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A new visual approach to pendulum period determination

R. Sanchez-Maifinez
Instituto de Fsica, Universidad Nacional AGhoma de Mxico. Coyoaén, Cd. de Mxico. Mexico.

E. Heredia-Miioz
Facultad de Matefdticas, Universidad Veracruzana. Xalapa, Veéhito.

Received 16 January 2026; accepted 29 May 2026

The period of oscillation of a simple penduluffi & 27r\/l/79) is a familiar formula to most first-year physics students. However, deriving

this expression from first principles requires linearizing the equation of motion under the small-angle approximation and solving the resulting
differential equation. From our point of view, this method may seem obscure to students in the early stages of learning calculus and lacking in
physical insight. Therefore, we propose an alternative approach to the derivation of this formula that relies on geometry, algebra, and physical
intuition. Our method follows the foundational idea of integral calculus, replacing the circular path of the pendulum with a successive
collection of infinitesimal inclined planes and summing the travel times along each plane as the number of planes becomes very large.
Remarkably, evaluating the limit of this sum relies solely on geometric reasoning, making the approach accessible to any student, even thos
not yet familiar with differential equations or integration techniques.
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1. Introduction and motivation lar. Instead, it moves along small segments of arcs in a non-
uniform manner. Hence, if there is indeed a relationship to a
The simple pendulum is one of the most extensively studcircle, it is not the circle traced by the pendulum’s trajectory.
ied problems in physics [1-3]. As we all know, it consists of Theoretical mechanics, in fact, teaches us that the appearance
a point mass attached to a fixed string, enabling it to swingf this factor is due to the periodic relationship of the trigono-
freely in a back-and-forth motion under the influence of grav-metric functions used to describe its motion. Nonetheless,
ity. This simple device captivated the leading figures of thewe would like to emphasize that even without considering
17th century such as Mersenne, Galileo, Huygens and Nevany periodicity in the description of the system—as we will
ton, and played a crucial role in several key areas: estalijemonstrate in this work—a factor efemerges!
lishing the laws of collision and conservation of energy and  periving Eq. @) from first principles involves writing
momentum, determining the value of the acceleration due tggwn the equations of motion of the mass. This can be de-
gravity, and, perhaps most importantly, providing evidenceermined using various methods: analyzing the forces acting
for Newtonian SyntheSiS of terrestrial and celestial mechanon the mass and app|y|ng Newton’s |a.WS, formu|ating the La-
ics [4]. grangian of the system and solving the Euler-Lagrange equa-
It is well known that, for small initial angular displace- tions, or employing the Hamiltonian function and reducing
ments, the oscillating motion of a pendulum can be accuthe Hamilton equations. Indeed, deriving the equations of
rately described by a simple harmonic motion with period  motion for a simple pendulum is typically one of the initial
examples used in textbooks to illustrate the practical appli-
T 271'\/7 (1) cation of a newly introduced classical mechanics formalism
' (see, for example, Refs. [5,6]). No matter the method em-
ployed, one arrives at a second-order non-linear differential
This is undoubtedly one of the first formulas learned byequation in terms of the angle whose solution, for arbitrary
the majority of physics students in their introductory year.initial conditions, cannot be expressed in terms of elementary
When it is first presented in the classroom, some questionfsinctions. Only for sufficiently small initial angular displace-
may arise: Why doesn'’t the period depend on the amountents, this differential equation can be approximated to that
of mass attached? Why do longer pendulums swing moref a simple harmonic oscillator, which has a well-known so-
slowly than shorter ones? And, most importantly for thislution. As a homogeneous linear equation with constant co-
work, what is the origin of th@r factor in the formula? At efficients, it can be solved using the so-called auxiliary equa-
first glance, one might think it is directly related to the circu- tion method, [7] resulting in the familiar periodic solutions in
lar motion of the pendulum. However, it is evident that theterms of sine and cosine, from which we can extract the ex-
mass does not complete a full circle during an oscillation—pression for the period, Eql). While this procedure would
which would account for a factor &rl or something simi- serve as an instructive exercise in a basic course on differ-



