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One loop mechanism for neutrinoless double beta hyperon decay
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Motivated by the large dataset to be accumulated of hyperon pairs produced in decays ofO(1010) J/ψ andψ′ charmonia states in the
BES-III collaboration, we revisited the predictions of∆L = 2 decays of hyperonsB−

i → B+
f `−`′− in the one-loop model mechanism

involving Majorana neutrinos previously presented in Ref. [1]. Unlike the previous work, by modeling the momentum transfer dependence
of the hyperon form factors in the computation we provide finite results for the loop integration. Furthermore, since we keep finite masses
for the neutrinos throughout the calculations, we are able to consider the effects of heavy Majorana neutrinos. Thus, our results are applied to
a simple model that involves two Majorana heavy neutrinos in the framework of a low-scale seesaw model. In order to provide and compare
additional predictions, we study an alternative model where∆L = 2 decays are induced by the short-range effects of a scalar boson coupled
to di-leptons.
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1. Introduction

It is well know that the most extensive and sensitive labo-
ratory to probe lepton number violation (LNV) and conse-
quently the Majorana nature of neutrinos is neutrinoless dou-
ble beta decay (ββ0ν ) of nuclei. Ifββ0ν decays are generated
by the so-calledmass mechanismthe amplitude is propor-
tional to the “effective Majorana neutrino mass” mee, which
is defined by

mee ≡
∑

j

mνj UejUej , (1)

wherej runs over all the neutrino mass eigenstates, andU
describes the mixing matrix in the leptonic sector. Because
of the non-observation ofββ0ν decays in nuclei direct strong
bounds have been set onmee at the sub-eV level [4]. On the
other hand, nuclear transitions are limited in precision due to
the model-dependent uncertainties of the nuclear matrix el-
ements, and are sensitive only to the two electrons channel.
This fact has motivated an extensive study of much less sen-
sitive but complementary∆L = 2 transitions. For example,
LNV transitions involving other lepton flavors are possible
via semileptonic tau and meson decays,Λb baryons, di-muon
production at colliders, or muon to positron/antimuon con-
version in nucleii.

In this work, we are interested in∆Q = ∆L = 2 hy-
peron decay (B−

i → B+
f `−`′−, `(′) = e or µ). As already

mentioned, their study is complementary to those in nuclei,
but with the advantage that the hadronic matrix elements in-
volved are well known at low momentum transfer. Particu-
larly, we aim to revisit and improve the estimation reported
in Ref. [1], where this kind of decays are generated via a
one-loop mechanism considering baryons as the relevant de-
grees of freedom (involving a loop with hyperons and Ma-
jorana neutrinos as intermediate states) as shown in Fig. 1.

In Ref. [1], the authors neglected the momentum transfer de-
pendence of the vector and axial form factors describing the
weak vertices in their computation. Consequently, the ob-
tained loop functions exhibit a logarithmic ultraviolet diver-
gence which was regulated using a simple cut-off procedure.

There is in the literature another prediction for∆L = 2
hyperon decays (specifically forΣ− → pe−e−) presented
by the same authors in Ref. [2] but this time based on the
so called MIT bag model. The results of these two previ-
ous computations are rather different: the branching ratio of
theΣ− → pe−e− decay in the MIT bag model is of the order
O(10−23) [2], which is around ten orders of magnitude larger
than its prediction based on the loop modelO(10−33) [1].

In the present work, we provide an improvement for the
estimation of the∆L=2 hyperon decays in the loop model
mechanism and we help to understand the numerical differ-
ence found between the one-loop mechanism in and the MIT-
bag model estimation by studying an alternative mechanism
induced by a doubly charged Higgs bosonH−−, using the
current bounds on the search of such hypothetical particles.
For a complete and extended description of this work we refer
the reader to Ref. [3].

2. ∆L = 2 hyperon decays (One loop-
mechanism)

All the possible∆L=2 decays (for 1/2-spin hyperon) chan-
nels can be classified according to their change in strangeness
∆S =0, 1, 2 (see Table I).

At the hadron level, this process can be viewed as induced
by the one-loop mechanism shown in Fig. 1 involving into
the loop a neutral baryonη and a Majorana neutrino. In such
case, the amplitude is given by
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FIGURE 1. ∆L = 2 hyperon decays in the one-loop model and in
the presence of Majorana neutrinos.

