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Quantum computation of heavy quarkonium masses
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We perform a quantum calculation of the 1S charmonium mass by simulating the spinless Cornell Hamiltonian on a quantum processor using
a variational method. Errors due to a global depolarizing noise channel are corrected with a zero-noise extrapolation method, resulting in
good agreement with the known value. We also calculate the 2S mass of charmonium on a noiseless quantum simulator by orthogonalizing
with respect to the ground state. This research demonstrates that near-term quantum devices are capable of simulating heavy quark bour
states, which are currently under-represented in the literature.
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1. Introduction

N—-1
In recent years, the intersection between quantum computing Hy = Z (m| (T +V)|n)al an, (2
and nuclear physics has experienced major developments at m,n=0

arapid pace [1-3]. While a full simulation of QCD is not yet yhch is truncated afteV orbitals. In our simulations, we
practical, quantum computers are currently capable of Simuse; v — 3 10 save on computational resources. The operators
lating effective models of the strong force as well as related,i anq,, create and annihilate @z pair in the harmonic

. . . . . . n
gauge field theoriese(g, in lower dimensions and/or with  ,iljator s-wave staten). We choose the frequency of the
smaller symmetry groups) [4-17]. Recently, quantum cOMyaymonic oscillator to be = 562.9 MeV, which corresponds
putations of the ground state energies of few nucleon systemg 4 length scale of abo@t35 fm. This is similar in size to
have been achieved using variational quantum eigensolvgs,qwn charmonium states.
(VQE) methods [4, 5], extending the usefulness of quanium 14 pe yseful in a quantum calculation, the Hamiltonian

algorithms into the suba’;omic realm. _However, simulations_must be written in terms of quantum gates and the state of
of systems of quarks/antiquarks remain under-represented |, .. pair must be mapped to a collection of qubits. To

the I|t_erature. In this document, we present a q_uantum Con%ccomplish the former, we employ the Jordan-Wigner trans-
putation of the ground state mass of charmonium, a boun?ormation

state between charm and anticharm quarks, using a spin-

averaged potential. We choose to study charmonium since =

interactions between heavy quarks are approximately nonrel- al, = 3 H Zi | (X —iYy), ()
ativistic, simplifying their dynamics. Our calculation uses =0

the VQE algorithm [18] with unitary coupled cluster (UCC)

ansatz [18,19]. To correct errors due to decoherence, we em- 1 (=t )

ploy a zero-noise extrapolation method. We also describe a an =3 117 | (X0 +iva), (4)
method for calculating masses of excited charmonium states, 7=0

and implement it on a n0|sel_ess guantum simulator _to CaICl.Jthich uses the abbreviated notatidh, = %, Y, = o,
late the mass of the first excited state. Further details of thig . : : " oo
study can be found in [20] andZ,, = o/ for Pauli operators acting on theh qubit. The
' state of the system is of the forlfiy - - - f2 f1), where eaclf,,
_ . represents the number of pairs in thenth harmonic oscil-
2. The Hamiltonian lator s-wave state. Since there exists at most one pair in any
) ) _ given harmonic oscillator state, eathcan straightforwardly
Up to spin corrections, heavy quark-antiquark bound statege jgentified with a qubit. The Hamiltoniall; = S Hi

are described by the effective potential used in this research is a sum of 10 terms:

K
Vi) =" 1 121
(r)=——+or, (1) H§:2<4M+V00+V11+V22>7 (5)

known as the Cornell potential [21]. We set= 0.4063
and./o = 441.6 MeV. The Cornell potential enters into the H} = 1 <

Hamiltonian 2

3
1% + V00> Zo, (6)
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|0) $ P
2 L7 ‘ Pary / D
HS = _5 ZW + Vi) 2y, (7 |O> — Ry(d) \ Ry(_ﬂ) \
5 1/11 —
H = =5 (w+Va ) 2o, ®  [0) — Ry(20) [x]
1 FIGURE 1. A low-depth gate decomposition of the ansatz used in
Hi = 1 (—fw + 2V01> XoX1, (9)  our simulations.
1 strategy is essentially an application of the so-called
H) =~ (—\/5w + 2‘/12) X1 X, (10)  Hylleraas-Undheim-MacDonald theorem [22, 23].
4 . .
We approximate the ground state energy#fusing the
1 3 VQE algorithm in tandem with the UCC ansatz. For a single
6 [ — — —
Hy 4 ( \[w + 2V01> Yols, 11) c-c¢ pair with access to three orbitals, this ansatz consists only
) of the unitary operator
H] = = (—V5Bw 4 2Vis ) V1Y, (12) -
P4 ( ) Ul,¢)= exp{e(a{ao — agal)—l—qb(a;ao - agag)} , (18)
1
8 e
Hy = QVOQXOZlXQ’ (13)  which rotates the stat@01) into a linear combination of