2 R. SANCHEZ-MARTINEZ AND E. HEREDIA-MUNOZ

ential equations, for a student who is just learning the basic2. Our new derivation
of differential calculus, this method may seem abstract and
lacking in much physical interest. The question now is: Doeg-1.  Procedure
there ex.|st an aItern_atlve prqcedure tq denve_expresajp n ( Let's examine the motion of a pendulum with lendtnd
that avoids differential equations and integration technigues - ! : .

i . . oo massm. As shown in Fig. 1 (first diagram from the left), it
entirely? We claim that there is: following in the footsteps of . . X

. L starts from rest at pointl and falls to pointB, covering an

Archimedes, Newton and Leibniz, we seek to apply the con- i lenathAB — 1AG. whereAo is the initial anaular di
cept of partitioning a complex problem into infinitesimally alc emg nt At_n (b,inP ef?h (btrs' te ] i?i a gflrJiail nt?-
small, manageable portions to the study of the pendulum’ acement. At any point” otthe trajectory, 1t Is sutticient o

trajectory. Concretely, we replace the circular path of the now the angley = ZBOP to determine its position com-

pendulum with a series of inclined planes, compute the trave?letely' Since Eq. (1) is valid for smgll |n!t|al d|§placements
h%(b < 1, we will work throughout in this regime, whose

total descent time in the limit as the number of planes growgremse role will become clear in the courggof the derivation.

without bound—much as one evaluates a derivative or inte—l_ O;r Istrategy |shto fleldeI tlhe trajec;oxglf mtto N Icri]-b
gral by returning to its definition rather than invoking estab-C!N€d pianes, each of equa ength and characterized by

lished rules. In this way, we work directly with the physical an inclination angl@”_. W'.th this approach, we aim to break
and geometric content of the problem, in the spirit of thosedown the overall motion into manageable segments for anal-
I sis. Given that the mass experiences a constant accelera-

who first developed the ideas that would later become calcu! : . . !
us. tion while traversing each plane, it becomes straightforward

to formulate an expression for the time interdgt required
The structure of this work is as follows: First, we de- for the body to traverse the-th plane. Consequently, an ap-

scribe how the circular path of the pendulum is partitionedProximation to the total falling time frord to 3 is obtained
into small inclined planes and compute the time required for #Y summing these intervals, and the precise value emerges as
particle to traverse each segment using basic kinematic equie consider an increasingly large number of inclined planes.
tions. Next, we derive an analytical expression for the to- ~ The procedure is as follows. Létro,z1,...,2n} be a
tal falling time as the sum of these individual travel times, uniform partition of the arAB into NV segments of equal arc
expressed in terms of the number of planes used. The atength, wherery = A andzy = B for a positive integefV.
tual falling time for the pendulum is obtained by taking the Since the pendulum moves along a circle of fixed radliasc
limit as the number of planes approaches infinity, which welength and central angle are proportional—equal arc lengths
evaluate by means of a visual method based on elementaHyerefore correspond to equal central angles= Ag/N,
analytical geometry. Finally, in Sec. 3, we present our conand equal chord lengthie: = 2/ sin(d¢/2). With the help of
C|uding remarks followed by two appendiceg: Appendix Athe diagram shown in Flg 2, let's analyze the motion of the
provides a historical note on the 17th-century derivation ofnass while descending through theh inclined plane, rep-
Eq. (1) and Appendix B presents an asymptotic evaluation ofeésented by the ling, —z,, forn = 1,2,..., N, which has
the key limit, establishing its connection to a definite integral@ different inclination anglé,, despite subtending the same
for readers already familiar with integral calculus. central angléy¢. Also, note that the angles to each point

from the vertical are,, := ZznyOx,, = (N — n)d¢, so that

We hope that this work is of great utility and interest to ¢ = A¢ and¢gy = 0.

both students and teachers interested in solving mechanics An expression for the inclination angles of the planes can
problems using geometric techniques. In particular, we enbe found using elementary geometry. lm®t be the mid-
courage teachers to incorporate this derivation into their bapoint between,,_, andzx,, and consider the auxiliary points
sic physics classes, inviting them to reproduce our diagrams,, and¢/,, both lying on the vertical fron©Q, as shown in
since we believe that choosing the appropriate visual eleFig. 2. As described in the caption, the similarity of triangles
ments is an important part of solving a problem and generA¢, £, andAz, O/, implies that the angles¢,, z,,£/, and
ating meaningful learning. /&l O, are equal, and therefore,

N =2 Arbitrary N

o Lo o

M) 92

B

FIGURE 1. Approximation of the circular path followed by the pendulum by a succession of inclined planes.