TABLE I. 1/2-spin hyperon∆L=2 decays allowed by kinematics.

∆S = 0 ∆S = 1 ∆S = 2

Σ− → Σ+e−e− Σ− → pe−e− Ξ− → pe−e−

Σ− → pe−µ− Ξ− → pe−µ−

Σ− → pµ−µ− Ξ− → pµ−µ−

Ξ− → Σ+e−e−

Ξ− → Σ+e−µ−

iM = −G2
∑

j

mνj U`1jU`2j

∑
η

∫
d4q

(2π)4
Lαβ

1 (p1, p2)
[q2 −m2

νj
]

× h1αβ(pA, pB)
[Q2

1 −m2
η]

− [`1(p1) ↔ `2(p2)] , (2)

wheremνj are the masses of Majorana neutrinos andU`j

their mixings connecting flavor̀ and mass eigenstates. The
overall constantG2 = G2

F × (V 2
ud, VudVus, V

2
us) for ∆S =

0, 1, 2, respectively, withGF the Fermi constant. Whereas
Qi = pA − pi − q is the momentum carried by the neutral
baryon stateη with the appropriate quantum numbers to con-
tribute as an intermediate state, and`1(p1) ↔ `2(p2) stands
for the contribution of a similar diagram interchanging the fi-
nal external charged leptons. The hadronic and leptonic are
given by

Lαβ
1 (p1, p2) ≡ ū(p2)γα(1− γ5)γβv(p1), (3)

h1αβ(pA, pB) ≡ ū(pB)γα

[
fBη(q′′2) + gBη(q′′2)γ5

]

×(½½Q1+mη)γβ

[
fAη(q′2) + gAη(q′2)γ5

]
u(pA). (4)

f(A,B)η andg(A,B)η denote the vector and axial weak form
factors, respectively, for transitionsA → η andη → B. They
depend on the squared momentum transfer at each weak ver-
tex, specifically,fAη andgAη depend onq′2 = (p1 + q)2,
whereasfBη andgBη depend onq′′2 = (p2 − q)2. Their
values at zero momentum transfer have been calculated by
different groups [34–36] with overall good agreement among
them (in Table II we quote the values reported in Ref. [35]).

TABLE II. Vector and axial transition form factors for weak hy-
peron decays at zero momentum transfer. Hereη stands for the
intermediate baryon state, and the subscriptA (B) represents the
initial (final) baryon [35].

Transition η fAη gAη fBη gAη

Σ− → Σ+ Λ 0 0.656 0 0.656

Σ0
√

2 0.655
√

2 -0.656

Σ− → p n -1 0.341 1 1.267

Σ0
√

2 0.655 -1/
√

2 0.241

Λ 0 0.656 -
√

3/2 -0.895

Ξ− → Σ+ Ξ0 -1 0.341 1 1.267

Σ0 1/
√

2 0.896
√

2 -0.655

Λ
√

3/2 0.239 0 0.656

Ξ− → p Σ0 1/
√

2 0.896 -1/
√

2 0.241

Λ
√

3/2 0.239 -
√

3/2 -0.895

After some redefinitions (see Ref. [3] for further details)
the amplitude can be expressed as follows

iM=−G2
(
Lαβ

1 (p1, p2)H1αβ−Lαβ
2 (p1, p2)H2αβ

)
, (5)

with

H1αβ =
∑

η,j

mνj U`1jU`2j

{
ū(pB)γα

[(
Cηj

1v0
+ Cηj

1a0
γ5

)
mη

+
(
Cηj

1v1
+ Cηj

1a1
γ5

)
¢p1 +

(
Cηj

1v2
+ Cηj

1a2
γ5

)
¢p2

+
(
Cηj

1vA
+ Cηj

1aA
γ5

)
¢pA

]
γβu(pA)

}
, (6)

and theCηj
1vr

and Cηj
1ar

(r = 0, 1, 2, A) functions encode
the effects of the strong interaction relevant in the loop
computation. Note that they will depend on the neutrino
masses and on the two independent Mandelstam variables
t ≡ (pA − p1)2, andu ≡ (pA − p2)2.

The important point to stress here is that taking the form
factors as constants in Eq. (4) is just an approximation that
leads to a divergent amplitude and this bad behavior can be
cured by a form factor that vanishes at largeq2.

