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Longitudinal dynamics in light-front holographic QCD and hadron spectroscopy
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We demonstrate that the ’t Hooft equation and the light-front holographic Schrödinger equation are complementary to each other in governing
the longitudinal and the transverse dynamics of color confinement in mesons (quark-antiquark) and baryons (quark-diquark). Together, they
describe remarkably well the spectroscopic data for the light-light, heavy-light and heavy-heavy hadrons. In all hadrons, the transverse
dynamics of confinement is controlled by the universal emerging hadronic scale of the light-front holography,κ ∼ 0.5 GeV, which, in
heavy-heavy hadrons, coincides with the ’t Hooft coupling that governs the longitudinal confinement. This reflects the restoration of the
rotational symmetry in the non-relativistic limit.
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1. Introduction

The bound state problem of two-particle systems in(3 + 1)-
dimension light-front QCD is cast into the following eigen-
value equation [1]

M2=
∫

dxd2b⊥Ψ∗(x,b⊥)

[
− ∇2

b⊥

x(1− x)
+

m2
q

x
+

m2
q̄

1− x

]

×Ψ(x,b⊥) + interactions , (1)

whereΨ(x,b⊥) is the light-front wave function (LFWF) of
the system withx andb⊥ being the light-front momentum
fraction carried by the quark and the transverse distance be-
tween the quark and the spectator, respectively. The system
mass is denoted byM , whereasmq andmq̄ are the effective
masses of the quark and the antiquark (diquark) in the meson
(baryon). Meanwhile, the ‘interactions’ refer to an effective
confining potential.

Introducing the light-front variableζ =
√

x(1− x)b⊥,
the wave function can be factorized into a transverse mode
φ(ζ) and a longitudinal modeX(x),

Ψ(x, ζ, ϕ) =
φ(ζ)√
2πζ

eiLϕX(x) , (2)

whereL = |Lmax
z | is the light-front orbital angular momen-

tum andX(x) =
√

x(1− x)χ(x). While the exact deriva-
tion of the confining potential from first principle remains an
open question, we assume that the transverse and the longi-
tudinal confining potentials,U⊥(ζ) andU‖(x), respectively,
are independent to each other. The effective confining poten-
tial is then written as

U(x, ζ) = U⊥(ζ) + U‖(x) . (3)

Under this approximation, Eq. (1) can be rewritten as

M2 = M2
⊥ + M2

‖ , (4)

where

M2
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∫
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and

M2
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dxχ∗(x)

[
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q

x
+

m2
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1− x
+ U‖(x)

]
χ(x) , (6)

with the normalization conditions
∫

dx|χ(x)|2 =
∫

d2ζ|φ(ζ)|2 = 1 . (7)

Being the confining potentials,U⊥(ζ) andU‖(x) encode the
complex dynamics of a QCD bound state.

2. Light-front holography and transverse con-
finement

Light-front holography neglects the longitudinal dynamics
and considers the chiral limit,i.e., massless quarks. The
confining potential in transverse direction,i.e. U⊥(ζ), is
uniquely fixed by the underlying conformal symmetry and a
holographic mapping to the anti-de Sitter (AdS)5 [1–4]. This
provides

ULFH
⊥ (ζ) = κ4ζ2 + 2κ2(J − 1) , (8)

whereJ = L + S with S being the total quark-antiquark
(diquark) spin andκ defines the strength of the confinement.
The light-front variableζ maps onto the fifth dimension of
AdS5. From Eq. (5), we can write

(
− d2

dζ2
+

4L2 − 1
4ζ2

+ ULFH
⊥ (ζ)

)
φ(ζ) = M2

⊥φ(ζ) . (9)
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The above equation is identified as the wave equation for the
freely propagating spin-J string modes in AdS5.

In light-front holography, the longitudinal mode is not
dynamical and it is fixed by mapping the pion electromag-
netic or gravitational form factor in physical space-time, onto
the one in AdS5 [5, 6], which results inχ(x) = 1, hence
X(x) =

√
x(1− x).