Rev. Mex. Fis. E23020216



A NEW VISUAL APPROACH TO PENDULUM PERIOD DETERMINATION 3

the largest inclination angle § = (1 — (1/2N))A¢ < A¢

for any N—so all angle®,, are bounded byA¢ and become
negligible asA¢ — 0. As in the traditional derivation of
Eqg. (1), the small-angle regime is what makes the problem
tractable—the distinction lies in how each approach exploits
it. With this approximation, Eq/3) becomes

an ~ 900 = g (N R 1) 5, (5)

and the sum of accelerations can be now evaluated as

Sa=gY =g (N— 2’“2_1) 56
k=1 k=1 k

=1

& = g(Nn — —ZZ=1 (2k—1) ) Y0

FIGURE 2. Geometry of then-th inclined plane. Note that the 2
trianglesA¢, z,.&,, and Az, O€,, are similar, since both are right n2
triangles sharing the angle &t. This allows us to write the incli- =g (Nn - ) 09, (6)
nation angle of the-th plane in terms of the angle from the vertical 2

ast, = ¢n + (1/2)0¢.

where we used the standard identity for the sum of odd num-
bersd>>p_, (2k — 1) = n?.
1 on — 1 On the other hand, as the number of plafdemcreases,
Oy = ¢ + =00 = <N — > 5. (2) the length of each plane, 17, approaches its correspond-
2 2 ing length arct»+17x», since each chord becomes an increas-
On the other hand, it is well-known that the accelerationingly better approximation of the arc it subtends. Substituting
experienced by the mass during its descent along each plaf). (6) anddx ~ [§¢ into the last line of Eq.4) allows to

is given by evaluate
a, = gsin@,,. 3 " 2
g ®) vi:2<2ak>5x:2-g(Nn—n)6q§-l5q§
This allows us to calculate the change in speed after each k=1 2
plane using basic kinematic formulas. kgtbe the instanta- — (2Nn — n2)gl(6¢)2 @)

neous speed acquired after moving pastrtita plane, with

the initial conditionvy, = 0 since the motion starts from rest. Now, recognizin® N —n? as the difference of two squares
We can calculate the value of the speed after traversing N2 N (N — n)2, we write ’

planes as follows
vg =0, Up = \/(N2 — (N —n)?)gl 6¢. (8)

vy = vg + 2a10x = 2a10x,

Finally, from the definition of motion under constant ac-
02 = v? + 20307 = 2(ay + ag)dx, celeration, we can calcul_ate the time required for the mass to
traverse then-th plane using
St = Un ~Un-1 (9)
v2 =02 | + 20,0 =2(ay + - + ap)dx. (4) Gn

Up to this point, we have kept the initial angular ampli- In conclusion, the time taken for the actual descent from point

tude A¢ unspecified. This amplitude plays a crucial role 4 to B is determined by

in finding an expression for the speed. From Eq. 4), N

we can see that evaluating, requires computing the sum o

S ak =g Yy, sin 6, which does not admit a simple fas = ngnoonz_:l Ont: (10)
closed form for arbitrary inclination anglés. However, if

the initial displacement is sufficiently small, < A¢ <« 1,  Substitutingb) and B) into this expression yields our final
then all inclination angles are small as well, and we may refesult for the total descent time of the pendulum, given in
placesin 6, by 6, itself. To verify this, note from Eq2) that  Eq. (11) below.
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N 5 —
tap = 2Nhl“oo< ; N T;)N - ég_ 1)(N 1) ) g (12)
F(N)

Hence, the calculation of the period of the pendulum de-
pends on evaluating the limit of the sum enclosed in parenIFrom the definition of the points in Eqd.4e) and (L4k), the
theses inl11). For our result to be consistent with the well- slopes,, of each segmen®, Q,, will be given by
known formula/d), the following limit must be true:

. . VNT=(N-—n?2—/N?=(N-n+1)°
= — Sp = )
lim F(N)= . (12) (N—n)— (- (N—n+1))

15

We note that, although'(/V) is not literally a Riemann sum C . . .
. ) which is precisely the same expression as the terms in the
as written—since each term depends on botmd N— an .
sum of Eq./11). That s,

asymptotic analysis shows that this limit does in fact corre-

spond to the definite integral N
! du 71' (13) F(N) = Z Sn- (16)
/0 9 /;1 — u2 - 4 ’ n=1

as derived in Appendix B. In what follows, however, we es-  On the other hand, the slopes can also be written in
tablish this result by purely geometric means, making thderms of the respective elevation anglg := 2Q,-1P.Q»
derivation accessible to students without prior knowledge ofSs, = tana,. Now, given that inscribed angles in a cir-
integral calculus. cumference embracing the same arc are equal, we can con-
sider all the inscribed angles, sharing a common vertex at

3. Proof of (12) P, (see Fig. 3, rightmost image) to obtain

N N
Before starting the proof, let’'s recall that we arrived at . = /0. P — JOwP _ 17
Eq. (11) under the only assumption that the pendulum’s fall ; " ; @n-1FiQn QoP1Qn an

time can be determined by dividing its trajectory into increas-
ingly smaller inclined planes. At no point have we introduced  Butalso, we know that any inscribed angle is equal to half
the notion that this is a periodic motion —described by a sinedf the central angle that spans the same arc, implying that
or cosine function—, and therefore, there is no apparent rea-
son for the factorr to appear. Yet, it emerges naturally in ZQoPQN = léQoOQN _T (18)
the proof, serving as a reminder that the resulting equations 2 4
that describe the motion of a physical system are unique angl js important to note that this result is independent of the
independent of the formalism applied to derive them. number of points in the partition of the arc. That s, it is valid
While the expression of (V) in (11) may initially ap-  for any positive integen.
pear complex, the limit'(2) can be elegantly evaluated  This provides an expression for the sum of the angles
through basic analytical geometry and the properties of anyt e still need an expression for the sum of the slopes,
gles in the circumference. With this in mind, we proceed toZi:Q1 tan a,,, which again cannot be evaluated analytically
the proof. . _ _ for arbitrary angles,,. However, as the radiu of the cir-
Let O(0,0) be the origin of coordinates in the plafé,a ¢ mference tends to infinity (which occurs when considering
positive integer, and (X, 0) and a very large number of inclined planes), the anglgsap-

P, (—(N 1), \/Ng —(N—n+ 1)2) 7 (14a) proach zero and we can use again the small-angle approxi-

mation ¢an o, ~ «,) to evaluate the limit12) as follows,
On (N o, /NZ— (N = n)2) : (14b) N N
lim F(N) = A}Enoo ; tan o, = ]\}Enoo Z an. (19)

forn = 1,2,..., N, points on the circumference of radius N~N—-
N and centered ab. Then, the points?, and@Q,,_; are

symmetric with respect to the vertical axis, so that),, | But from Eqgs. [L7) and (18), we have already established
is a horizontal segment. The general representation of s:udhathY:1 ay, = /4 regardless of the size of the partition.
points in the circumference is shown in Fig. 3, where the parHence, this result also holds in the limif — oco. Conse-
ticular cases fotV = 1 and N = 2 are also depicted for quently, the limit in Eq./19) evaluates tar/4, completing

illustration. the proof.

n=1

Rev. Mex. Fis. E23020216
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P3 a3 Qs Q-2

Q1
Pl (tlo Qo P1 C?o
S | ol {1 g 3
x‘?\:“r —_ 1 4‘7\‘7 —_— 3

Asymptotic behavior
(see Appendix B)

Q2
% @
Py I} Qo !
' ja3... N o e A
Arbitrary N

FIGURE 3. Visual aid for the proof of limitiL2) and geometrical representation of Efi7), Note that the angleQoOQ ~ is a right angle
for any positive integefV. The inset (bottom right) illustrates the asymptotic behavioNas~ oco: under the reindexing = N — n,
the rescaled point§, = Qx/N lie on the unit circle, with horizontal coordinate, = k/N and arc parametap;, = arccos(ux). See
Appendix B for details.