In this way, the loop integration requires a proper mod-
eling of hyperon form factors in all the range of momentum
transfer scales. From neutrino and electron scattering off nu-
cleons it has been found that the observed distributions can
be described by a dipole parametrization and extrapolating to
the timelike region leads to the dipole form factors given by

fi(q2) = fi(0)

(
1− q2

m2
dfi

)−2

, (7)

gi(q2) = gi(0)

(
1− q2

m2
dgi

)−2

, (8)

with mdfi = 0.84 (0.97) GeV andmdgi = 1.08 (1.25) GeV
for the strangeness-conserving (strangeness-changing) form
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factors. On the other hand, SU(3) symmetry considerations
are useful to fix the form factors at zero momentum transfer
(q2 = 0) (see Table II).

Now, note that in the limit of large momentum trans-
fer, both the vector and axial dipole form factors behave as
∼ 1/q4. Then, considering the dipole approximation would
require evaluating an integral with six propagators which, in
general, are very difficult to evaluate even numerically, a bet-
ter option is to take, in analogy with the case of meson form
factors considered in Ref. [37] which behave as∼ 1/q2 for
largeq2, a monopolar approximation.

The “equivalence” of monopolem and dipoled form fac-
tors can be achieved by comparing their slopes at low mo-
mentum transfers; this leads to identifymd/

√
2 → mm for

the vector and axial poles to get the monopolar form factors
in the ∆S = 0, 1 cases. Using monopolar expressions for
the form factors, the loop integrals become finite and, as a
consecuence, the amplitudes are physicalii.

2.1. Numerical analysis

The relevant hadronic matrix element defined in Eqs. (5), (6)
depends on the effective total form factorsCη

vr,ar
; for each

intermediate hadronic stateη in the loop, they can be written
as

Cη
vr
≡

∑

j

mνj U`1jU`2jC
ηj
vr

, (vr = v0, v1, v2, vA),

Cη
ar
≡

∑

j

mνj U`1jU`2jC
ηj
ar

, (ar = a0, a1, a2, aA), (9)

where the individualCηj
vr,ar

factors, determined from the
computation, depend in general upon the neutrino massmνj

FIGURE 2. Individual Cnj
vr

loop-factors as function of the neu-
trino mass in the monopole form factors model for the decay chain
Σ− → n∗ → p. Note that these functions depend on thet andu
Maldemstam variables. For illustration purposes, we have used the
maximum allowed values fort andu, whereasm1 = m2 = me.

involved in the neutrino propagator. Figure 2 shows the ab-
solute value of theCηj

vr
(with η = n) form factors as a func-

tion of the intermediate neutrino massmνj
in the case of

theΣ− → p transition, using the monopolar approximation
(similar results are obtained for the rest of the decay channels
listed in Table II as well as for the analysis of the axialCηj

ar

form factors). From this plot we observe that the dominant
contribution arises from theCηj

v0
coefficient. Also, for light

neutrinos (mνj
. 100 MeV), all theCηj

vr
factors are insen-

sitive to the neutrino mass value. However, for the case of
heavy neutrinos, theCηj

vr
one-loop functions describing the

∆L = 2 hyperon decays become strongly-dependent on the
neutrino mass. This led us to consider two different scenar-
ios: we callscenario Ato the familiar case where only three
light Majorana neutrinos are present; the secondscenario B
corresponds to the contributions of heavy Majorana neutri-
nos such as those appearing in the so-called low scale seesaw
models.

Scenario A:Assuming that only very light neutrino states
exist, the total form factors in Eq. (9) can be approximated by

Cη
vr
≡ m`1`2C

η0
vr

, Cη
ar
≡ m`1`2C

η0
ar

, (10)

wherem`1`2 is the effective Majorana mass parameter, and
Cη0

vr
(Cη0

ar
) are the one-loop functions evaluated atmνj = 0.

Using the direct upper limits form``′ reported in Ref. [38]:

mee = 0.36 eV,

meµ = 90 GeV,

mµµ = 480 GeV, (11)

and by computing numerically the form factors in Eq. (10),
we obtained the rates listed in the second column of Table III.
Note that channels involving two electrons are strongly sup-
pressed due to the strong limits imposed from neutrinoless
nuclearββ0ν decay. Contrary, channels witheµ or µµ in
the final states have loosely bounds due to the very poor di-
rect limits reported in Eq. (11). In particular, the channel
Σ− → pµµ appears to be close to the future sensitivity pro-
jected by BES-III. Nevertheless, those numbers should be
taken with care since the upper limits used formeµ andmµµ

lie beyond the range of validity ofscenario A. If we assume
much lower values of these two parameters as expected if the
three neutrinos were very light, these channels are also very
suppressed (see Table III for a comparison with the rates from
scenario B).

