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This work is based on the Su-Schrieffer-Heeger model, which describes a system of non-interacting polarized fegmiagtigut spin,

moving in a one-dimensional optical superlattice with fixed boundary conditions. Starting from the Hamiltonian of the system in second
quantization, in which the optical lattice has discretized the space, and taking into account that the basis that diagonalizes the kinetic energy
is the one of momentum, we perform the discrete sine transform type-I, which respects the hard-wall boundary conditions of the system
and allows us to express our Hamiltonian in the momentum basis, in such a way that we can think that it is possible to extend the study
to an arbitrary number of sites. Finally, we apply the Bogoliubov-de Gennes formalism getting the dispersion relation and the bare vertex
function where together they form the couplings matrix. By diagonalizing this matrix, we visualize the parameter set where the system hosts
zero-energy modes.
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Este trabajo esta basado en el modelo Su-Schrieffer-Heeger, el cual describe un sistema de fermiones polarizados no intezastoantes,

espn, moviéndose en una superrégtica unidimensional con condiciones fijas de frontera. Empezando con el hamiltoniano del sistema en
segunda cuantizami, en la cual la redptica ha discretizado el espacio, y teniendo en cuenta que la base que diagonalizadacedaog

es la de momento, aplicamos la transformada discreta seno tipo |, la cual respeta las condiciones fijas del sistema y nos permite expresar
nuestro hamiltoniano en la base de momento, de tal forma que nos deja pensar que es posible extender el estudio del sigteara a un n
arbitrario de sitios. Finalmente, aplicamos el formalismo de Bogoliubov-de Gennes obteniendo ¢a rééadispersin y la funcbn de

correlacon irreducible de una pacula, las cuales forman la matriz de acoples. Diagonalizando dicha matriz de acoples, se logra visualizar

el conjunto de pametros para el cual el sistema presenta modos deiarenm.

Descriptores: Modelo Su-Schrieffer-Heeger; fermiones siniespedespticas; formalismo de Bogoliubov-de Gennes.
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1. Introduction physics. The periodic confinement is carried out by counter
propagating lasers and magneto-optical traps emulating in

Nowadays, the realization of the quantum computer ha%his way, the crystalline lattice. In this direction, highly con-
awakened a great scientific interest [1]. A quantum Com_trollable physical systems can be studied and characterized

puter [2] is basically a physical system that can storage anyith different theoretical methods [12, 13].

process a big quantity of information based on one of the fun- |, particular, the present work focuses on the study of the
dgmgntal principles ofquantum_ me_chanics, the S.uperpOSitioﬁu-Schrieffer-Heeger (SSH) model [14], which is based on
principle [3]. The whole formalism is developed in terms of {he tynneling of polarized fermions through periodic wells
quantum bits or qubits. A qubit is the coupling of two iSO- yith different probability amplitudes and absence of inter-
lated quantum states; it can be exemplified by considering ions, making it one of the simplest models that presents

the coupling between a ground-state and an excited state Of@jge states with non-trivial topology [15]. We introduce and
certain atom, which makes it an ideal tool to storage informayescripe the model in Sec. 2. It is convenient to work out

tion [4]. Nevertheless, that coupling is not totally convenientiye model in the momentum space:; for this purpose, the dis-

because of the finite time of coherence of those states, Wh@ete sine transform type | is used, which preserves the hard-
causes the information to be lost in time. Several alternativeg boundary conditions that the problem satisfies. It is de-

have been proposed in the field of topological systems, eithelirapje 10 be able to analyze the excitation spectrum of the
superconductors [5] or insulators [6-8], whose experimentalyamiitonian for this one-dimensional finite lattice. To ob-

simulations are feasible in the field of ultracold matter [9,10].t5in such spectrum, we propose to work in the frame of the
Ultracold atoms are between the intersection of many ﬁeld%ogoliubov-de Gennes formalism [16] described in Sec. 3.
of physics like quantum information, quantum optics, con-Ths js an analytic technique that allows us to decouple the

densed matter, statistical mechanics and non-linear physic§yaies associated with each internal degree of freedom of the
with a strong contribution from the numerical methods [11]. system in the momentum space, such that it is possible to

