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Study of heavy bottom mesons in a variational approach
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Using a variational approach we calculate the mass spectra of the bottom mesons in the framework of the phenomenological quark anti-quark
potential. Decay constant and Leptonic decay widths of the bottom mesons are also calculated. The obtained results are compared with the
available experimental data and other theoretical predictions.
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1. Introduction

Recently, significant experimental progress has been
achieved regarding the discoveries of the structures and de-
cay properties of heavy mesons [1–4]. Many theoretical at-
tempts are also proposed to explain the heavy meson prop-
erties [5–9]. No experimental data of the decay constants of
B mesons is Many theoretical attempts are also. However,
a variety of approaches have been applied to investigate the
B mesonic decays [10–13]. Bottom meson decays to lep-
tons are of renewed interest in hadron physics that gives us
good information about the internal structure of heavy me-
son states. Non-relativistic quark model have been quite suc-
cessful in describing the heavy quark dynamics [14–16]. In
this paper we present a non-relativistic formalism to study the
heavy meson states containing one (or two) bottom quark(s).

The main aim of the current work is the study of the lep-
tonic B to l mesonic decay constants and widths. In Sec. 2
we introduce our potential model and solve the two-body
Schr̈odinger equation of the mesonic system using a simple
variational method and then obtain the eigenfunctions and
the corresponding energy eigenvalues of the heavy states. In
Sec. 3 our calculations for bottom meson masses are listed.
Leptonic decay constants, decay widths, branching ratios and
also a comparison with other theoretical models are presented
in Sec. 4.

2. Theoretical framework

We use a phenomenological potential model to estimate the
meson properties. The interaction Hamiltonian for the quark-
antiquark interaction is given by

H(r) = V (r) + HS(r), (1)

where the potentialV (r) consists of two parts:

V (r) = λr − β

r
. (2)

The first term is a linear potential that confines the quarks in-
side the hadron and the second term is a color Coulomb-like
potential due to one-gluon exchange processes.λ andβ are

constants and are determined in our phenomenological mod-
els. The variabler is the relative quark-antiquark coordinate.
The hyperfine interaction is given by:

HS = As(~sq · ~sq̄), (3)

wheresq is the quark spin operator andAs is a constant. In
the heavy mesons, we have at least one heavy quark and then,
the iso-spin interaction terms are equal to zero.

Since the introduced potential depends onr only, the two-
body Schr̈odinger equation for the ground-state,l = 0, is
given by

[
d2

dr2
+

2
r

d

dr

]
ψ(r) = −2m[E − V (r)]ψ(r), (4)

whereψ(r) is the radial wave function andm is the reduced
mass

m =
mqmq̄

mq + mq̄
, (5)

wheremq andmq̄ are the quark and antiquark masses respec-
tively. The transformation

R(r) = rψ(r), (6)

reduces Eq. (4) to the form

d2

dr2
R(r) +

[
2mE − 2mλr +

β

r

]
R(r) = 0. (7)

The Schr̈odinger equation (7) has no analytical solution.
For the ground state mesons,n = l = 0, we use the vari-

ational method and choose the trial wave function as

R(p, r) = Np3/2re−pr, (8)

wherep is the variational parameter andN is the normal-
ization constant. Now the variational parameterp must be
defined. Using the usual condition

∂

∂p

( 〈R(p, r)|H|R(p, r)〉
〈R(p, r)|R(p, r)〉

)
= 0, (9)

we minimize the energy of the system and get the variational
parameters for the heavy meson states and then the energy
eigenvalues and corresponding eigenfunctions of the systems
can be obtained. The values ofp parameter are different for
each meson. Therefore, we have different wave functions for
heavy mesonic states containing different quark flavors.
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TABLE I. The model parameters.

Parameter Value

mu 330 MeV

ms 460 MeV

mc 1550 MeV

mb 4980 MeV

α 2.1 fm−2

β 1.27

As 48 MeV

TABLE II. Comparison of our results for the bottom meson masses
and experimental data [20] (in MeV).