Scenario B: In order to assess the effects of LNV in this
case we will consider the minimal parametrization presented
in references [41,42].

Figure 3 illustrates the behaviour of the total dominant
Cη

v0
coefficient in Eq. (9) associated to theΣ− → p``′

(η = n; ``′ = ee, eµ) decay as a function of ther param-
eter. A similar behavior is obtained for the rest of the total
vectorCη

vr
(vr = v1, v2, vA) form factorsiii. The following

comments are worth being pointed out:

Supl. Rev. Mex. Fis.3 020710
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FIGURE 3. Behavior of the totalCη
v0 form factor as a function

of r for the Σ− → p``′ decay (with intermediate stateη = n)
in the low-scale seesaw model of Ref. [41, 42]. Lepton number is
conserved when the two heavy neutrino states form a heavy Dirac
neutrino singlet (r = 1). Purple and magenta lines are associated
with theΣ− → pee andΣ− → peµ decays, respectively (plots for
theµµ channel are not shown as they are almost identical to theeµ
case). The lines stop in the non-perturbatively allowed range (see
text). The horizontal blue dotted lines stand for comparison with
scenario Awith mee = 0.36 eV andmeµ = 90 GeV. Finally, the
lower (upper) horizontal blue dotted line represents theCη

v0 form
factor associated to theΣ → pee (Σ → peµ) decay inscenario A.

• We focus on heavy neutrino masses around a few
TeV where the direct limits on the heavy-light mix-
ings are less restrictive. Nevertheless, we consider as a
benchmark the mass-independent indirect limits com-
ing from the latest global fits to electroweak precision
observables given in Refs. [43,44]:

sνe < 0.050, sνµ < 0.021, sντ < 0.075. (12)

• Using all the values presented in Fig. 3 we have that:
the contributions of heavy neutrinos to the totalCη

v0

form factor of theΣ → pee channel (purple-lines)
can be increased in thescenario Bby up to a fac-
tor ∼ 105 (∼ 1010 at the Branching ratio level see
Table III). However, these effects are still well be-
low the projected sensitivities at current experiments
like BESIII [39]. In contrast, theΣ− → pe−µ− and
Σ− → pµ−µ− channels are far more restrictive than
the ones obtained using the direct limits in thescenario
A (‘naive’ approximation). Notice that theCη

v0
form

factor of theeµ channel (magenta-lines) inscenario B
is far below the one inscenario A. Table III shows the
branching ratios for all the channels comparing both
scenarios.

TABLE III. Branching ratios of∆L = 2 hyperon decays induced
by Majorana neutrinos.Scenario A: we consider the upper limits
of the effective Majorana masses given in Eq. (11). Scenario B: in
addition to the limits in Eq. (12), we use the representative values
mN1 = 1 TeV andr = 0.01 (mN2 = 100 GeV).

Transition Branching Ratio Branching Ratio

Scenario A Scenario B

Σ− → Σ+ee 7.6×10−41 3.6×10−32

Σ− → pee 1.0×10−33 4.3×10−25

Σ− → pµµ 1.7×10−10 1.2×10−27

Σ− → pµe 1.6×10−12 6.8×10−26

Ξ− → Σ+ee 9.9×10−36 3.7×10−27

Ξ− → Σ+µe 1.8×10−14 8.6×10−32

Ξ− → pee 3.4×10−35 2.5×10−26

Ξ− → pµµ 2.5×10−11 3.3×10−28

Ξ− → pµe 2.3×10−12 6.1×10−27

3. ∆L = 2 hyperon decays induced by a dou-
bly charged scalar boson

Majorana neutrinos are the most appealing but not unique
mechanism to generate∆L = 2 transitions in hyperons. We
also explore the possible effects that can arise in the presence
of doubly charged scalar bosons coupled to dileptons, partic-
ularly, in the so-called Higgs Triplet Model (HTM) [45].

