
Suplemento de la Revista Mexicana de Fı́sica3 0308014 (2022) 1–5

On the mass of the glueballonium
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According to lattice simulations and other theoretical approaches, the scalar glueball is the lightest state in the Yang-Mills sector of QCD.
Since within this sector the scalar glueball is stable, the scattering between two glueballs is a well-defined process. Moreover, a glueball-
glueball bound state, called glueballonium, might exist if the attraction turns out to be large enough. In this work, we concentrate on the
formation of the glueballonium in the context of the dilaton potential. In particular, we investigate the parameter values for which such a
glueballonium emerges.
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1. Introduction

In the Yang-Mills (YM) sector of Quantum Chrmodynamics
(QCD), glueballs,i.e. bound states of gluons, have been pre-
dicted by a variety of approaches, which range from bag mod-
els [1–3] to lattice QCD [4–6]. In all these approaches, the
lightest glueball has scalar quantum numbersJPC = 0++

and is therefore stable in the YM theory. Hence, the scat-
tering between two scalar glueballs is a well-defined process
that can be investigated in models and on the lattice [7–9].
Here, following the discussion of Ref. [10], we study the scat-
tering of two glueballs by using the well-known dilaton po-
tential [11, 12]. Moreover, if the attraction is strong enough,
a glueball-glueball bound state, referred to as the glueballo-
nium, may form. In these proceedings, we study under which
conditions the dilaton potential allows for the emergence of
the glueballonium. To this end, one needs to introduce a uni-
tarization of the scattering amplitude: a rather simple and of-
ten used unitarization within the so-called on-shell approxi-
mation is applied.

Quite interestingly, such a glueballonium could be
searched for on lattice YM and, eventually, in experiments.
For the latter, it is important to remind that in full QCD the
scalar glueball (as any other glueball) is not stable. For in-
stance, a good candidate for being predominantly the scalar
glueball ise.g. f0(1710) [13–17], which decays predomi-
nantly into kaons and pions. As a consequence, the gluebal-
lonium, even if existent and stable in YM, would also not be
stable in full QCD and would decay into two and four con-
ventional mesons (such as pions, kaons, etc.). Besides the
necessary existence in the YM sector, its eventual discovery
is therefore possible only if it turns to be narrow enough.

2. Tree-level scattering

A quite famous low-energy theory of the YM sector of QCD
is given by the dilaton Lagrangian, which contains a single
scalar dilaton/glueball fieldG [11,12,18]:

Ldil =
1
2
(∂µG)2 − V (G), (1)
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The dilaton potential contains one dimensional parameter, the
scaleΛG, which embodies the trace anomaly at the composite
confined level, seee.g.[18]. Moreover, the dilaton potential
contains the dimensionless quantitymG/ΛG. The quantity
mG corresponds to the glueball mass (second derivative at
the minimumG = ΛG); its numerical value readsmG ≈
1.7 GeV obtained in lattice QCD [4–6]. The scaleΛG can
be obtained by a comparison with the gluon condensate and
takes the (approximate) valueΛG ≈ 0.4 GeV [19], but this
determination is quite uncertain, seee.g. Ref. [13]. Indeed,
one of the goals of the glueball-glueball scattering would be
an independent determination of this important quantity that
affects the whole low-energy phenomenology [13,20–22].

The total tree-level amplitude for the scattering
G(p1)G(p2) → G(p3)G(p4) can be obtained from the 3-
and 4-leg vertices obtained in the expansion of the potential
around its minimum. As function of the Mandelstam vari-
abless = (p1 + p2)2, t = (p1− p3)2 andu = (p2− p3)2 the
amplitude reads:
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Sinces + t + u = 4m2
G, only two of them are indepen-

dent. Moreover, upon introducing the scattering angleθ and
expanding in partial waves, we rewrite Eq. (3) as:

A(s, cos θ) =
∞∑

`=0

(2` + 1)A`(s)P`(cos θ), (4)

whereP`(cos θ) is thel-th Legendre polynomial. Conversely,
thel-th amplitude reads:

Al(s) =
1
2

1∫

−1

d cos θA(s, cos θ)Pl(cos θ) . (5)
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Odd waves vanish becauseA(s, cos θ) is symmetric incos θ
for Bose symmetry. In these proceedings, we shall concen-
trate only on the S-wave (l = 0), which is the channel in
which the glueballonium eventually forms (for the D-wave
and G-wave, see Ref. [10]). The corresponding S-wave am-
plitude is given by:

A0(s) = −11
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− 25
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log
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 , (6)

wheresN = s−Nm2
G.

The tree-level scattering length is calculated as:

a0 =
A0(4m2

G)
32πmG

≡ 1
32πmG

92m2
G

3Λ2
G

, (7)

which is inversely proportional to the energy scaleΛ2
G. A fu-

ture determination of the scattering length determined on the
lattice would be very useful: sincemG is known, one could
use that determination in order to extractΛG. Yet, care is
needed with our derivation: a unitarization is necessary since
the tree-level result is not sufficient. In particular, it cannot
access the eventual existence of a bound state.

The unitarization process that we introduce below is con-
structed in such a way to leave unchanged the singularities of
the tree-level amplitude ats = m2

G ands = 3m2
G. Namely,

the pole inm2
G corresponds to the single glueball state, so it

is reasonable to require that it is left unchanged. Moreover,
thet− andu−channels projected onto the S-wave give rise to
the left hand cut and, consequently, to a logarithmic singular-
ity that we shall require to not be modified by the employed
unitarization process.