4. Conclusion and final remarks B o

Substituting the final result of the proof, E(l9j, into (11) 1 =\ S B

provides an expression for the total descent time of the pen- 2= M 0~0 B
dulum. From this, we can easily calculate the period of one 4 AI l . "AF:
complete oscillation a&' = 4t 4, thus recovering the well- A BC A B A B

known expression in Eq1f. This concludes our solution to 5 ,re 4. Small angle approximation. For a right triangle with an
the problem. arbitrary elevation anglé (0 < 6 < 7 /2), it is evident that the re-

We want to note that, as in the traditional derivation, whatiation BB” < CB’' < CC7 holds. Asd approaches zero, the points
makes the problem tractable is the small-angle approximae andC’ move increasingly closer tB and B’ respectively. Con-
tion, employed by our method in two places—first to lin- sequently, the segmenBB’ = sinf andCC’ = tan@ can be
earize the acceleration on each inclined plased,, ~ 6,,), both approximated by the arc Ieng,éTB’ = 0.
and again to evaluate the key limitap o, ~ «,). Inter-
estingly, it was precisely this realization—that restricting to ~ The geometric formulation for solving the problem is
small oscillations makes the descent time tractable—that ledttributed to physicist R. &chez-Maihez, while the el-
Huygens to derive the formulei = 27/1/g for the firsttime ~ egant proof of Eq.[X2) was developed by mathematician
(see Appendix A). While a formal derivation of the approxi- E. Heredia-Mii6z.
mations can be done by means of Taylor series expansion of
the trigonometric functions, we believe that in the spirit ofA
this work both uses of the small-angle approximation can be
justified geometrically using a diagram such as the one showp,  17th century derivation
in Fig. 4. Therefore, even students with limited knowledge
of the formal machinery of calculus can follow each step andAs mentioned in the introduction, no matter what modern
understand the reasoning behind it. method is used to study the pendular trajectofs), one al-

In conclusion, our geometric approach to deriving theways arrives at the non-linear differential equation
pendulum period not only offers an accessible alternative
to the traditional derivation—based on differential equations
and integration techniques—but also deepens the physical ) ) )
understanding of the problem. We hope this method conl €N in the case af(0) = A¢ ~ 0, it can be well approxi-
tributes to the teaching and learning of fundamental physic&'ated by the following harmonic oscillator

ppendix

b+ %sinqﬁ —0. (A.1a)

concepts and encourage educators to incorporate similar ge-
ometric techniques into their curriculum.

Rev. Mex. Fis. E23020216
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with solutiong(t) = A¢cos(y/g/11) if the pendulum starts / R / /
from rest, for example. From the periodic properties of the € ¢ O A a

cosine function, we deduce that the amount of time required
for the pendulum to complete an oscillation is given exactly
by Eq. @). With this in mind, the main idea of this work arose C A
from a simple yet intriguing questiortiow could scientists
in the 17th century have derived a formula for the period ofa o,.
pendulum when the concept of differential equations was not Q
yet fully developed?

While searching for an answer, we came across a copy of
a HuygensHorologium Oscillatoriuma seminal treatise de-
voted to the geometric and mechanical study of the pendulum
and its application to timekeeping, together with fundamentaF'GURE 6. Geometric elements of a cycloidal pendulum and the
results on circular motion and what would later be interpretecd®PProximation of small oscillations using a parabola. Huygens ob-
as centrifugal force. In that work, we find the diagram shownser"eloI that in order to srfudy thedgesﬁem. t'mle of i{g’?g%‘f'ur? from
in Fig. 5. Although Huygens used this figure to demonstrate - '°% positions, such as poirt, the circular ar (0

