the coordinateg’,¢’); the  As we shall show below, this integral representation of the

value of the wavefunctiow’(,... depends only on the point solution of the Airy equation is obtained in a natural way

of the space-time where it is evaluated, though its expresstarting from the solution of the Sastinger equation for a

sion depends on the coordinates employed. This is similar téree particle [see Eq1{)].

(11)

—00
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3.1. From plane waves to Airy functions

As is well known, the general solution of E@)(can be written in the form (see,g, Ref. [13])

‘Ilfree(aj’t) = \/%/_ ¢(k) ei(kw—

whereg (k) is a possibly complex-valued function. Hence, according to [B)ar(d L), the general solution of the Sédinger
equation for a particle in a uniform force field must be given by

h

L 1) dk, (12)

2m

1 e . mat'\ , hk*, ka , ma® ,

1/3
or, replacing the integration variableby s = (25;(1) (k — mayr),

1 om?2 1/3 oo 3 Im2 1/3
v )= (Bt) [ e i (Bt)

3
2 2 1/3 . h2 1/3
Xd’(”?f’f'*(%a) s)epq -3 +Wé<zm> s a9

As usual, one expects that the general solution of B)oé a superposition of the separable soluti@s\\Ve shall verify
that this is indeed the case and, in the process, we shall obtain the relevant solutions of the Airy equation.

In order to express the right-hand side of Et¥)(as a superposition of the separable solutions of [E).the last two
factors of [(L4) will be written as the Fourier transform of some functign

V(2 t') = exp —i(mat’x’ + tma®t"?) L /OO (k) exp |i | ka' + lkat’2 - h—th’ dk
’ h 6 V2T J oo 2

: hQ e} )
(k) exp [—; (2m2a> k:3] = \/%/_ x(w) e *@dw. (15)
(Thus,x can be defined by
1 > i h2 3| ikw
x(w) = E /_OO ¢(k) exp [—3 (2m2a> k ] e"dk, (16)

in terms of¢.) Substituting/15) into (14) we obtain

1 /2m2a\"? [ o
v )= o (Z0) [ [ e
2\ R? oo oo

which is a superposition of products of the forf).(This allows us to identifyv with E/ma, whereE is the energy of the
stationary states of the particle in the uniform force field, and the required solutions of the Airy equation.
Comparing the last expression withlj we have

1/3 oo 1/3 .
V(' t') = % (27;;2(1) /_ X(E/ma) Ai ((27;;2(1) (x’ - wiz)) exp (—ft’) dE. (18)

oo

h2

s3 2m2a 1/3 ima
i? +is () (2" —w)| ds exp (—hwt’) dw, a7

According to the standard postulates of quantum mechanitg,/ma)|? is, essentially, the probability density of measuring
the energyF if the particle is in the statélg).

3.2. Two special cases

As shown above, given a solution of the Siatinger equation for a free particléy,.., the wavefunction? given by 6) is a
solution of the Schirdinger equatiorid) for a particle in a uniform force field. Thus, if we takg,.. given by B) (characterized
by a particular value of), we obtain the solution of7j given by

1 v B2,k 2
v (2 1) = 5= o {i [(k: - m; ) AL mat’?’] } (19)
T m
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[cf.Eq. (13)]. This is the solution of the Schdinger equation for a particle in a uniform force fief) With the initial condition
TE) (2, 0) = [1/+/27] e’

The separable solutioBYis obtained from the general solutict?] taking$ (k') = §(k—k’), and substituting this function
into Eq. (L6) we obtain

1 i [ h? 13 ik 20
X(w) - mexp |:3 <2m2a) +1 U}:| ( )

(remember that has a fixed value here). Sinpe(w)| = 1/4/27, in the state’19) of the particle in a uniform force field, all
values of the energy are equally probable. (Note that the substituti@i)ahfo Eq. [18) must reproducel@).)

Similarly, we can take the separable solution of the 8dimger equatiorid) given by

1/3 .
W 1) = Ai ((@) G w]i)) o (‘ft) .

[characterized by a particular value Bf cf. Eq. (18)], which gives rise to the solution of the Séldinger equation for a free

particle
: ) 9m2 1/3 1 E B
Uil (@,t) = exp [;(mm - éma%j)} Ai (( - a) (=~ St = %) exp <lht> . (22)

This is the solution of the Scbdinger equation for a free particl2)(with the initial condition

1/3
E . 2m2a E
\I/E-rei(m,O) =Aj << h2 ) (.I' — m)) .

The solution22) has been previously given in Ref. [9] (see also Ref. [14] and the references cited therein). It is distinguished
by the fact that it is a nonspreading wave packet which moves with constant acceleratgpite of the fact that is a solution
of the Schodinger equation for a free patrticle. In fact, this solution satisfies

A (2m2a\'? 1, E

This solution is known as the Airy wave packet. (A discussion about the properties of this wave packet can be found in
Refs. [9, 14].)

The separable solutio21), which is the state of a particle in a uniform force field with enekfyis a special case of the
general solutionX8) with

W) (1) =

free

2

X(E' ma) = ma ( )1/3 5((E' - E)/ma)

(now E has a fixed value), and the corresponding solution of thed@atger equation for a free particle is given @2) with

¢(k) given by [see Eql15)]
1 2\ (i RN, ikE
o(k) = Nor (2m2a) P [3 <2m2a) M- ma} ’

Substituting this function into Eq1) one obtains the Airy wave pack&3). Since|¢(k)| is a constant, in the Airy wave
packet all values of are equally probable.

2m2a

3.3. Relation between propagators
In general, the solution to the (time-dependent) 8dhrger equation can be expressed in the form
W (xs, tr) = / K (wg, te; 2, 1) W (24, t) da, (23)
whereK (¢, ts; 25, t;) is the so-called propagator. In the case of a free particle the propagator can be obtained in a wide variety

of ways with the result

Kireo (g, te; i, 4) =

m i m(zs — xi)Q} (24)

omihlty — ) P [h 2t — 1)
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Making use of the relation] for the initial and final points (withx;, ¢} related tozg, ¢ by means oflI) and, similarly,z}, ¢!
related tox;, t;) we have

i
U(xf, t;) = exp |—— (maté:c; + %maQt?) Utreo(t, te)

L h -
- 1 oo
=oxp |~ (matiz + tma’t?) / Kireo(e, te; i, 1) Yoo (1, 1) Ay
L d — 00
[ i 1 [ i
=exp |~ (matiat + tma’t?) / Ktree (£, te; i, 1) €xp {h (matix] + éma%{g)} U(z!,t)) dx!
L J — 00

which means that the propagator for the particle in a uniform force field is given by

i )
K (w}, th: 2 1) = Kiveo (1, 1 01, 1) exp {h [maltiat — o) + Sma® (1 — )] }

m im (1‘; — ${)2 / / / ’ a? / "3
Y O L AT i — ) (2] ey - .
2’/Tlh(t§ —t{) exp { 2h |: t; — ti a’( f 1)(311 +xf) 12( f 1)

It seems difficult to devise a simpler procedure to obtain this propagator.

4. Concluding remark

The coordinate transformation considered here belongs to a restricted class of transformations withut we can consider
more general transformations, mixing the space coordinates and the time (see Refs. [1, 2]). An interesting question is which
problems can be related in this way with a given one.
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