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R-separable solutions of the Schisdinger equation
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We present two examples where the $clinger equation admit®-separable solutions. In one of them (a particle in a uniform force field)
the Schédinger equation admits separable ddeparable solutions.
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1. Introduction 2. Particle in a uniform force field

The standard method employed in the solution of the partialhe Schodinger equation for a particle of massin a uni-
differential equations encountered in physics is that of sepform force field is given by
aration of variables. Even though this method does not al- 9 a2

) T ) h* 0°W LY
ways work, its application is straightforward and elementary. — 555 tmazV¥ =ih—, Q)
There is a class of solutions of the partial differential equa- 2m Ox ot
tions closely related to the separable solutions, rarely merwherea is a constant (the negative of the acceleration of
tioned, calledR-separable solutions, which involve an ap- the particle in the corresponding problem in classical me-
propriate function that mixes two or more of the independenthanics). Since the potential does not depend on the time,
variables. An illustrative example is given by the Laplacethis equation admits separable solutions of the farm=
equation in toroidal coordinatés;, 3, ¢): ¥(x) exp(—iFt/h), whereE is a separation constant (rep-

resenting the energy of the state), af@:) must satisfy the

0 sinha  du n 0 sinha  Ju second-order ordinary differential equation
da \ cosh a — cos B O« 9B \ cosha — cos B 90 h2 d2y
2 — — ——= + mazyy = E. (2)
1 0*u 2m da?

+ s =
(coshv — cos () sinh a 9 Despite its innocent appearance, the solution of this equation
One can verify that this equation does not admit (mu|tip|ica_requires special functions (the Airy functions or the Bessel

tively) separable solutions, but it admits solutions of the formfunctions of ordet /3) (see_,e.g, Refs. [4,5]).
On the other hand, noting that

u = +/cosha — cos § A() B(3)®(¢), OV . < ima:ct)
ih— — max¥ =exp | —
ot I

where A, B,® are functions of one variable (see.,qg,
Refs. [1, 2]). These solutions are call&eseparable. . imaxt
- . X ih— |V exp ,
The concept ofR-separability also appears in connec- ot h
tion with the Hamilton—Jacobi equation; in this case,/&n
separable solution is the sum of some function mixing tw

e find it convenient to expresk in the form

or more of the variables appearing in the equation plus one- U = exp(—imaxt/h) V. (3)
variable functions depending on each of the coordinates and
the time (seee.g, Ref. [3]). Then, substituting3) into Eq. (L) we obtain

The aim of this paper is to call the attention to tRe 9 - ) ~ 5 9,9 -
separable solutions of the Sékinger equation, showing its W (07T 2imatd¥  miaTt" o) ihf)j
usefulness in elementary problems. In Sec. 2 we consider ~ 2m \ 0x? h Ox h? ot’

the elementary problem of a particle in a uniform force ﬁeldwhich does not contain the coordinae explicitly and
and we show that besides the well-known separable SOIUtiOn{ﬁerefore it admits separable solutions of the foim —
(involving the Airy functions), there are ald®-separable so- ) i:2) wherek is a constant and the functighmust
lutions that do not require special functions. In Sec. 3 we findF . exp(ika), wherek is cons u S
R-separable solutions of the Séldinger equation for a par- satisfy the separated equation
ticle in a uniform force field whose strength changes linearly B2 ( K24 2kmat m2a2t2> dr

in time. 2m

3 h2 F = lha
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By contrast with Eq/2), this last equation is of first order and mitean operatop + mat, which is conserved, with eigen-
its solution only involves elementary functions; in fact, up tovaluefik. The constant factor/+/27 is a normalization fac-
a multiplicative constant, tor:

i m2a2t3)] / VO (a,t) 94 (1) dw = (k= K). (5)

h 3h2
Even though the wave functioni*) are not stationary
states, any solution of the Séidinger equationl) can be
Thus, we conclude that the Séldinger equatiorl) also  expressed in the form
admits R-separable solutions of the form

Wwt) = [ o) ¥ w0k (6)
1 i -
U (2, 1) = J2m P [h < — mazt + hkx where ¢(k) is a time-independent function. As a conse-
quence of'p), the functiong (k) is given by
h2k? hkat?>  ma?*t? 4 o0
ot e ) @ o) = [ VD) Bat)da ™

In particular, the stationary solutions of Ed),(charac-
terized by a time-dependence of the fosrp(—iEt/h), for
some constant valug, must be of the form@). In fact, sub-
stituting the explicit expressiod) into the right-hand side of
| Eq. [6) we have

where the superscrifk) has been included in order to em-
phasize that the wave functiod)(depends on the parameter
k. The wave functionr*) is an eigenfunction of the Her-

1 ol i K2 k> hkat®*  ma®t3
1 o0 i 1 k3
= k = | (hk — mat —— (hk — mat)® — dk 8
V2 /_OC o (k) exp{h {( mat)e + 6m2a( mat) GmQa]} ®

and in order to have the desired time-dependence we take

1 N iRk ikE
o(k) = V27 (2m2a> P <6m2a a ma)

, \1/3
so that/B) becomes (with the change of varialle= (h—) (k — mat/h))

