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1.

Introduction

An exhaustive analysis of bound states involving muon leptons, such as muonic hydrogen, is mandatory in view of the
existing discrepancies in muon physics [1–5] pointing towards lepton flavor universality violation (LFUV). The measurements performed by the CREMA collaboration allow to
extract the value of hyperfine splitting of the 2S level [6],
HF S
∆Eexp
= 22.8089(51) meV, and also several experimental
groups are planning to measure the hyperfine structure (HFS)
of various muonic atoms with even higher precision [7–9].
The electromagnetic contributions from axial-vector
mesons have become relevant recently. Especially, in the
context of the hadronic light-by-light (HLbL) contribution
to the muon anomalous magnetic moment (aµ ) [10–20], but
also regarding their contribution to the HFS of muonic hydrogen [21, 23].
The paper is organized as follows. In Sec. 2, we discuss
the amplitude for A → `+ `− decays. The axial contributions
to the HFS are shown in Sec. 3. In Sec. 4, we describe our
particular model based on resonance saturation. Finally, our
conclusions are presented in Sec. 5.

2.

A → `+ `− decays

The leptonic axial-vector meson decays appear as an intermediate step in our calculation, and deserve their own attention
as they can provide information about the A → γ ∗ γ ∗ transitions [18, 24].
The most general structure for the A → γ ∗ γ ∗ transition,
which complies with gauge and Lorentz invariance, is given
by [12]

½
£
¤
i MA→γ ∗ γ ∗ = ie2 B2 (q12 , q22 ) i²µαρβ q1β q2α q2ν − gνα q22
£
¤
+ B2 (q22 , q12 ) i²ναρβ q2β q1α q1µ − gµα q12
£
¤
+ i²µναβ q1α q2β q̄12ρ CA (q12 , q22 ) + q12ρ CS (q12 , q22 )

¾

(1)

× ²∗µ (q1 )²∗ν (q2 )²ρ (q12 )
≡ ie2 MA µνρ ²∗µ (q1 )²∗ν (q2 )²ρ (q12 ),

where q12 = q1 + q2 = q, q̄12 = q1 − q2 and ²0123 = +1.
Here, ²∗µ (q1 ) and ²∗ν (q2 ) are the polarization vectors of the
photons, while ²ρ (q) is the polarization vector of the axial(0)
vector meson with A = a1 , f1 . B2 (q12 , q22 ), CA (q12 , q22 ) and
2 2
CA (q1 , q2 ) are form factors. To guarantee the Bose symmetry, CA (q12 , q22 ) must be antisymmetric and CS (q12 , q22 ) must
be symmetric under q1 ↔ q2 . The contribution from CS vanishes when the axial meson is on-shell and, in this basis, can
be omitted when considering high-energy constraints [15]i .
In the last expression, CA corresponds to transversal photons (T T ) and B2 is a combination of T T and LT polarization statesii . In the following, we will use form factors with
well-defined symmetry [12,15]: B2 (q12 , q22 ) = B2S (q12 , q22 )+
B2A (q12 , q22 ) and B2 (q22 , q12 ) = B2S (q12 , q22 ) − B2A (q12 , q22 ).
In Fig. 1, we can see the leading order contribution to the
A → `+ `− decays. Using Eq. (1), the corresponding amplitude reads as
Z

k−p
d4 k ūγν [(/
/) + m` ]γµ v µνρ
MA (q1 , q2 )
(2π)4 q12 q22 [(k − p)2 − m2` ]
¤
£
= i ū(q − p) A1 (q 2 ) γ ρ + A2 (q 2 ) q ρ γ 5 v(p) ²ρ (q),
(2)
4

iM = −e ερ

with q1 = k and q2 = q − k. The second line in Eq. (2)
corresponds to the most general amplitude for these decays,
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F IGURE 1. The leading contribution to A → `+ `− decays (left). The axial-vector meson contribution to the `− p → `− p amplitude relevant
to the HFS (right). The grey blob includes structure-dependent axial-photon-photon interactions.
TABLE I. Branching fraction for f1 → e+ e− decays in units of 10−9 with the different form factors outlined in Appendix A (ideal mixing
case). In particular the first three columns correspond to models incorporating a vector meson mass mV = 0.77 GeV, whereas the last three
columns have effective masses around 1 GeV, illustrating the relevance of the intermediate V γ state.