. e - . radiusR) could be approximated by a parabafaB¢’, with focus
a different principle—that a particle descending through any,, 4, o midpoint of0B—and a latus rectus equal #k. This

arbitrary path from a given height reaches the same terminalimjiication allowed him to derive, for the first time, a mathemat-
velocity—this illustration inspired us to explore whether the ica| expression for the period of a simple pendulum, equivalent to
total descent time of a pendulum could be computed by apgq. {1). Clearly, the approximation fails when the pendulum starts
proximating its trajectory as a succession of inclined planesrom a high position, such a4’, where the corresponding point on
(compare to Fig. 1). the parabolag’, differs drastically. Furthermore, Huygens proved
Fortunately, our research also led us to the great worlhat in order for a pendulum to oscillate with the same period re-
Unrolling Time: Christiaan Huygens and the mathematiza-9ardless of_ the initial ampli_tude its path must be a cycloid. This
tion of natureby Joella G. Yoder [1]. In her book, Dr. Yoder can be realized by suspending the pendulum between two cycloidal

reconstructs in great detail the line of reasoning that led Huy%fh‘zzl(ff" éaécsgétar(i:?nc)ﬁt Ttlh'f] d:;ag\r/\i?q isda rtezrcr)]dtmttiio:tof
gens to derive, for the first time, an analytic expression for. 2 >>"oM AU LIRIEELSINSUIULO s[al, adapted notation to

. . support our explanations.
the descent time of a simple pendulum. In a sense, Huygens

followed an idea closely related to the one presented in our

work: he sought to compute the total travel time by sum-expressions, and that this difficulty motivated him to restrict
ming the contributions from successive segments of the Cirhjs analysis to small oscillations. In doing so, he discovered
cular path. Even without the formal concept of infinitesimalsinat approximating a small circular arc by a parabola was the

and integration, Huygens was able to evaluate infinite—yegey to making further progress. This approximation is illus-
convergent—geometric quantities by cleverly relating theiryated in Fig. 6.

areas to those of other, simpler figures. The geometric step-

by-step procedure can be somewhat overwhelming to the Having established that his expression for the descent
modern reader and our goal is not to reproduce it ‘here time was valid for sufficiently small oscillations—namely,
We merely wish to note that Huygens was likely amongwhen the circular arc could be well approximated by a
the first to recognize that attempting to compute the desparabola—Huygens went one step further and asked a deeper
cent time along an arbitrary circular arc leads to intractablequestion: Whether there existed a curve for Wh|Ch th|s prop-
erty would hold for arbitrary amplitudes. This curiosity led

2 LCHRISTIANL HVGENII him to the discovery of the cycloidal pendulum, whose tau-

Di swsestsa occurrat eidem A » in 2. Quoniam itaque per & B defcendens At ind i
" candem acquirit velocitatem in termino 5, arque defeendens tochronous property guarantees that the oscillation period is

*Peop. 6.buj. per ¢ B*; manifeftum eft, cum flexus ad  nihil obftare mocui independent of the initial angle. Remarkably, Huygens not

ponatur , tantam velocitatem habiturum ubi in ¢ pervenerit

quantam i per G ¢ planum defcendiffec; hoc eft, quantam ha- only identified the cycloid as the required curve, but also de-

vised a practical method to construct it using fixed cycloidal
cheeks, thus translating a purely geometric insight into a re-
alizable mechanical design.

Finally, although our method differs in scope and pur-
pose, it was largely inspired by our curiosity about how Huy-
gens himself approached the problem of the pendulum period
using geometry alone. We include this historical note as a

S : E - way of sharing that curiosity with the reader, and of highlight-
FIGURE 5. Diagram extracted from Proposition VIII of the second ing how much physical insight can be gained from revisiting
part of HuygensHorologium[8]. classical sources.

Rev. Mex. Fis. E23020216
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B. Asymptotic evaluation of (V) Substituting this result intd’(V'), the factors ofV, uy, and

. - ou simplify as follows
In the main text, the limitimy . F(N) = n/4, Eq. [12),

was established by means of a purely geometric argument up

based on the inscribed angle theorem, without appealing to N1 N — ou N

any integration technique. However, as noted right after pre-p( V) ~ Z v1—ug - 57“ (B.7)
senting the limit, the same result can be recovered through k=0 2ug o 2V1— uj,

an asymptotic analysis of the suR(V), which reveals its ou

connection to a definite integral. We present this alterna- o ) )

tive evaluation here for completeness, and for the benefit OI?‘IOW_' It Is st_ralghtforward to promote the discrete sum to a
readers already familiar with integral calculus. Interestingly,continuous integral as

the change of variables required to ca%tV) as a Riemann

sum admits a natural geometric interpretation that beautifully lim F(N) = /1 du 7 (B.8)

aligns with the central-angle analysis used to prove [E2). N—oo 0 2v1—u?

