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The dynamics of open quantum systems is governed by the Lindblad master equation, which provides a consistent framework for incorpo-
rating environmental effects into the evolution of the system. Since exact solutions are rarely available, numerical methods become essential
tools for analyzing such systems. This article presents a step-by-step implementation of the fourth-order Runge-Kutta method inPython to
solve the Lindblad equation for a single quantized field mode subject to decay. A coherent state is used as the initial condition, and the time
evolution of the average photon number is investigated. The proposed methodology enables transparent and customizable simulations of
dissipative quantum dynamics, emphasizing a pedagogical approach that helps readers understand the numerical structure without relying on
external libraries such as QuTiP. This standalone implementation offers full control over each integration step, making it particularly suitable
for educational contexts and for exploring non-standard dynamics or introducing custom modifications to the Liouvillian.
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1. Introduction

The study of open quantum systems is essential to understand
how real systems interact with their environment. Unlike
closed systems, whose evolution is purely coherent and re-
versible according to the Schrödinger equation, open systems
undergo processes of dissipation and decoherence, which de-
grade quantum coherence due to coupling with an external
environment. These effects are unavoidable in practice and
are fundamental in areas such as quantum optics, quantum
computing, quantum information, and spectroscopy [1-3].

The most general mathematical tool to describe the dy-
namics of such systems is the Lindblad master equation,
which consistently models the time evolution of the density
matrix by incorporating both coherent dynamics and irre-
versible effects induced by the environment [4,5]. Although
this equation has a compact and elegant form, exact solutions
are only possible in particular cases, due to the complexity of
simultaneously treating both unitary and dissipative terms [6-
8].

In this context, numerical methods have become indis-
pensable tools for studying the evolution of open systems.
Among these, the fourth-order Runge-Kutta (RK4) method
stands out for its balance between accuracy, simplicity, and
ease of implementation to solve ordinary differential equa-
tions, making it an excellent option for approximating solu-
tions of the Lindblad equation in increasingly complex sys-
tems [9-10].

In previous studies focused on closed systems, the ef-
fectiveness of the RK4 method in simulating the dynam-
ics of radiation-matter interaction models governed by the
Schr̈odinger equation has been demonstrated [11]. In the
present work, this strategy is extended to open quantum sys-
tems by presenting a detailed implementation of the RK4
method to numerically solve the Lindblad master equation.

As an illustrative example, the case of a single quantized
field mode subject to decay is analyzed, evolving from an
initial coherent state. The implementation of this simulation
in Python is presented, including the computation of the
average photon number as a physical observable and its com-
parison with the exact analytical solution, thereby validating
the accuracy of the proposed approach.

Beyond its numerical utility, the methodology is devel-
oped with a pedagogical emphasis, enabling readers to grasp
the structure of the algorithm and the role of each term in the
evolution equation without relying on specialized packages
such as QuTiP. This educational perspective also provides
the flexibility needed to extend the method to more general
or nonstandard dissipative scenarios, such as time-dependent
Hamiltonians or state-dependent dissipation.

The main objective of this work is to provide a clear and
accessible guide to simulate the dynamics of open quantum
systems using a basic computational approach, promoting the
understanding of these tools in both educational and research
contexts.
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The structure of the article is as follows. Section 2
presents the physical model and its analytical solution. Sec-
tion 3 describes step-by-step the implementation of the RK4
method to solve the Lindblad equation. In Sec. 4, numeri-
cal results are compared with the analytical solution. Finally,
Section 5 presents the general conclusions of the work.

2. The physical model and its analytical solu-
tion

This section describes the physical system analyzed through-
out the article: a single mode of a quantized electromagnetic
field confined in a lossy optical cavity. This system can be in-
terpreted as a quantum harmonic oscillator that loses energy
due to its interaction with the environment [12].

Figure 1 shows a schematic representation of the consid-
ered system. A single field mode with frequencyωc is con-
fined between two semitransparent mirrors. The interaction
with the environment causes photons to leak out of the cavity,
modeled through a decay process characterized by the rateγ.

The time evolution of the quantum state of the system,
described by the density matrix̂ρ(t), is governed by the Lind-
blad master equation. For this setup, the free Hamiltonian is:

Ĥ = ωcâ
†â, (1)

whereâ andâ† are the annihilation and creation operators of
the field mode, andωc is its frequency.