Be+ e−

VMD

eVMD

heVMD

DIP

heDIP

OPE

1.90(92
74 )

1.55(50
38 )

1.66(45
42 )

3.69
2.87(1.73
)

3.86
)
2.73(1.69

3.99
)
2.67(1.75

where both A1 and A2 can be obtained through the projectors
in App. A in Ref. [25]. The A2 amplitude does not contribute
to the decay width since it is a pure off-shell effect.
The branching ratios for the f1 → e+ e− decays are summarized in Table I using different parameterizations of B2S in
Appendix A. These results are compatible with the measurement reported by the SND collaboration [26], B(f1 (1285) →
−9
e+ e− ) = (5.1+3.7
. Contrary to the π(η) → `+ `− de−2.7 ) · 10
cays, where the imaginary part is dominated by the intermediate 2γ state, the A → `+ `− decays are especially sensitive
to the intermediate V γ contribution as consequence of the
Landau-Yang theorem [27, 28].

3. Axial contributions to the HFS
The relevant amplitude for the `− p → `− p scattering mediated by axial-vector mesons, Fig. 1(right-hand), can be written as
iM`p = igAN N [ūγ ν γ 5 u]N
µ

µ

qµ qν
m2A
m2A

−gµν +
q2 −
5

× [ū(A1 γ + A2 q )γ u]` ,

(3)

where the coupling of the axial-vector mesons to the nucleons, gAN N , is introduced through
La1 N N = −ga1 N N (N̄ γµ γ 5~σ N )~aµ1 ,
Lf1 N N = −gf1 N N (N̄ γµ γ 5 N )f1µ .

(4)

Making use of the relation M`p = −2m` 2mN ṼN R (q 2 ),
we obtain the leading expression for the nonrelativistic potential

ṼNR (q 2 ) ' gAN N
VNR (r) =

A1 (0)
(σ̂` · σ̂N ),
m2A + q 2

gAN N A1 (0) −mA r
e
(σ̂` · σ̂N ) .
4πr

(5)

For the HFS, we are interested in the energy difference
F =1
F =0
amongst the nS1/2
and the nS1/2
energy levels [29]. In
particular, for n = 1, 2, we get
gAN N A1 (0) (µα)3
4
,
2
2
π
mA (1 + 2µα
mA )
¡ µα ¢2
gAN N A1 (0) (µα)3 2 + mA
=
µα 4 ,
4π
m2A (1 + m
)
A

∆E1HFS =

(6)

∆E2HFS

(7)

to leading order in αiii , where µ is the reduced mass. We
note that A1 (0) can be expressed following the notation in
Ref. [21] as
4 ³ α ´2
A1 (0) =
3 π

Z∞
dk 2 L` (k 2 )B2S (−k 2 , −k 2 ),

(8)

0

with L` (k 2 ) defined in Ref. [21] (see Eq. (14) therein).iv
Likewise, it is straightforward to check that the general results in Ref. [21] amount to our Eqs. (6) and (7) times a factor of (−2). While we could not trace the factor of 2, the
relative sign appears comparing to their Eqs. (5), (20). Still,
the sign depends on their photon momentum flow and ²0123
convention, that are unclear. More importantly, the final sign
arising from Eqs. (6) to (8) will depend on the relative sign
for B2S (0, 0) and gAN N , that was fixed in Ref. [21] on the
basis of quark-loop models.
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4.

3
8
where we have used gA
= 1.2730(13) [30], gA
= 0.530(18),
0
gA = 0.392(24) [31], FA = 140(10) MeV [15, 32, 33],
φL3 = 26.7(5.0)◦ [34, 35] and the PDG [36] masses with an
additional uncertainty accounting for the half-width rule [37].
Here, φ is the f1 − f10 mixing angle in the flavor basis.
The axial-vector contribution to the HFS of muonic hydrogen is shown in Table II where the values from the OPE
column in Table III and the coupling in Eq. (11) have been
used. Additionally, we have also included the uncertainty related to the mixing angle, φ, within brackets.