Here, we only focus on the phenomenology of the doubly
charged states; a complete list of all the new vertices and the
corresponding Feynman rules for the HTM can be found in
Ref. [46]. The amplitude of the dominant diagram depicted
in Fig. 4 is given by

iM = 2
√

2G2h`1`2

v∆

M2
H±±

gµν ū(p2)(1− γ5)v(p1)

× 〈B+
B(pB)|Γµν |B−

A (pA)〉 − (p1 ¿ p2), (13)

where〈B+
B(pB)|Γµν |B−

A (pA)〉 are the hadronic matrix ele-
ments describing the transition from theB−

A hyperon toB+
B .

The hadronic current tensorΓµν contains four quark opera-
tors. This model provides a concrete realization of the local
six-fermion effective Lagrangian proposed in Ref. [40].

Since the doubly charged scalar couples to quarks via in-
termediateW gauge bosons as shown in Fig. 4, the current
tensor is the product of two bilinearV − A quark currents.
Therefore, the hadronic matrix elements are given by [2]

〈B+
B(pB)|Γµν |B−

A (pA)〉 ≡ 〈B+
B(pB)| (ūγµ(1− γ5)D)

× (ūγν(1− γ5)D′) |B−
A (pA)〉, (14)

whereD andD′ stand for down-type quarksd or s. In order
to estimate the rate of∆L=2 hyperon decays due to the am-
plitude (13), we will consider the results of Ref. [2] where the
hadronic matrix elements were computed in the framewrok of
the so-called MIT bag model [47]. In the non-relativistic
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FIGURE 4. ∆L = 2 hyperon decay mediated by a doubly charged
scalar in the HTM. Similar contributions replacing each of the weak
W− bosons with a singly chargedH− scalar are suppressed due to
small couplingsH−qdq̄u proportional to the light quark masses.

approximation, these hadronic matrix elements can be ex-
pressed in terms of only twoA andB functions, in such a
way that after the contraction of Lorentz indices in Eq. (13)
the amplitude can be written in the simple form

iM = 2
√

2G2ν∆
h`1`2

M2
H±±

ū(p2)(1− γ5)v(p1)

× ū(pB) [A + Bγ5]u(pA)− (p1 ¿ p2), (15)

whereu(pA) andu(pB) denotes the initial and final hyperon
spinors, respectively. TheA andB functions were obtained
using the eigenfunctions of quarks confined within a baryon
in the MIT bag model [2].

In addition to the overall decay parameters and theA
andB form factors, the strenght of the decay amplitude in
Eq. (13) is determined by the factorv∆h`1`2/M

2
H−− . The

value ofv∆ is constrained from the correction to theρ param-
eter, which after the introduction of the Higgs triplet becomes

ρ = M2
W /M2

Z cos2 θW =
1 + 2v2

∆/v2

1 + 4v2
∆/v2

, (16)

wherev = 246 GeV is the v.e.v. of the SM doublet. Consid-
ering the experimental valueρexp = 1.00038(20) [4] one is
lead to the upper limitv∆ . O(1) GeV [51,53].

On the other hand, the mass of the doubly charged Higgs
boson is constrained indirectly as a function of the prod-
uct of leptonic Yukawa couplings from several processes
[48–53], including Bhabha scattering, LFV violating transi-
tions, muonic oscillation, and the electron and muon(g − 2)
observables (see Table IV in Ref. [3]). With all these in-
put parameters we can estimate upper bounds on the rates
of ∆L = 2 hyperon decays induced by a doubly charged
Higgs boson. Let us consider the specific example of the

Σ− → p``′ decays for which the valuesA = 3.56 × 105

MeV3 andB = 0 have been calculated [2] using the MIT bag
model (the non-relativistic approximation for moving hyper-
ons was assumed in calculations).