Meson Theory Experiment Meson Theory Experiment

B 5277 5279 Bc 6274 6274

B∗ 5325 5325 B∗
c 6323 -

Bs 5369 5366 ηb 9431 9400

B∗
s 5417 5415 Υb 9478 9460

3. Meson masses

By using the energy eigenvalues and eigenfunctions we can
calculate the bottom mesons masses.Mmesonis obtained as a
combination of the energy of the systems and the constituent
quark masses [17]:

Mmeson= mq + mq̄ + Eqq̄ + 〈HS〉, (10)

Eqq̄ is the energy eigenvalue calculated in Sec. 2. The ex-
pectation value of the perturbed energy of the system can
be obtained using the unperturbed wave function obtained in
Ref.8.

The model parameters used in our model are listed in Ta-
ble I. The quark massesmu, ms andmb are taken from our
previous works [18,19] and the value of the rest potential pa-
rameters are chosen such that we get the best meson spectra.
The obtained values ofp parameter forB andBs mesons are
2.68 and 3.32 respectively.

In Table II our results for the bottom meson masses are
compared to the existing experimental data [20].

4. Decay constant and Branching ratios of
B+ → l+ν decay

The decay Constants are important parameters in the study of
leptonic and non-leptonic meson decay properties and calcu-
lating the branching ratios.

In the non-relativistic limit, the decay constant can be ob-
tained by using the following formula [11,21]

f2
p =

12|ψp(0)|2
Mp

, (11)

TABLE III. The decay constants of pseudoscalar B mesons (in
GeV).

Constant Present work [21] [22]

fB 0.149 0.189 0.189

fBs 0.208 0.218 0.230
fBs
fB

1.395 1.153 1.218

TABLE IV. The leptonic branching ratios for B meson.

Mode Present work [23] [24]

B+ → τ+ν 0.58× 10−4 1.8× 10−4 1.8±0.5× 10−3

B+ → µ+ν 2.61× 10−7 < 11× 10−6 < 1.0× 10−4

B+ → e+ν 6.17× 10−12 < 7.7× 10−6 < 1.9× 10−6

whereMp is the pseudoscalar meson masses as obtained in
Eq. (2) and the square of the wave function at the origin is
defined as

|ψp(0)|2 =
m

2π~2

〈
dV (r)

dr

〉
. (12)

The expectation value of〈dV (r)/dr〉 can be obtained by
using the wave function introduced in Eq. (8). In our model
the obtained values for|ψp(0)|2 are equal to 0.0097 and
0.0196 (in GeV3) for pseudoscalarB and Bs respectively.
The decay constants of pseudoscalar B mesons are listed in
Table III and compared to the the other predictions [21,22].

The total leptonic decay widths forB+ → l+ν can be
written

Γ =
G2

F |Vbu|2f2
p

8π
m2

l

(
1− m2

l

M2
P

)2

, (13)

where|Vbu| = 3.89× 10−3 is CKM matrix element andGF

is the Fermi constant.
The used lepton masses are as follows

mτ = 1.776 GeV, mµ = 0.105 GeV,

me = 0.510× 10−3 GeV.

Using Eq. (13) and the meson masses obtained in Sec. 3,
one can get the leptonic decay widths.

For B+ → τ+ν decay we getΓ = 2.37 × 10−17s−1.
For B+ → µ+ν and B+ → e+ν decays we also get
Γ = 1.05 × 10−19s−1 andΓ = 2.49 × 10−24s−1 respec-
tively.

We can get the branching ratio (Br) of heavy-light meson
decays as follows:

Br = Γτ. (14)

Using the obtained decay widths and meson mean life-
time τ we can calculate the corresponding branching ratios
for B mesons. To obtain the branching ratios, we use the
PDG experimental value for the mean life time of theB me-
son (τB = 1.630ps). Our results for the leptonic branching
ratios for B mesons are listed in Table IV and compared to
the the results of Refs. [23,24].
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5. Conclusions

In this work, we have made an analysis ofB meson states.
We have calculated the masses of the ground-state heavy bot-
tom mesons in the framework of a non-relativistic formalism
with the lager potential as well as spin-spin interaction. The
variational approach is used to solve the two-body equation
of the meson systems. The spin dependent potential is con-
sidered as perturbation. Using the perturbed and unperturbed

energies we could obtain the masses of bottom mesons. Fi-
nally we obtained the square of the wave function at the ori-
gin, decay constants, decay widths and branching ratios for
leptonic decays ofB mesons. In most cases our results and
those of the mentioned references are in good agreement. Our
phenomenological potential model is simple and useful to
study the quark dynamics of the heavy hadron states. Fu-
ture experimental studies of theB mesonic decays will be
significantly helpful for the test and validation of our model.
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