s 1 |001), |010), and|100) with coefficients tuned by and ¢.
Hy = 5VoeYo 21 Y, (14)  For this specific system, however, it is more convenient to
use the parametersand3, defined bya = /62 + ¢2 and

with Vi, = (m| V' [n). One of the terms is proportional to iy 3 = /. The 3-qubit UCC ansatz for a singles pair is
the identity, while the other nine are proportional to tracelesshen just

unitary operators.

[¥(ar, B)) = cos a|001)

3. Application of VQE + sin asin 8 ]010) + sinawcos 5 ]100) . (19)
The variational principle states that, given an ansatd)) A low-depth gate decomposition ph(a, B)) is illustrated in
and the Hamiltoniarts, Fig. 1. After approximating the ground state using VQE, we
~ - approximate the first excited state by employing the corollary
(W (0)] Hs [¢(9)) = eo, (15) discussed in the previous paragraph.

wheree¢q is the ground state energy éf;. This principle
forms the basis of the VQE algorithm, which uses a classicall, Error mitigation
optimization procedure to minimizgds) with respect to the

parameterd and a quantum subroutine to calculaté;) for ~ 4.1. Noise scaling
any given§. Although the VQE algorithm is primarily used
to estimate, it can be improved to systematically estimate
excited state energies as well. llétd,)) be the ground state
wave function and lelt) (6, )) satisfy

To compute(H3) on a quantum computer with respect to the

variational ansatz, we must measure each of the 9 traceless

unitary operators that appear in the Hamiltonian separately.
On a real quantum computer, each of these measurements

w(gm H; |¢(§1)> = e, (16) will be ir_1ﬂuence_d by amplitude damping, phase damping, or

depolarizing noise channels [24]. Of these, we choose to cor-

wheree; > ¢, is the energy of the first excited state. One canrect for a potential depolarizing channel. Though this channel

show that for all stateg)()) orthogonal to the ground state, usually overestimates the degree to which quantum informa-

. . tion is lost to the environment, it is appropriate since we have

(W(0)| Hz |[9(0)) = €1 > €o. (17)  no detailed information about the actual physical noise chan-

i i . , nel of the quantum computer we are using.
In other words, if the ansatz is orthogonalized with respectto 1 correct for a potential global depolarizing channel, we

the ground state wave function, the variational method giveg_mpmy a zero-noise extrapolation method based on [25]. Let
an upper bound on the next lowest eigenvalue. This is true

even if the ground state is approximate. One can apply this U=Lg - Lol (20)
technique iteratively to estimate any excited state energy. In

practice, however, the largest excited state that one can ebe anN-qubit quantum circuit with depttl. Each layet’; is
timate is limited by the number of truncated basis orbits incomposed of one or more quantum gates that can be executed
an actual calculation. In a more general context, we note thisimultaneously. Assuming a global depolarizing channel is

Supl. Rev. Mex. Fis3 0308068



QUANTUM COMPUTATION OF HEAVY QUARKONIUM MASSES 3

-02 10

a
b -0
04 et
geE 08 L2
= FAEQ -~ .0
S -06 Jar (5 i
L 4 .2
06
-08 e
e
1.0 04
0 1 2 3 4 5 0 2
A
05 03
04
0.2
03
-~ gK ?“
% 02 o % 04
x T X
-
g it
s = ——
STy 00
00 ®
—01 04
0153 1 2 3 4 5 01 1 2
A
02 03
01 024
~ 5
= L] [,
> 00 T 01 e .
= x L
S
B ——

0 1 2 3 4 5 o 1 2

08 o,

(z2)

i 06 :
3 5
[
% 04 =
o
3 4 5 0 2 3 4 5
A A
04
03
a.
& %
202 2
5 .,
e
-
2 ot
e o
4; o
00
3 4 5 0 2 3 4 5
A A
03
023
g 01 i
Vg e
0.0
-0.1
3 4 5 0 1 2 3 4 5
A A

FIGURE 2. Expectation values (in Mev) of eadH versus the scaling parametemwith 95% confidence mean prediction bands. Noiseless
guantum simulation results are indicated by stars, but are not included in the fits.