Atoms at temperatures of the order of—°K, charged identify under what parameters the system shows zero energy
in optical lattices, are quantum simulators that can reproducmodes, besides allowing a proper writing of the Hamiltonian.
physical systems of condensed matter among other fields @h this way, it is easier to obtain the excitation spectrum of
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the system, as well as obtaining the numerical solution atlow £
computational cost, being able to extend the study of the sys-d %=~ °
tem to an arbitrary number of sites. EE
In Sec. 3, we also present and discuss the results of thebﬁfg___.
excitation eigenvalues for the relevant cases: trivial and topo-
logical regimes, the later hosting the zero energy modes. Seg s re 2. Fully disconnected cells limits of the SSH model,
tion 4 is devoted to the conclusions and perspectives of th@nere the chain has fallen apart to disconnected dimers. a) For

present work. the trivial case (only intracell hopping), every energy eigenstate
is an even or an odd superposition of two sites at the same unit cell.
b) In the topological case (only intercell hopping, dimers are be-

2. The SSH model ) polog (only Pping

tween neighboring unit cells, and there is 1 isolated site per edge,

The Su-Schrieffer-Heeger model, better known as the SS‘LPat'must cor_ltaln one zero-energy eigenstate each, as there are no
onsite potentials [15].

model [14], was originally proposed in 1980 to describe the
behavior of electrons in polymers. Nevertheless, it became
widely used as the simplest model in which topological non-  For the first case, see Fig. 2a), whes: 1 andw = 0, we
trivial phase transitions may occur. The Su-Schrieffer-Heegehave totally disconnected dimers and the particle can jump
model [17] describes polarized fermionss. without spin,  freely in its cell, being a dimer a compound consisting of
moving in a one-dimensional chain with staggered hoppingwo sites linked together either by a strong or a weak man-
amplitudes. The chain (superlattice) consist&Vofinit cells,  ner. This is the state of a free particle in two sites and it is
each one hosting two sites, one in sublatticilled circles),  enough to solve this problem and multiply it by the number
and one in sublattic& (empty circles) as shownin Fig. 1. of disconnected cells that the lattice has. For the other case,
Since non-interacting fermions are analyzed, the systergee Fig. 2b), when = 0 andw = 1, we have a dimer where
is described by the Hamiltonian of a free particle with alter-a monomer is in a ceth, while the other is in the ceth + 1.

nated amplitude probabilities such as In this case, the first and last cells (the blue and red shaded
N edges of the lattice in Fig. 2) have a disconnected site. From
H=—u Z (Im, B)/{(A, m| + h.c.) now on, we name those disconne_cted sites I_ike zero energy
= modes since they are not formally in the Hamiltonian, and to
) be able to include them they would have to have zero energy
— in the excitation spectrum. Those modes with zero energy are
- 2_:1 (Im +1, A)(B,m| + h.c.), (1) the ones we want to inspect.

As we know, the Hamiltonian of a free particle is diago-
nal in momentum space; in addition to that, we have the pur-
' ; X pose of extending the study to an arbitrary number of sites,
tice o, |©) is vacuum or absence of particle ahd-. stands o refore, it is a good idea to carry out a unitary transform
for the hermitian conjugate. For simplicity, we take the hop-yat aj10ws us to go to the momentum space. The standard
ping amplitudes to be real and nonnegatives > 0. way is to use the Fourier transform which is only valid for

The configuration of one particle per unit cell, known asj,qnite systems or for systems with periodic boundary con-
half-filling, is characteristic of the simplest insulators such aSyitions. Nevertheless. the standard Fourier transform is not
polyacetylene, where each carbon atom brings one condugqnyenient since it does not respect the boundary conditions
tion electron, and so we find one partlcle per unitcell [15]. ¢ o finite system. This is the reason why we propose the