Model results

To determine the contribution to the HFS in Eqs. (6), (7) the
sign of gAN N A1 (0) is required which, for our form factors,
relates to the the sign of B2S gAN N . In this respect, the
short-distance constraints obtained from the operator product expansion (OPE) of two vector currents allow to fix
sgn B2S (0, 0) = sgn FA mA , and thus reducing the problem
to determine the sign for FAa mA gAN N . This combination
appears in the axial form factor of the proton,
·
¯
 0 ¯
®
5 a ¯
0
¯
p(k ) q̄γµ γ λ q p(k) = ū(k ) γµ GaA (q 2 )
+

qµ
2mN

¸
GaP (q 2 ) γ 5 u(k), (a = 3, 8, 0),

5.

(9)

In addition to the results for the HFS in Table II, we have incorporated a systematic uncertainty related to the inclusion of
a second multiplet of heavier resonances in Eq. (10). Thus,

after adopting a resonance saturation scheme. In particular,
one finds [22]
GaA (q 2 ) =

X 2F a mA gAN N
A

m2A − q 2

A

,

+3 +22
HF S
(1S) = 0.039(+12
∆EA
−13 )(−0 )(−00 ) meV,

(10)

+3 +29
HF S
∆EA
(2S) = 0.0049(+14
−16 )(−0 )(−00 ) meV.

gf1 N N = 2.01(0.17),

gf10 N N = −0.33(0.08),

(φ = 0),

(11)

ga1 N N = 5.6(1.1),

gf1 N N = 1.93(0.16),

gf10 N N = 0.71(21),

(φL3 = 26.7(5.0)◦ ),

(13)

Comparing these results with those in Ref. [21], we find
an opposite sign (and a factor of 2 difference) in the computation. As we can see from Table III, the doubly-virtual asymptotic behavior of the transition form factor plays an important
role (about 50 %, between DIP and OPE models)v and it has
HF S
to be taken into account in any future estimation of ∆EA
.
Finally, incorporating the axial-vector mesons contributions in Eq. (13) along with the pseudoscalar one [38],
π
∆EHF
S = −(0.09 ± 0.06) µeV, we obtain

where the sum goes over the (infinite number of) axial-vector
meson resonances. Truncating the last expression with the
lightest resonance, the value of gAN N can be determined in
terms of GaA (0). This implies,
ga1 N N = 5.6(1.1),

Results and conclusions

(12)

rZ = 1.112(31)exp (19)th (+20
−10 )axials .

(14)

TABLE II. Results for the HFS of muonic hydrogen. The central values for the gAN N couplings are those from ideal mixing (φ = 0),
Eq. (11). The second column displays results from OPE column in Table III, including as an additional uncertainty the difference with other
models therein. The final two columns include uncertainties from A1 (0), gAN N , B2S , mA and an additional uncertainty from the mixing
within brackets.
A

A1 (0)
A
α2 B2S

A
B2S
(0, 0)

f1 (1285)

1.53(25)(+00
−20 )

a1 (1260)

1.41(30)(+00
−27 )
1.20(22)(+00
−24 )

f1 (1420)

HF S
∆EA
(1S)

HF S
∆EA
(2S)

[meV]

[meV]

0.269(30)

0.011(2)(1)(1)(0)[0]

0.0014(+2
−3 )(1)(2)(0)[0]

0.245(63)

0.029(+6
−8 )(6)(7)(2)[0]
−0.001(0)(0)(0)(0)[+3
−0 ]

0.0036(+8
−10 )(7)(9)(2)[0]
−0.0001(0)(0)(0)(0)[+3
−0 ]

+3
0.039(+12
−13 )[−0 ]

+3
0.0049(+14
−16 )[−0 ]

[GeV

−2

]

0.197(30)

TOTAL

TABLE III. The results forA1 (0)/[α2 B2S (0, 0)] for ` = µ. For simplicity, we take ideal mixing in VMD models, implying that mV =
0.77 GeV ' mρ,ω for a1 , f1 and mV = mφ for the f10 .
VMD

eVMD

DIP

heVMD

heDIP

OPE

f1 (1285)

1.68(27
25 )

1.21(47
31 )

0.99(17
15 )

1.34(34
14 )

1.33(48
33 )