The coupling to the environment is modeled using a sin-
gle collapse operator:

Ĉ =
√

γâ, (2)

whereγ represents the photon loss rate.
The Lindblad master equation for this system takes the

form [1-3]:

dρ̂

dt
= −i[Ĥ, ρ̂] + γ

(
âρ̂â† − 1

2
{
â†â, ρ̂

})
. (3)

Each term in this equation has a specific role:

• The commutator−i[Ĥ, ρ̂] represents the unitary evolu-
tion of the system, analogous to the Schrödinger equa-
tion but applied to the density matrix.

FIGURE 1. Schematic representation of a single quantized field
mode with frequencyωc, confined in an optical cavity with losses
characterized by decay rateγ.

• The termâρ̂â† describes quantum jump processes, in
which the system emits a photon.

• The anticommutator terms−(1/2){â†â, ρ̂} account
for the gradual loss of coherence due to environmen-
tal coupling.

In this work, the system is initialized in a coherent
state|α〉, which is an eigenstate of the annihilation opera-
tor: â|α〉 = α|α〉. This type of state describes a quantum
field whose statistical properties resemble those of a classical
wave [3].

Although the Lindblad equation generally does not admit
analytical solutions, this particular case, a single-field mode
subject to decay, does have a known solution. As shown in
Chapter 5 of [13], a coherent state remains coherent through-
out the evolution, with an amplitude that decays exponen-
tially in time. The density matrix at timet is:

ρ̂(t) = |α(t)〉〈α(t)|, (4)

where the amplitude evolves as:

α(t) = α e−
γ
2 t e−iωct. (5)

A physically relevant observable characterizing the sys-
tem dynamics is the average number of photons. In the den-
sity matrix formalism, it is computed as:

〈n̂〉(t) = Tr
[
â†â ρ̂(t)

]
. (6)

Since ρ̂(t) remains a pure coherent state andâ|α(t)〉 =
α(t)|α(t)〉, it follows that:

〈n̂〉(t) = 〈α(t)|â†â|α(t)〉 = |α(t)|2 = |α|2e−γt. (7)

This expression shows that the average photon number de-
cays exponentially at a rateγ, reflecting the energy loss of
the field due to its coupling to the environment.

For simplicity, this work considers a zero temperature
environment, which allows us to focus on numerical imple-
mentation without additional thermal excitation effects. In
this regime, the system evolves towards a stationary state as
t →∞, where the density matrix tends tôρss = |0〉〈0|. This
vacuum state represents the complete decay of the field en-
ergy, and the exact steady-state value of the average photon
number is〈n̂〉ss = 0.

However, the model can be naturally extended to finite-
temperature environments by incorporating additional dissi-
pative terms that depend on the mean thermal photon number
n̄. In such cases, the system asymptotically approaches a
thermal mixed state instead of the vacuum, and the steady-
state average photon number becomes〈n̂〉ss = n̄. This ther-
malization behavior, along with the uniqueness and structure
of the steady state, can be directly understood from the spec-
tral properties of the Liouvillian superoperator [4].
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3. Methodology

This section provides a detailed description of the applica-
tion of the RK4 method to solve the Lindblad master Eq. (3)
for the case of a single quantized field mode subject to de-
cay. This approach not only offers high accuracy and ease of
implementation, but can also be naturally extended to more
complex models, such as systems with multiple interacting
modes, coupling to thermal reservoirs, or several dissipation
channels, situations in which analytical solutions are gener-
ally unavailable.

3.1. Problem formulation

As discussed previously, the dynamics of the system is fully
determined by the time evolution of its density matrixρ̂(t),
which is obtained by solving the Lindblad master Eq. (3). In
its general form, this equation can be written as:

dρ̂

dt
= L[ρ̂], (8)

whereL denotes theLindblad superoperator, which encap-
sulates both the coherent dynamics of the system and the dis-
sipative effects arising from its interaction with the environ-
ment.

Formally, the solution to this equation can be expressed
as:

ρ̂(t) = eLtρ̂(0), (9)

whereρ̂(0) = |ψ(0)〉〈ψ(0)| represents the initial condition
of the system.