We emphasize that this appendix is entirely supplementary—

the derivation of the pendulum period in Sec. 3 is self-which can be evaluated exactlyh&sin(u)hl) =m/4.

contained and independent of the results presented here. Moreover, the substitution, = k/N introduced above
Recall thatF’(N) is defined in Eq.11) as: admits a natural geometric interpretation in terms of the

N SR vyl N T2 pointsQ),, defined in Sec. 3. Recall that those points lie on
Z VN2 - (N-n)? = N2~ (N = (n - 1)) . (B.1) acircle of radiusV centered at the origin, with coordinates
n=1 2N —(2n - 1) given by Eq.[L4k). Rewriting in terms ofc = N — n, these

In order to identify this expression as a Riemann sum, wé€ Qx = (k, V'N? — k?). FactoringN, the rescaled points
begin by substituting: = N — n, so that as: runs froml to @« = @&/ have coordinates

N, krunsfromO0to N — 1. UsingN — (n — 1) = k+ 1 and

2N — (2n — 1) = 2k + 1, the sum becomes Qr = (k/N, V1-— (k/N)2) = (uk, V1— u,}), (B.9)

VN - /N2 (k+ 1)°

F(N)=>_ pyl which lie on the unit circle. Writingu;, = cos 1, each
k=0 T rescaled point takes the familiar form
2 2 .
-1 N (\/1 - (%) - \/1 - (%) > Qr = (cos Yy, siny), (B.10)
=> . (B.2)
2k+1
k=0 where the arc parameté, = cos(ug) runs fromy = /2

Now, sincek always appears divided by, we introduce the atk =0to ~ 0 atk = N — 1. Thereforeu;, is simply
rescaled variable;, = k/N with 6u = ux+1 —ur = 1/N,  the horizontal coordinate of the rescaled p@ton the unit
souy, takes values iff0, 1), anddu — 0 as long asV — oo. circle, or equivalently, the cosine of the anglg subtended

The denominator becomes at the origin. Note that this direction is opposite to that of the
B N _ 2uy, original indexing inn, as illustrated in the inset of Fig. 3. As
2k +1=2Nuy + 1~ 2Nug = =, (B-3) N 2., the discrete set of pointg;, densely fills the quar-
where the approximation holds for largéandk > 1. This  terarc of the unit circle fronf0, 1) to (1, 0), and the variable
gives’ u € [0, 1) parametrizes this arc continuously.
. In this light, the integral in Eq/B.8) acquires a transpar-
LN (\/1 —uj — /1= (uy, + 5U)2) ent geometric meaning. Indeed, substituting= cos v, so
F(N) = Z 2uy, /Su - B4 thatdu = — sin v di) and the limitsu € [0,1] correspond to
k=0 ¥ € [0,7/2], the integral reduces to:
The difference in the numerator can be regarded as a fi-
nite difference of the function_f(uk) =/1- u? and can be L du 2y
evaluated as follows. From differential calculus we know that = - =7 (B.11)
0 2\/ 1 — U2 0 2 4
du—0 ou k) ’ The integral thus sweeps the quarter arc of the unit circle, and

Therefore, for sufficiently smalbu, the approximation its valuer /4 is nothing other than half the total angle sub-
f(ug 4 0u) — f(uz) =~ f'(uy) éuis valid and, in particular, tended by that arc—in perfect agreement with the inscribed
angleZQoP1Qn = 7/4 established in Eq18), revealing a

\V1—ud =1 — (ue+ 5u)2 ~ LQ -éu. (B.6) deep consistency between the geometric proof of Sec. 3 and

L=y the asymptotic analysis presented here.
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.. See [1], chapter 4.

The approximation of the denominator breaks dow at 0
since both numerator and denominator vanish. However, this
term can be evaluated directly,

2 _ () — 2 _
VN olwv [

N — oo
:; — 0,
N++VN%2-1

so it contributes nothing to the limit and the Riemann sum ar-
gument holds for all remaining terms.
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