1.53(25
24 )

a1 (1260)

1.68(27
25 )

1.03(65
28 )

0.91(20
18 )

1.17(51
16 )

1.14(53
31 )

1.41(31
28 )

f1 (1420)

2.99(35
33 )

0.78(14
13 )

0.78(15
13 )

0.96(12
11 )

0.96(33
23 )

1.20(22
21 )
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rZ = 1.037(16) fm [42] from hydrogen spectroscopy, and
rZ = 1.054(3) fm [43] from electron-proton scattering and
e+ e− annihilation. These outcomes are summarized in Fig. 2
where the blue band corresponds to the average for electronproton (eP) scattering and hydrogen (H) spectroscopy.

Appendix
A. Form factors

F IGURE 2. The Zemach radius (rZ ) from the references in the
text and this work. The blue band represents the average from
Refs. [39–42].

The value is in mild tension with other estimates,
rZ = 1.086(12) fm [39] and rZ = 1.045(4) fm [40],
from electron-proton scattering, rZ = 1.045(16) fm [41] and

VMD 2 2
(q1 , q2 ) =
B2S

eVMD/DIP 2 2
B2S
(q1 , q2 ) =

(q12
(q12

In this contribution we assess the impact of the asymptotic behavior using different models for the B2S (q12 , q22 )
form factor. For the doubly-virtual case, it is known that
B2S (−Q2 , −Q2 ) ∼ O(Q−4 ) for large Q2 values [12, 15, 18,
44]. Besides, in the singly-virtual kinematic regime, it is also
known from the light-cone expansion that, for large Q2 values, B2S (−Q2 , −q 2 ) ∼ O(Q−4 ), where q 2 ¿ Q2 [18, 44],
that is also suggested by L3 data [34, 35].
The models used in this work for the B2S form factor
arevi :

B2S (0, 0)m4V
,
− m2V )(q22 − m2V )
−

m2V

B2S (0, 0)m4V M 4
,
− M 2 )(q22 − m2V )(q22 − M 2 )

)(q12

B2S (0, 0)Λ4A
,
(q12 + q22 − Λ2A )2
£
¤
he(VMD/DIP) 2 2
eVMD/DIP 2 2
B2S
(q1 , q2 ) = B2S
(q1 , q2 ) 1 + q12 q22 Λ−4
OP E .
OPE 2 2
B2S
(q1 , q2 ) =

For the normalization, we take the values for f1 , f10 from
L3 [34, 35] together with the estimation in [12, 15] for the
a1 : B2S (0, 0) = {0.269(30), 0.197(30), 0.245(63)}GeV−2
for {f1 , f10 , a1 }. Regarding the mass parameter, we take
both, for the OPE and (he)DIP variants, mV = M =
ΛA = {1.04(8), 0.926(79), 1.0(1)} GeV , see Refs. [12,
15, 34, 35]. Concerning the eVMD and heVD models,
we fix the M parameter to reproduce the slope from the
L3 collaboration dipole in order to share the same lowenergy behavior, which is accomplished adopting M 2 =
Λ2A m2V /(2m2V − Λ2A ) ∼ 2 GeV for mV = 0.77 GeV.
Finally, to ensure the OPE behavior in 0he(VMD/DIP)
f1 ,f1 ,a1
models, we find for ideal/L3 mixing ΛOP
/mV M =
E
{1.28(4)/1.37(5), 1.58(7)/1.26(6), 1.44(10)} GeV−1 , respectively.

(A.1)
(A.2)
(A.3)
(A.4)
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i. Relations to other bases can be found in [12, 25].
ii. Here, L stands for longitudinal.
iii. At this order, B2S becomes the only relevant form factor.
iv. We further note that, for the dipole (DIP) parametrization employed in Ref. [21], A1 (0) = (4/3) (α/π)2 B2S (0, 0)I(m` ),
with I(m` ) defined in the Eq. (27) from Ref. [21].
v. From Table III, we can see an effect of about 10% (20%) for the
eVMD (DIP) model compared with the heVMD (heDIP) one,
which has been corrected to comply with the asymptotic behavior of the transition form factors, making explicit the relevance
of the low-energy behavior of the TFFs.
vi. Further details can be found in [25].
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