The main objective of this section is to develop, step-by-
step, a methodology based on the RK4 algorithm and to im-
plement it in thePython programming language, in order
to approximate the solution of Eq. (8). As an illustrative ex-
ample, the model of a single-field mode undergoing decay
is considered. The analytical solution previously presented
allows for direct validation of the numerical results.

It is important to note that this methodology is not limited
to the specific case analyzed here. It can be readily general-
ized to more complex quantum systems, including multiple
field modes, interaction with atoms, coupling to thermal en-
vironments, or arbitrary initial conditions.

3.2. Fourth-order Runge-Kutta method adapted to ma-
trices

The RK4 method is a widely used numerical technique for
solving ordinary differential equations (ODE) of the form [9]:

dy

dt
= f(t, y), y(0) = y0. (10)

The core idea of RK4 is to approximate the solution using
a weighted combination of several evaluations of the function
f(t, y) within each finite time increment∆t, which repre-
sents the time step used in the numerical integration. The
update scheme is expressed as:

ti+1 = ti + ∆t, (11)

k1 = f(ti, yi), (12)

k2 = f

(
ti +

∆t

2
, yi +

∆t

2
k1

)
, (13)

k3 = f

(
ti +

∆t

2
, yi +

∆t

2
k2

)
, (14)

k4 = f (ti + ∆t, yi + ∆t k3) , (15)

yi+1 = yi +
∆t

6
(k1 + 2k2 + 2k3 + k4) . (16)

Its main advantage lies in its fourth-order accuracy, which
means that the local error per time step is on the order of
O(∆t5), while the total cumulative error isO(∆t4). Al-
though this method requires four evaluations of the function
f per time step, RK4 offers an excellent balance between ac-
curacy and computational efficiency.

In the context of the Lindblad master equation, the func-
tion f(t, y) is replaced by the action of the Lindblad super-
operatorL on the density matrix:

f(t, ρ̂) = L[ρ̂], (17)

whereρ̂(t) is a Hermitian matrix that describes the quantum
state of the system. The RK4 scheme can be applied without
formal modification, although the operations must now be in-
terpreted as acting on complex matrices rather than on scalars
or vectors. In this case, the variabley is identified with the
density matrix̂ρ, and the quantitiesk1, k2, k3, andk4 are also
matrices of the same dimension, calculated iteratively by the
action of the superoperatorL.

One of the principal advantages of this method is its
ease of implementation in programming languages such as
Python , making it an attractive tool for studying the dynam-
ics of open quantum systems. Although its computational
cost may be higher than that of simpler algorithms, such as
the Euler method, its accuracy and numerical stability make
it especially useful for simulating systems without analytical
solutions where reliable numerical integration is required.

It is worth noting that this implementation employs a
fixed time step∆t, which helps to clearly illustrate the struc-
ture of the algorithm and ensures consistency across different
numerical runs. This choice aligns with the pedagogical pur-
pose of this work, which is to offer a transparent and accessi-
ble introduction to the numerical integration of the Lindblad
master equation.

However, in scenarios where the system exhibits fast tran-
sients or widely separated time scales–such as strong dissipa-
tion regimes or complex interactions–using a fixed step size
may lead to either poor accuracy or inefficient use of com-
putational resources. In such cases, it is advisable to em-
ploy adaptive step-size techniques that dynamically adjust∆t
based on an estimate of the local truncation error.

A well-established solution is the Runge-Kutta-Fehlberg
(RKF) method, which combines two embedded Runge-Kutta
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formulas of different orders (typically fourth and fifth) to con-
trol the error and adapt the time step accordingly [14-16].
The methodology presented in this work can be naturally ex-
tended to incorporate such schemes, offering higher numeri-
cal efficiency without altering the underlying structure of the
integration algorithm.

3.3. Implementation inpython

This subsection presents the implementation of the RK4
method inPython to numerically solve the Lindblad mas-
ter Eq. (8), applied to the model of a single quantized field
mode subject to decay. The code developed here applies the
RK4 iterative scheme directly in the matrix context, mean-
ing that the variables involved are treated as operators (i.e.,
dense complex matrices) rather than scalar functions. The
time evolution is computed on a truncated Fock basis of fi-
nite dimension, which is appropriate for representing initial
coherent states.

The following code illustrates the implementation of this
methodology step-by-step.

