
EDUCATION Revista Mexicana de Fı́sica E65 (2019) 103–104 JULY–DECEMBER 2019
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Several conceptual errors in a recently published paper (Rev. Mex. F́ıs. E64 (2018) 47) dealing with the damped one-dimensional harmonic
oscillator are pointed out.
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Se sẽnalan varios errores conceptuales en un artı́culo recientemente publicado (Rev. Mex. F́ıs. E64 (2018) 47) relacionado con el oscilador
armónico unidimensional amortiguado.
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1. Introduction

In Ref. [1] the solution of the equation of motion of a damped
one-dimensional harmonic oscillator is obtained by means
of the Hamilton–Jacobi equation applied to the so-called
Caldirola–Kanai Hamiltonian. As discussed below, through-
out that paper there are several conceptual errors related to
the Hamilton–Jacobi equation as well as the basic Lagrangian
and Hamiltonian formalisms.

In the third paragraph of the Introduction of Ref. [1]
we find the statement that “Dissipative systems are non-
Hamiltonian.” Unfortunately, a precise definition of a Hamil-
tonian (or non-Hamiltonian) system is not given there. If the
claim is that the equations of motion of such systems cannot
be expressed in the form of the Hamilton equations, then the
claim is wrong: any system of ordinary differential equations
can be written in the form of the Hamilton equations (see,
e.g., Refs. [2, 3]); furthermore, in the case of a single second-
order ordinary differential equation (such as the equation of
motion considered in Ref. [1]) there exist aninfinite num-
ber of Lagrangians (a result already known to Darboux in
1894 [4], well before the works of Caldirola and Kanai cited
in Ref. [1], see also Ref. [5]). Actually, in this last case, it
is possible to give a Hamiltonian formulation without obtain-
ing first a Lagrangian, as shown in Ref. [6], where the pro-
cedure is applied precisely to the damped one-dimensional
harmonic oscillator. By contrast, for systems with more than
one degree of freedom, a Lagrangian may not exist (see,e.g.,
Ref. [7]).

The paragraph after Eqs. (5) of Ref. [1] contains a mi-
nor mistake, expressing that “the transformation is canonical
if Hamilton equations (5) are satisfied.” However, Eqs. (5),
which are just the Hamilton equations expressed in terms of
a single set of coordinatesqi, pi, do not make reference to a
transformation; these equations contain a set of coordinates
only.

After introducing the Hamilton–Jacobi equation for the
Hamilton principal functionS, in the last paragraph of Sec.
2 of Ref. [1] it is claimed that “The general solution forS
depends onn + 1 constants, one of them being additive.”
This is wrong because thegeneralsolution of a first-order
partial differential equation inn + 1 variables contains an ar-
bitrary function of n variables. However, what is required
in the Hamilton–Jacobi method is acompletesolution of the
Hamilton–Jacobi equation, which is a solutionS(qi, αi, t) of
the Hamilton–Jacobi equation containingn parameters,αi,
such that

det
(

∂2S

∂qi∂αj

)
6= 0.

A common mistake is to assume that any additional param-
eter inS mustbe an additive constant (a counterexample is
given in Ref. [8]).

Some signs in Eqs. (7), (18) and (19) are wrong. Also,
in some equations [Eqs. (6), (8), and (17)] the lower casep
should be an upper caseP .

In Sec. 4 of Ref. [1], through a complicated argument, a
canonical transformation is proposed which leads to a new
Hamiltonian, which is time-independent and therefore the
corresponding Hamilton–Jacobi equation can be solved by
separation of variables. (The initial Hamiltonian, by contrast,
is time-dependent and the Hamilton–Jacobi equation would
not admit separable solutions, but this fact is not mentioned
in the paper.) The Hamilton–Jacobi equation is then solved
and the solution is employed to find the original coordinate
q as a function of time. (In passing, it may be pointed out
that the Hamilton–Jacobi equation for the initial Hamiltonian
can be solved directly, without the explicit use of a canonical
transformation; by inspection, one can convince oneself that
the change of variableq′ = q eγt/2 simplifies the equation, in
fact, one obtains Eq. (20) of Ref. [1].)

The greatest mistake in Ref. [1] is related with the lack
of understanding of the meaning of the so-called “general-
ized momenta” (by the way, the plural of ‘momentum’ is
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‘momenta’). This mistake leads to the conclusion that the
solution obtained by means of the Hamilton–Jacobi method
(which is the same that one obtains by means of the Hamilton
equations) is in some sense erroneous. In Sec. 5 of Ref. [1]
it is remarked that the canonical momentum,p(t), has a be-
havior “different from that expected one in a damped har-
monic oscillator, wherep(t) increases as time increases.”
However, going to the basic definition of the generalized,
or canonical, momentum, applied to the LagrangianL =
1
2eγt(mq̇2−mω2q2) (here we use the Greek letterω to denote
the natural frequency of the oscillator, following the common
usage), we have

p =
∂L

∂q̇
= meγtq̇. (1)

On the other hand,q(t) goes to zero ast goes to infinity
through a factore−γt/2 (which can be obtained directly from
the equation of motion, without Lagrangians or Hamiltoni-
ans) and, therefore,p(t) grows exponentially ast goes to in-
finity, which is not contradictory (because the canonical mo-
mentum is not equal to the elementary linear momentum, as
we can see in Eq. (1) above).

There is nothing wrong with Eq. (1) and all the other im-
plications of the formalism; in particular, it is not necessary to
invoke a time-dependent mass or anything outside the prob-
lem at hand; the formalism is consistent as it stands.

The conclusion at the end of Ref. [1], claiming that the
system considered there “does not represent a dissipative sys-
tem as the momentump(t) increases with time ...” is plainly
wrong.
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