The SSH model becomes very simple when the values Ofjiscrete sine transform I, which arises from linear combina-
the staggered amplitudes are extreme, setting, for examplgo s of plane waves, such that the combination satisfies the

the intracell hopping to Li(= 1) while the intercell hopping 1, ndary conditions of our physical system. Such combina-
is set to zerog = 0) or vice versa. In both cases, the SSH i, turns out to be

chain falls apart to a sequence of unbounded cells, as shown

where|m,a) = af, ,|@) with m € 1,2,..,N anda €
{A, B}; af, , creates a particle in the unit cefl and sublat-

in Fig. 2.
Ca) = al ,lo)
g, Yer ) N+1
( 2 : ( ¢mm > At
=4/ sin | =—— | al @), (2
FIGURE 1. Geometry of the SSH model. Filled circles are sites on N+1 mz::o N+1 '

sublatticeA and empty circles are sites on sublattiBeeach cell
hosting a single fermion, as depicted: the n=6th cell is circled by a .
dotted line. Hopping amplitudes are staggered: intracell hopping Where¢ is the momentum quantum number. Thus, the trans-

(thick lines) is different from intercell hopping (thin lines). The ~ formation of ladder operators from the position representa-
left and right edge regions are indicated by blue and red shadedion to the one of momentum and vice versa take the follow-
backgrounds [15]. ing form, respectively

Rev. Mex. Fisl (3) 36—40



38 NADIA D. RIVERA-TORRES AND KAREN C. RODRGUEZ-RAMIREZ

N+1
2 w(m 05 :
A — - 5 () =
Gme =\ N1 D sin (N+1>a<7a’ 041 TN
= 03 | %
N+1 02 %
]2 . M\ 4 v
aC,oc - N T 1 Z Sin (N n 1) a’m,(y? (3) _ 01 ""._-
m=0 s o .18
. . . w .
and the orthogonality condition of the momentum basis is 04 T
given by _oz2 | -.\,‘x
N+1 =03 "‘\
2 mm( am(’ ~
Occr = —— i si . 4 -04 T,
« N+1n;bm(zv+1>bm<]v+1 ) e o
. . . a 10 20 30 40 50 &80 70 80
After some calculations, the final expression for the
Hamiltonian, having used the discrete sine transform type I, ¢
is given by FIGURE 3. Dispersion relatiore(¢) for N = 77, v = 0, and
. w = 0.5.
H=— ZG(C) (aszaC’B + aZyBaC,A)
¢
t R 3. Results
- ZF(Cacl) (aZAa(/,B - az)BaC’,A> B (5)

' In the present section, it is proposed to work within the
wheree(() is the dispersion relation anfl(¢, ¢’) is the bare  framework of the Bogoliubov-de Gennes (BdG) formalism
vertex function which together determine the elements of th¢16] in order to obtain the excitation spectrum as the func-
couplings matrix. The functional forms of them both are astion of the system parameters and, consequently, the system
follow phase diagram. This mechanism is a generalization of the

e model proposed by Bogoliubov Valatin, used by Bardeen-
€(¢) = v+ wcos (N+1) ’ Cooper-Schrieffer to describe the superconductivity theory
[19], which is a mean field approximation and allows us to

) 2w sin (A}fl) sin (](fH) rewrite the Hamiltonian as quadratic separated contributions.
F(( ()= <N T 1> e ) (6) Once we have the Hamiltonian of the system in the mo-
cos (N+1) —cos (N+1) mentum space, Ed5), it can be rewritten in a matrix form

In Fig. 3, we present the single-excitation dispersion re-Such that
lation ¢(¢) for a system withV = 77 unit cells,» = 0, and L .

w = 0.5. Notice thatv is only a shift on the graph, and H = C'HpacC, )
modifies the amplitude of the () function. R )