3. Unitarization and mass of the glueballo-
nium

Loop contributions have to be taken into account in order to
produce poles representing bound states. The inclusion of
these quantum fluctuations can be done through a proper uni-
tarization of the tree-level partial wave amplitude. Among the
various schemes proposed for chiral Lagrangians [23–29],
the one we choose here is the so-called on-shell approxima-
tion [30,31] leading to:

AU
0 (s) =

[
A−1

0 (s)− Σ(s)
]−1

, (8)

whereΣ(s) is the glueball-glueball self-energy loop function.
Note,A0 ' AU

0 wheneverA0 is small, but sizable loop con-
tributions may occur in general. The imaginary part ofΣ(s)
is fixed by the relativistic 2-body phase space of two identical
particles:

ImΣ(s) = θ
(
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) 1
2
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The imaginary part of the loop can be used to reconstruct
the real part using the dispersion relation by imposing certain
constraints. The previously discussed requirements of pre-

FIGURE 1. The critical value of the scaleΛG,crit as function of
mG; the value formG = 1.7 is highlighted.

serving both the pole ats = m2
G and the logarithmic di-

vergence ats = 3m2
G can be expressed by requiring that

Σ(s = m2
G) = Σ(s = 3m2

G) = 0. Including these subtrac-
tions, the loop function takes the form:
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Interestingly, at threshold the loop takes the valueΣ(s =
4m2

G) = 0.028715 (independent onmG). As a consequence,
theS-wave unitarized scattering length, calledaU

0 , takes the
form:

aU
0 =

1
32πmG

AU
0 (s) =
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1
3Λ2

G

92m2
G
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. (11)

One can easily observe that for:

3Λ2
G

92m2
G

− 0.0028715 = 0, (12)

the scattering length diverges. Numerically, the critical value
for ΛG reads:

ΛG,crit = mG

√
92
3
· 0.0028715 = 0.2967mG . (13)

For mG = 1.7 GeV, the critical value readsΛG =
0.504 GeV. In Fig. 1 the critical valueΛG is plotted as func-
tion of mG. The divergence of the scattering length sig-
nalizes the emergence of a glueball-glueball bound state.
Such a glueballonium forms whenever the attraction is strong
enough, that is whenΛG < ΛG,crit.

In general, the mass of the glueballonium can be found as
a solution of the equation:

(AU
0 )−1 = A−1

0 (s)− Σ(s) = 0. (14)

We refer to Fig. 2, where the unitarized inverse amplitude is
plotted as function ofs for three values ofΛG. A zero of this
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FIGURE 2. The inverse amplitude|AU
0 |−1 as function ofs, evalu-

ated for three different values ofΛ: ΛG = 0.4 GeV (pink, solid),
ΛG = ΛG,crit ≈ 0.504 GeV (green, dot), andΛG = 0.8 GeV
(blue, dash).

FIGURE 3. The mass of the glueballonium as function of the pa-
rameterΛG, using two different glueball massesmG = 1.5 GeV
(dashed curve) andmG = 1.7 GeV (continuous curve).

quantity (which corresponds to the mass of the glueballo-
nium) is obtained forΛG < ΛG,crit.

We may summarize the situation as follows. Depend-
ing on the value of the scale: (i)ΛG > ΛG,crit, and (ii)
ΛG < ΛG,crit. For the case (i), the value of the scatter-
ing length at threshold is positive and there is no bound
state, as the attraction is not strong enough to form it. For
ΛG ≤ ΛG,crit, there is a bound state with massmB ≤ 2mG.
If the scale has a value near the critical one, the pole cor-
responding to the glueballonium appears near the threshold
(and approaches2mG when ΛG tends to the critical value
from below). The mass of the glueballonium ranges between√

3mG (for ΛG → 0) and2mG, i.e. between the left-hand
cut singularity and the threshold, as it is shown in Fig. 3.
In the latter figure, we also present the mass of the glue-
ballonium for two different values of the glueball mass (1.5
and 1.7 GeV, respectively). Note, the glueballonium mass

decreases together withΛG (thus for increasing attraction).
When using the specific valueΛG ≈ 0.4 GeV obtained in
lattice YM, the mass of the glueballonium readsmB ≈ 3.37
GeV (formG = 1.7 GeV).

4. Conclusions

In this paper, we used the dilaton potential to study the scat-
tering process between two scalar glueballs. We calculated
the scattering length, first at tree level and then in the unita-
rized version of the theory: this quantity can be evaluated in
future Lattice QCD. In this way, the scaleΛG, which is im-
portant in many effective model of QCD at low energy, could
be also fixed by lattice results.

We find that the emergence of a glueball-glueball bound
state, that we called glueballonium, is possible. Such a glue-
ballonium is formed when the value of the scaleΛG is below
a certain critical value: in the case ofmG = 1.7 GeV, the
critical value ofΛG is around0.504 GeV. The existence of
the glueballonium could be also investigated on the Lattice.
An eventual experimental search is also conceivable, if this
state turns out to be not too broad. For instance, the planned
PANDA experiment [32] could search for the existence of
this bound state, as it covers an energy range that includes the
expected mass of the glueballonium (at about 3 GeV). Sev-
eral ongoing experiments are investigating glueballs [33–38].
As a recent example, the TOTEM and the DØ collaborations
together recently announced the discovery the odderon [39],
which in turn implies that C-odd-parity glueballs exist. On
the other hand, the pomeron implies that C-even parity glue-
balls (such as the scalar one) exist, seee.g.Refs. [40–43] and
Refs. therein.

Finally, it would be interesting to repeat our work us-
ing different unitarization schemes in order to check the de-
pendence of the unitarization on the results. Moreover, one
may study the scattering of other glueballs as well and extend
the study at nonzero temperature following the procedure of
Refs. [44,45].
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