the dominant source of noise in the circyittransforms un-

is a noise scaling parameter apd= [, 7. In the sim-

der L; in a way that depends only on an ideal noiseless parplest case where = 0, the additional noise introduced by

L; and a layer-dependent success tateér; < 1. That s,
LipiLaphl 4 —— (1= 1)1 21
p = rilipLi + 55 (1 —ri)l. (21)
Consequentlyy transforms like

1
p L UpUt + o (=11 (22)

under the circuil/, with total success rate= Hle i

depends only on circuit depth singe= x. This is the scal-
ing behavior given the most attention in [25]. However, in
the general case whefe< s < d, knowledge of the depths
alone is not sufficient.

4.2. Zero-noise Extrapolation

The expectation value of a traceless unitary operdtaith
respect td/ is

While U will have a base level of noise that cannot be
controlled, it is possible to scale the presence of noise in a (A) (\) = (0| Ut AU |0) . (27)

predictable manner. Consider the new circuit
V=uwtoyy(Ll-- L) (Ls--- L)), 0<s<d (23)

While V is logically equivalent td/, the ratio of their depths
is

KE2§+27L+1. (24)
Under this larger circuitp transforms like
Vo AT+ (1= )1 (25)
P p 9N )
where )
)\E2ﬂ+2n+1 (26)
Inr

Evidently, (A) (\) is proportional to the noiseless expecta-
tion value, but vanishes exponentially quicklyagicreases
beyondl. One estimates the noiseless result by measuring
(A) (\) for various A, fitting the exponential ansatz to the
data, and evaluating the fit at= 0.

The approach that is simplest and least prone to error is to
only gather data for odd. However, each timg is increased
to the next odd integer, the circuit depth increase8dhyAf-
ter only a few values o, the depth may be too large for a
given quantum processor to handle without introducing sig-
nificant errors. To build a circuit with arbitracy > 1, which
would result in a better fit, one needs precise knowledge of
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wol T . discussed in the_ previous secti_on, we meas(Fed (0) to be
I 502 £98 MeV, with the uncertainty given by 95% confidence
1200 ﬂ:r mean prediction bands. This agrees well with #88 + 1
s | Rt MeV we measured using the noiseless IBM QASM Simula-
® 1000 tor. Fig. 3 shows H3) () with total mean prediction bands
= m and the zero-noise extrapolated result.
g L o To measure the 2S expectation valuefhf, we orthog-
- . onalized the UCC ansatz with respect to our estimate of the
[ ground state and applied the VQE algorithm once again. With
400! this constraint, the variational principle provides an estimate
S S of the first excited state. Using the noiseless QASM Sim-

ulator, this procedure gave a 2S energyldf2 + 2 MeV.
We did not use a noisy quantum computer to calculate the 2S

FIGURE 3. Expectation value (in MeV) off3, obtained by com-  expectation value offs.

bining the plots in Fig. 2. Noiseless quantum simulation result is
indicated by the star symbol for comparison. )
6. Conclusions

each individual-;. However, in this work we simply assume

states can be simulated on a quantum computer using an ef-
fective potential and variational procedure. To compute the
expectation value of the Hamiltonian with respect to the UCC
ansatz, it was necessary to use the Jordan-Wigner transforma-
tion. Each part of the Hamiltonian could then be measured
separately. By tuning the parameters of our ansatz using the
VQE algorithm, we were able to estimate both the ground and
first excited states of a spinless pair on a noiseless quan-
tum simulator. Using a zero-noise extrapolation method, we
We ran our circuit for calculating the 1S charmonium masshen measured the ground state on a noisy quantum computer
on IBMQ Athens. To calculate the expectation valuethf — and achieved agreement with the noiseless value. The goal
for a givena, 8, A\, each of the 9 traceless unitaries fify of this research was to highlight the quantum computational
were measured separatélp24 x 10° times. Beginning with  method used to extract bound states from a spin-averaged po-
A = 1, we used the VQE algorithm to find the appropriatetential model, not to reproduce the physical ground and first
« andg. We then used this same approximate ground statexcited states of charmonium. The physical states may be ob-
wave function to calculate the expectation valuehf for  tained using the same method by using an appropriate spin-
A = 2,3,4,5. After applying the error mitigation technique dependent potential.

Ing s
o~ d (28)

and\ =~ x. The result of applying this method to the 9 trace-
less unitaries i3 is illustrated in Fig. 2.
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