A vertex function is the one particle irreducible corre- WhereC't andC are the so-called Nambu operators, which
lation function [18]. In our case, the functiafi(¢,¢’) de- ~ should be chosen properly. For a systeniVofinit cells, the
scribes the couplings among the momenta of the system withambu operator looks like follows
the constraint + ¢’ = 2n + 1, with n € Z. In Fig. 4, we .
presentF'(¢, ¢') for N = 101 unit cells, fixing¢ = 50, and c = (dét%A,d(i),37&21),,47dé1),3, ---,dgﬁ,A,&gj,B)- (8)

w = 0.5. It can be seen thgt gets localized around = 50,
and the function, in absolute value, decays rapidly as it gets Hpq¢a, is the Bogoliubov-de Gennes couplings matrix,

farther from the localization. which for the case of unit cells presents the following struc-
| ture
0 €(C1) 0 F(C1¢2) 0 0 0 F'(C164)
€(C1) 0 —F(Gi¢2) 0 0 0 —F(¢1¢4) 0
0 F(¢2€1) 0 €(C2) 0 F(C2(3) 0 0
—F(¢1) 0 €(G2) 0 —F(C2C3) 0 0 0 ©)
0 0 0 F(G(2) 0 €(C3) 0 F(C3¢a)
0 0 —F(C3¢2) 0 €(C3) 0 —F(¢3C4) 0
0 F(CaC1) 0 0 0 F(CaCs) 0 €(Ca)
—F () 0 0 0 —F(CaC3) 0 €(Ca) 0
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FIGURE 4. Vertex functionF'(¢, ¢’) with N = 101, ¢ = 50, and

w = 0.5.
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The eigenvalues of the couplings matrix are the so-called
excitation spectrum; among them and under a certain pa-
rameter set, the zero-energy modes arise and their associated
eigenstates are expected to be located at the edges as Fig. 2b),
suggests.

For the first case, shown in Fig. 5a), the intercell hopping
probability is smaller than the intracell hopping amplitude,
such that a gap in the excitation spectrum has been opened,
and in the extreme case when= 0, the system behaves as
disconnected on-cell dimers, and the gap opens completely.
For the second case, shown in Fig. 5b), both hopping ampli-
tudes have the same value, such that w = 0.5. For this
case, the system behaves as a simple and non-staggered 1-D
chain, and the particles move freely, hence there is no gap
in the spectrum. For the third and, last case, shown in Fig.
5¢), the intercell hopping amplitude is stronger than the intra-
cell hopping amplitude, such that< w, displaying again a
gap in the spectrum but now hosting two zero energy modes.
Moreover, for the extreme case when= 0, the gap is wide
open and we have a non-trivial dimerized order in the system,
and zero-energy modes appear at the center of the gap with
expected edge wavefunctions. These zero energy modes are
known to be robust states making them suitable to be thought
as qubits for quantum computation [20].

4. Conclusions

We use the sine transform type | to properly express the
Hamiltonian of our system in momentum space. Moreover,
we implement the Bogoliubov-de Gennes formalism in order
to write it in an adequate way, and to obtain the excitation
spectrum as the function of the system parameters, being able
to extend the study of the system to an arbitrary number of
sites. We obtain the three representative regimes for different
values of the hopping amplitudesandw: disconnected on-
cell dimers ¢ > w), simple and non staggered chain= w)

and non-trivial dimerized orden(< w), and we visualize the
two zero-energy modes in the last case which are located in
the middle of the spectrum gap.

The corresponding eigenfunctions of the obtained zero-
energy modes must be accomplished, and the comparison
with the topological counterpart by using periodic boundary
conditions is desirable, since it constitutes a good comple-
ment to the present work.
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FIGURE 5. Figures a), b), and c) were made for a system with 20
unit cells (V = 20). a) Disconnected on-cell dimers:= 0.8 and

w = 0.2, b) simple and non staggered chain= w = 0.5, and c)
non-trivial dimerized orderv = 0.2 andw = 0.8.
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