1. Library importation

The first step in the implementation consists of import-
ing the fundamental libraries that allow for performing
numerical operations, manipulating matrix structures,
and generating graphical representations of the results.
These tools are essential for defining the operators of
the quantum system, computing the time evolution us-
ing the RK4 method, and visualizing the dynamic be-
havior of the system.

– numpy: This is the standardPython library for
numerical calculations with multidimensional ar-
rays. In this work, it is used to define the sys-
tem operators, manipulate the density matrix, and
carry out matrix multiplications and summations
required for the time evolution.

– matplotlib.pyplot : This library makes it
possible to create two-dimensional plots. In the
context of quantum simulation, it is used to visu-
alize the time evolution of physical observables,
thereby facilitating the interpretation of the re-
sults.

– math : This library provides standard mathemat-
ical functions. In particular, it is used to compute
exact integer factorials, which are necessary for
constructing the initial coherent state as a super-
position of Fock states.

– scipy.linalg.null space : This function
is used to compute the steady state of the system

by finding the null space of the Liouvillian su-
peroperator. It allows for direct numerical access
to the long-time limit of the dynamics, comple-
menting the RK4 simulation.

2. Definition of the system parameters

In this step, the fundamental parameters of the model
are defined. These parameters describe the physical
properties and initial conditions of the quantum system
under study.

– N: Specifies the dimension of the truncated
Hilbert space, which corresponds to the maxi-
mum number of Fock states used to represent the
field.

– omega c : Sets the angular frequency of the sin-
gle quantized mode of the electromagnetic field
confined in the optical cavity.

– gamma: Represents the decay rate of the cav-
ity, which models the photon loss due to coupling
with the external environment.

– alpha : Determines the complex amplitude of
the initial coherent state|α〉 used to initialize the
system.

– t f : Specifies the total duration of the simula-
tion. The evolution of the system will be com-
puted fromt = 0 to t = tf .

– dt : Defines the size of each discrete time step
used by the Runge-Kutta integration algorithm.
Smaller values improve accuracy but require
more computational resources.

– t list : Creates a NumPy array of equally
spaced time points using the function
np.arange . This array defines the specific
time instants at which the observables of the sys-
tem will be evaluated during the simulation.

3. Definition of operators and system Hamiltonian

This block defines the fundamental operators that de-
scribe the quantum dynamics of a single field mode
confined in a cavity. These operators include the an-
nihilation operator̂a, the creation operator̂a†, and the
number operator̂n = â†â. From these, the free Hamil-
tonian of the system is constructed, as well as the col-
lapse operator that accounts for the dissipative interac-
tion of the system with the environment.
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– destroy(N) : This function returns the annihi-
lation operator̂a represented as anN ×N matrix
in the truncated Fock basis.

– a: Represents the annihilation operatorâ, which
lowers the photon number of the field mode by
one.

– ad : Represents the creation operatorâ†, obtained
as the complex conjugate transpose of the annihi-
lation operator. It increases the photon number
by one when acting on a Fock state.

– n op : Defines the number operatorn̂ = â†â us-
ing the matrix productad @ a. In Python , the
symbol @is used to perform matrix multiplica-
tion, unlike* , which denotes element-wise mul-
tiplication.

– H: Constructs the Hamiltonian̂H = ωcn̂, which
describes the unitary evolution of the quantized
field mode with frequencyωc in the absence of
interaction with the environment.

– c : Defines the collapse operator̂C =
√

γâ,
which characterizes the photon loss process due
to coupling with the external environment.

4. Definition of the Lindblad master equation

In this step, the Lindblad master equation is formulated
to describe the time evolution of the density matrixρ̂(t)
in an open quantum system. This equation incorporates
both the coherent dynamics governed by the system
Hamiltonian and the dissipative effects arising from its
interaction with the environment.

– lindblad rhs(rho, H, c ops) : This
function computes the right-hand side of the
Lindblad master equation.

– rho : Represents the density matrix of the system
at a given time.

– H: The system Hamiltonian, which generates the
unitary part of the evolution.

– c ops : A list of collapse operatorŝCn that
model dissipation channels. In this particular
model, only one collapse operator is used:Ĉ =√

γâ.

– commutator : Computes the coherent term
−i[Ĥ, ρ̂], corresponding to unitary evolution.

– dissipator : Computes the dissipative part of
the Lindblad equation, which accounts for the
non-unitary evolution due to the interaction with
the environment.