Solving the holographic Schrödinger equation, (9), for
the mesons and baryons separately, as in Ref. [1], provides
the meson mass spectrum as

M2
⊥,M = 4κ2

(
n⊥ + LM +

SM

2

)
(10)

and the baryon mass spectrum as

M2
⊥,B = 4κ2

(
n⊥ + LB +

SD

2
+ 1

)
, (11)

wheren⊥ denotes the principal quantum number,SM is the
total quark-antiquark spin in the meson, andSD is the di-
quark spin in the baryon. Note that Eq. (10) predicts that the
lowest lying states withn⊥ = LM = SM = 0 are massless,
as expected in the chiral limit.

3. The ’t Hooft equation and longitudinal con-
finement

The longitudinal dynamics of a bound state can be de-
scribed by the well known ’t Hooft equation [7–10]. The
Schr̈odinger-like equation derived by ’t Hooft from the QCD
Lagrangian in(1 + 1)-dimensions and in the large-Nc ap-
proximation is given by

(
m2

q

x
+

m2
q̄

1− x

)
χ(x) + U‖(x)χ(x) = M2

‖χ(x) , (12)

with

U‖(x)χ(x) =
g2

π
P

∫
dy

χ(x)− χ(y)
(x− y)2

, (13)

whereg = gs

√
Nc is the ’t Hooft coupling with mass di-

mensions andP represents the principal value prescription.
We use the ’t Hooft equation for baryons by performing the
transformation:̄q (antiquark)→ [qq] (diquark).

Unlike the holographic Schrödinger equation, the ’t Hooft
equation does not have exact analytical solutions. To solve
Eq. (12) numerically, we expand the longitudinal mode onto
a Jacobi polynomial basis [8]

χ(x) =
∑

n

cnfn(x) , (14)

with

fn(x) = Nnxβ1(1− x)β2P (2β2,2β1)
n (2x− 1) , (15)

whereP
(2β2,2β1)
n are the Jacobi polynomials and

Nn =
√

(2n + 2β1 + 2β2 + 1)

×
√

n!Γ(n + 2β1 + 2β2 + 1)
Γ(n + 2β1 + 1)Γ(n + 2β2 + 1)

. (16)

In this way, Eq. (12) takes the form of a matrix, which can
then be diagonalized numerically. Note that our results are
independent of the choice of basis,i.e. they remain stable
with respect to variations inβ1,2.

The end-point analysis of the ’t Hooft equation using
the ansatz provided by the equation, that is the mode of the
form [11]

χ(x) ≈ xβ1(1− x)β2 , (17)

yields
πm2

i

g2
− 1 + πβi cot(πβi) = 0 . (18)

In the chiral limit, the above equation provides

βi =
√

3m2
i /πg2 , (19)

and

M2
π = g

√
π

3
(mu + md) +O(mu + md)2 . (20)

Despite the fact that the holographic Schrödinger equation,
Eq. (9), predicts a massless pion,Mπ = 0, the contribu-
tion to the pion mass is generated by the ’t Hooft equa-
tion. Hence, together, the holographic Schrödinger equation
and the ’t Hooft equation predict the GMOR relation [12],
which enclose the chiral symmetry breakng effects in QCD,
M2

π ∝ mu/d.
The Heavy Quark Effective Theory (HQET) determines

that the mass difference between the heavy-light vector and
the pseudoscalar mesons in their ground states is suppressed
by the heavy quark mass,MV

Qq̄ − MP
Qq̄ ∼ 1/mQ, while

M
V/P
Qq̄ ∼ mQ. Together, the holographic Schrödinger equa-

tion and the ’t Hooft equation also correctly predict the
HQET constraint, when we presume thatκ(¿ mQ) does not
scale withmQ [9,10].