In order to present our estimates, we consider for simplic-
ity non τ -flavored interactions, that is,hτi = 0 (i = e, µ, τ ).
Furthermore, we adopt a conservative benchmark consider-
ing thatv∆ = 3 GeV, andhmm ' 0.1 (m = e, µ) for the rest
of diagonal Yukawa couplings. If we now consider the limits
from `` → `` (` = e, µ) data which only involve diagonal
couplingshee andhµµ, thenmH±± & 395 GeV. Choosing
the lowest value formH±± , we obtain

BRH−−(Σ− → pee) = 1.1× 10−30,

BRH−−(Σ− → pµµ) = 1.0× 10−31. (17)

For smaller Yukawa couplingshmm, the above upper limit
increases by a factor1/h2

mm if we still assume the lower
bound onmH±± from ee → µµ data quoted in Table IV
in Ref. [3]. Notice that, in this case, it is necessary to con-
siderheµ . 3.5×10−6 in order to obey the strong constraint
coming fromµ → eee+. In such a case, we have

BRH−−(Σ− → peµ) = 1.3× 10−39. (18)

Finally, bounds for the other hyperon decays in this HTM
model can be computed in a similar way if matrix elements
of four-quark operators for other channels become available.

4. Conclusions

We have studied all the∆L = 2 decays of spin-1/2 hyper-
onsB−

A → B+
B`−`

′− within a model involving a one loop
mechanism with baryons and Majorana neutrinos as interme-
diate states. Our results improve previous estimates reported
in [1] in several ways. We have included the momentum de-
pendence of hyperon form factors using a monopolar model
which allows to cure the bad ultraviolet behavior encountered
in Ref. [1]. Furthermore, we kept finite values for the Majo-
rana neutrino masses to cover the case of heavier neutrinos.
In addition to the scenario with light Majorana neutrinos (sce-
nario A), where we use current bounds available for the ef-
fective Majorana masses, we have also considered a minimal
seesaw model that involves two heavier neutrinos (scenario
B).

We applied our results to a specific low-scale seesaw
model which includes two Majorana neutrinos with masses
in the TeV range and not very suppressed mixings [41, 42],
and three light active neutrinos. In this model, the lepton
number violating effects are encoded in the mass splitting of
the heavy neutrinos (r 6= 1), while the heavy-light mixing
angles are bounded from the perturbative unitarity condition.
The predicted upper limits for the branching ratios in thissce-
nario B turn out to be eleven orders of magnitude larger for
the two electron channels although very far from expected
sensitivities at BESIII.

Supl. Rev. Mex. Fis.3 020710
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A different mechanism for∆L = 2 in hyperon decays is
also explored. We consider a Higgs Triplet Model, which can
generate neutrino masses through the type-II seesaw mecha-
nism, and contains a doubly charged scalar that couples to
equal-sign leptons. Using current bounds on the parameters
of the model relevant for∆L=2 decays, we find the branch-
ing fraction forΣ− → pee to be less suppressed than insce-
nario A discussed above, but still far below the current and
expected sensitivities at BESIII.

It is important to mention that a more appropriate frame-
work to deal with the contributions of heavy Majorana neutri-
nos (mν ∼ few TeV) corresponds to integrate out the heavy
states considering the perspective of an effective field the-
ory. In this regard, the discussion aboutscenario Bpresented
here in the loop mechanism where we kept the dependence
on the neutrino masses turns out useful to see that the be-
havior of the hadronic form-factors has a strong dependence
for neutrino states heavier than a few tens or hundreds MeVs

(such as is depicted in Fig. 2). Note that if the validity of the
loop mechanism is extended for states with masses around
1 GeV, this is an important point to take into account. Nev-
ertheless, this is not the most appropriate framework to deal
with the contributions of heavy neutrinos around/above the
electroweak scale. Therefore, the results of the third column
in Table III should be taken with care and just like a simple
try of a smooth transition describing the contributions from
light to heavy neutrino effects. The effects of heavy neutri-
nos to∆L=2 hyperon decays from an effective field theory
perspective will be presented in a new version of Ref. [3].
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i. The study of∆L = 2 processes in decays of tau leptons
[5–10, 10–12], pseudoscalar mesons [13–29], andΛb baryons
[30–33] is mainly motivated by the resonant effect produced
by an intermediate Majorana neutrino and their study in flavor-
factories experiments.

ii. In order to avoid lengthy expressions, we omit here the expres-
sions of the relevantCnj

vr
form factors in terms of Passarino-

Veltman functions for the monopolar approximation. These ex-
pressions can be found in [3]. The one loop integration have
been performed using the packagePackage-X[54] and evalu-
ated numerically withCollier [55].

iii. The behavior of the total axialCη
ar

form factors is very similar
to the vectorCη

vr
ones. Our numerical results include all the

factors, although forr = 1, 2, A they are sub-dominant.
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