5. Implementation of the RK4 method

In this step, the RK4 method is applied to numerically
solve the Lindblad master equation. This technique
approximates the time evolution of the density matrix
ρ̂(t) by dividing the time domain into discrete steps and
computing the solution iteratively.

– rk4 step : This function performs a single inte-
gration step using the RK4 method applied to the
Lindblad equation. It takes as input the current
density matrixrho , the system HamiltonianH,
the list of collapse operatorsc ops , and the time
step sizedt .

– k1, k2, k3, k4 : These are the four inter-
mediate evaluations required by the RK4 scheme
to estimate the derivative of the density matrix.
Each one corresponds to a different point in time
and uses a different approximation of the state.

– Each k is computed by calling the
lindblad rhs function, which returns the
value of the time derivative at the correspond-
ing state.

– The weighted combination of the four terms (k1
+ 2*k2 + 2*k3 + k4 ) produces a fourth-
order accurate estimate of the state at the next
time step.

– The final result is the updated density matrix at
the next time step, computed with high precision
and numerical stability.

6. Definition of the initial state of the system

In this step, the initial condition of the system is estab-
lished. As the initial state, a coherent state is selected.
Instead of representing this state as a pure state vec-
tor, its corresponding density matrix̂ρ0 = |α〉 〈α| is
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used, which is necessary for solving the Lindblad mas-
ter equation.

– coherent dm(N, alpha) : This function
constructs the density matrix of the coherent state
|α〉 in a Fock basis truncated to dimensionN .

– np.outer(vec, vec.conj()) : Com-
putes the outer product between a complex vector
|ψ〉 and its conjugate transpose〈ψ|, resulting in
a pure state density matrix. In this context, the
use of np.outer ensures the construction of
a square matrix of sizeN × N that accurately
represents the initial field state.

– rho 0: Denotes the initial density matrix of the
system, which is used as the input for the evolu-
tion governed by the Lindblad master equation.

7. Time evolution of the density matrix and calcula-
tion of observables

Once the time evolution of the density matrixρ̂(t) has
been obtained, it is possible to calculate any physical
observable of the system. In this work, the mean pho-
ton number〈n̂(t)〉 is evaluated, which provides a direct
measure of the energy stored in the field mode over
time.

– n expect : A list that stores the mean photon
number〈n̂(t)〉 at each time step.

– rho 0: Represents the density matrix that is
updated at each time step using the function
rk4 step , previously defined. In each iteration,
it is replaced by the matrix at the next time step.

– np.trace(n op @ rho 0) : Computes the
expectation value of the number operator in the
current state using the formula〈n̂〉 = Tr(n̂ρ̂).
The result is converted to its real part using
np.real() to eliminate possible small imagi-
nary components arising from numerical round-
ing.

3.4. Method validation

To verify the precision of the numerical implementation of
the RK4 method applied to the Lindblad master equation,

we compare the results for a physical observable with its
corresponding analytical solution. Specifically, we analyze
the time evolution of the average photon number〈n̂(t)〉 in
a single-mode quantum field initially prepared in a coherent
state|α〉 and subject to losses characterized by a decay rateγ.
The exact analytical solution for this case is given by Eq. (7).

To carry out the validation, we use the analytical expres-
sion for the mean photon number〈n̂(t)〉, derived at the end of
Sec. 2, where both the transient and long-time behaviors were
discussed. This solution provides a direct benchmark for the
numerical results obtained with the RK4 method and serves
as a reference for the asymptotic behavior of the system at
zero temperature.

To confirm that the numerical method correctly captures
the steady-state behavior of the open quantum system, the
Liouvillian superoperator is constructed explicitly in matrix
form and its null space is computed. The steady state corre-
sponds to the eigenvector associated with the zero eigenvalue
of this operator.

• n analytic : Computes the analytical expression for
the average photon number in a decaying coherent
state.

• n ss analytic : Stores the expected steady-state
value 〈n̂〉 at zero temperature, which corresponds to
the vacuum.

• L: Constructs the Liouvillian superoperator in vector-
ized form using Kronecker products to represent the
Lindblad master equation as a matrix equation.

• null space(L) : Computes the null space of the Li-
ouvillian matrix. A non-trivial eigenvector (if found)
corresponds to the steady stateρss.