Meanwhile, the ’t Hooft and the holographic potentials
are consistent as they both correspond to an instant-form lin-
ear potential in the non-relativistic limit. Following the rela-
tion between light-front and instant-form potentials reported
in Ref. [13], we have illustrated in Refs. [9, 10] that in the
non-relativistic limit, both the longitudinal and the transverse
light-front potentials are equivalent to instant-form linear po-
tentials in the center-of-mass (CM) frame:V‖ ∼ (g2/2)b‖
andV⊥ ∼ (κ2/2)b⊥, respectively. Thus, withg ∼ κ, the ro-
tational symmetry is restored in the CM frame for the heavy-
heavy system. In this context, an alternative longitudinal con-
fining potential,U‖(x) = −σ2∂x(x(1 − x))∂x, with σ be-
ing its longitudinal confinement scale, has been proposed in
Ref. [14] and extensively used in literature [11,15–23].
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TABLE I. The quark masses and the longitudinal confinement scale,g, used to predict the hadron spectra. We use the transverse confinement
scaleκ = 0.523± 0.024 GeV for all hadrons, and it coincides withg for hadrons with two heavy quarks.

Hadron g [GeV] mu/d [GeV] ms [GeV] mc [GeV] mb [GeV]

Light-light 0.128 0.046 0.357 — —

Heavy-light 0.410 0.330 0.500 1.370 4.640

Heavy-heavy 0.523 — — 1.370 4.640

FIGURE 1. Regge slopes for the light-light meson states, compared
with PDG data [24].

FIGURE 2. Regge slopes for the heavy-heavy meson states, com-
pared with PDG data [24].

FIGURE 3. Regge slopes for the heavy-light meson states, com-
pared with PDG data [24].

4. Results and Discussions

The total mass of the hadron states are evaluated using

M2
M=M2

⊥M (n⊥, LM , SM , κ)+M2
‖M (n‖, mq, mq̄, g),

M2
B=M2

⊥B(n⊥, LB , SD, κ)+M2
‖M (n‖,mq,m[qq], g). (21)

Here,n‖ is an additional (longitudinal) quantum number that
emerges into the picture while solving the ’t Hooft equation.
The parity (P ) and the charge conjugation (C) relations of
the hadronic state are given by

P = (−1)LM+1 = (−1)LB , (22)
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FIGURE 4. Regge slopes for the light-light baryon states, compared
with PDG data [24].

and
C = (−1)n‖+LM+SM , (23)

respectively. In addition, we find that an orbital and/or radial
excitation in the transverse dynamics is always accompanied

by an excitation in the longitudinal dynamics,i.e.,

n‖ ≥ n⊥ + L . (24)

To compute the hadron spectra, we adopt the quark
masses and scale parameters as summarized in Table I and
we consider the diquark mass to be the sum of the masses
of the quarks in the diquark. Note that we use the univer-
sal κ, which is fixed to0.523 ± 0.024 GeV [25] and vary
g from light-light to heavy-light to heavy-heavy systems. In
Figs. 1, 2, and 3 we show the Regge trajectories for all the
meson states. For baryonic states, we present our numerical
results in Figs. 4 and 5. Overall, we found a good agreement
between our computed results for the hadron specta and the
experimental data [24]. However, for the states containing
one bottom quark (or antiquark) are less impressive, but the
discrepancies lie below10% in any case.

5. Conclusions

We have shown that the light-front holographic equation and
the ’t Hooft equation are complementary to each other in
order to predict the hadron specta. While the holographic
Scḧodinger equation produces the hadronic mass in the chiral
limit of QCD with a universal emerging transverse confine-
ment scale, the ’t Hooft equation provides the contribution to
the hadronic mass by taking into account the nonzero quark
masses and the longitudinal confinement. Using these two
equations, we have obtained a good quality description of the
hadron specta comparing with the experimental data.

FIGURE 5. Regge slopes for the heavy-light baryon states, compared with PDG data [24].
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