2m2a

! ( U )1/3 [ e {;,L [(m@ ~ mat) <x - E) - mat)ﬂ }dk exp(~iEt/h)

27 \ 2m2a oo ma 6m2a

L[> is3 '
=5 /_OO exp (3 +is(z — E/ma)) ds exp(—iEt/h).
The last expression is the product of a functiorx@in fact an Airy function [4, 5]) multiplied by a function at

2.1. The propagator

As pointed out above, any solution of the Satiinger equationl) can be written in the form6) for some functionp(k),
which can be determined by means/éf i terms of the wave function at some initial time

o) = [~ T 1) o)

— 00

Substituting this last expression into E@) (ve find that for arbitrary final values afandt,

xp(a;f,tf):/ [/ \If(k)(xi,ti)\lf(xi,ti)dzi} \I/(k)(xf,tf)dk:/ U G (25, 6) OF) (2, t5) dle| U (i, 85) das.

— 00 —0o0 — 00 — 00
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The expression inside the brackets is the so-called propagator and it is sometimes dehdted @asx;, t;). Thus, we have

K (g, te; 1, 4) :/ U (i, 1) OO (g, 1) dk 9)
and, making use of Eq4) and the formula
oo 122
/ exp(—iak? +16k) dk = ua exp <ﬁ> ,
P o

we readily obtain

1 i 2 )
K(x, te; ai, ) = o exp {1 |:m(tf3 - tid) — ma(xety — xiti)} }

T h 6
0 _+. 2 _ 4.2

X / exp {—ih(tftl)k‘2 +1 (xf —xi+ CM) k} dk
o 2m 2

i — T 2 2
= \/727“71(7;:]51) exp {272 |:($tff 71) —a(te — ti)(x; + z¢) — %(tf — ti)?’] } . (10)

The derivation of the propagatat@) is very similar to that

usually given in the case of a free particle and contrasts wit*and from (1) we obtain the partial differential equation
those obtained making use of other, more elaborated, ap-

proaches (see.g, Refs. [8,9]). 72 (82\11 A2 00 A2 ~) ov
¥ =

Ox? + h O0x  4R?

The solutions/4) have the following peculiarity: the ex- “om
pression inside the parenthesis on the right-hand sicé) of (

S(z. P.t) = —maxt + Pr— P2, Pat® ma’t that does not contain explicitly and therefore admits sepa-
T 2m

2 6 rable solutions of the forn¥ = F(t) exp(ikz), wherek is a
where we have replacdd: by the parameteP, is an exact constant and’(t) is a function oft only that must satisfy the
solution of the Hamilton—Jacobi equation for the Hamiltonianfirst-order ordinary differential equation

H = p?/2m + mgx [see Eq./1)] and it is also (additively)
R-separable [6,7]. 1

A2 F
<h2k2+At2hk+ t ) d

F =i
A im

3. Particle in a uniform force field with con- Hence, the Scliddinger equatioril(l) admits theR-separable

stant growth solutions
In this section we shall consider the Sgtiinger equation for L/ A2
a particle in the time-dependent potentialitz, whereA is W) (1) = exp | 7 (2
a constant, V2
h? 0%W ov R?k?  At3hk A%
— ——— — Atx¥V = ih—. 11 _ _ _
2m Ox? . ot (11) + hkx m t 6m 40m) , (12)

Owing to the form of the potential, this equation cannot be

solved by separation of variables; however, noting that depending on the parameter The wave functions®) is an

L Ov iAt?2z\ . 0 1A%z eigenfunction of the Hermitean operagor- At?/2, which is
ih—p +Atz¥ = exp <2h> ihay {\P xp <_ 2h ﬂ conserved, with eigenvaluig:. The constant factor /v/27
- is a normalization factor.
we definel by Following the same steps as in the preceding section, even
T = exp <iAt2x) ¥ though the potential depends on the time, it follows that also
2h in this case the propagator must be given by Bgaad mak-
ing use of L2) we get
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m im [ (xp — x;)?
27T1h(tf — ti) 2h tf — ti
A2
~ 180m?2

(t — ) (4" — 6%t — 6te°4% — 45t + 4ti4)} } '

Ao 2
+ 3m (tf (2x¢ + ;) — tety(we — ;) — (22 + J:f))

(13)

Apart from the normalization factor, the wave function
(12) is of the formexp(iS/h), where S is a real-valued

separable solutions may be advantageous. As in the case of

function that satisfies the Hamilton-Jacobi equation for thehe usual separability, thB-separable solutions are related

classical Hamiltonian = p*/2m — Atz and is alsoR-
separable [6, 7].
4. Concluding remarks

As shown in Sec. 2, even in cases where the &tihger
equation admits separable solutions, the existencé-of

to the existence of a conserved operator.
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