• rho ss : The steady-state density matrix, reshaped
and normalized.

• n ss liouvillian : Expectation value of the num-
ber operator evaluated in the steady state obtained from
the Liouvillian formalism.
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The final comparison of results is shown graphically:

• plt.plot(t list, n expect, ...) : Plots
the numerical values of the average photon number ob-
tained using the RK4 method (orange line).

• plt.plot(t list, n analytic, ...) :
Plots the exact analytical solution as a dashed blue
line.

• plt.axhline(..., n ss liouvillian,
...) : Draws a horizontal line showing the steady-
state value from the Liouvillian approach (sky blue).

• plt.axhline(..., n ss analytic, ...) :
Draws a horizontal line indicating the analytically ex-
pected steady-state value (green dotted line).

• The graph offers a visual validation of the method:
the numerical and analytical curves overlap during the
transient regime and converge to the same steady-state
value.

The resulting graph is shown in Fig. 2.

4. Results and discussion

The numerical implementation of the RK4 method to solve
the Lindblad master equation exhibits excellent agreement
with the exact analytical solution for the average photon num-
ber in a decaying coherent field mode. This correspondence,
shown in Fig. 2, validates both the precision and the numeri-
cal stability of the proposed scheme.

The numerical results accurately reproduce the exponen-
tial decay law predicted by theory for the time evolution of
the average number of photons. The trajectory obtained us-
ing RK4 remains close to the analytical solution throughout
the simulated interval, without displaying significant cumu-
lative deviations.

FIGURE 2. Time evolution of the average photon number〈n̂(t)〉
for a single-mode decaying quantum field. The solid orange line
corresponds to the numerical solution obtained using the RK4
method, the dashed blue line represents the exact analytical result,
and the horizontal lines indicate the steady-state predictions from
both approaches.

In addition to verifying the transient behavior, the imple-
mentation also recovers the expected steady state by com-
puting the null space of the Liouvillian superoperator. This
numerical extraction of the stationary state confirms that the
method captures both short- and long-term dynamics. The
ability to access the steady state in matrix form further en-
riches the applicability of the code for the analysis of equi-
librium and spectral studies of open quantum systems.

Although existing high-level libraries such asQuTiP
provide efficient and user-friendly solvers for quantum mas-
ter equations, they encapsulate the numerical procedure be-
hind abstraction layers. In contrast, the RK4 implementation
developed here explicitly reveals each step of the time evolu-
tion, making it particularly valuable for educational purposes.
This clarity helps learners to understand how dissipation en-
ters the dynamics and how the Lindblad structure is numeri-
cally realized.

By implementing the algorithm from scratch, users gain
full control over the numerical evolution, enabling them to
explore modified Hamiltonians, time-dependent interactions,
or nonstandard dissipative terms-scenarios that may not be
directly accessible with prebuilt solvers.

Thus, the proposed approach is not intended to comple-
ment libraries likeQuTiP , but rather to reveal and demys-
tify the internal workings that such libraries typically con-
ceal. This makes it especially suitable for pedagogical con-
texts and for researchers looking for a transparent and adapt-
able numerical scheme.

5. Conclusions

This work presented a step-by-step implementation of the
RK4 method to numerically solve the Lindblad master equa-
tion, applied to the case of a single coherent field mode sub-
ject to decay. The approach emphasizes clarity and peda-
gogical accessibility, providing an explicit numerical routine
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suitable for students and researchers beginning in the study
of open quantum systems.

The methodology proved capable of reproducing not only
the expected transient dynamics of the average photon num-
ber, but also its steady-state behavior, confirming the internal
consistency and physical precision of the numerical scheme.
The explicit recovery of the steady state from the Liouvil-
lian spectrum also offers a meaningful tool for future studies
involving thermalization, equilibrium, or non-Hermitian ef-
fects.

By modifying only the Hamiltonian and collapse opera-
tors, the same framework can be applied to a wide variety of
dissipative systems, including multimode fields, atom-field
interactions, or thermal reservoirs.

Overall, this implementation provides a solid foundation
for future explorations, combining physical transparency,
computational control, and educational value within a repro-
ducible open source environment. It is particularly useful in
contexts where understanding the underlying structure of the
evolution equation is essential, offering an open alternative to

high-level packages that obscure the numerical treatment of
dissipation.
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