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The precision of lattice QCD calculations has been steadily improving for some time and is now approaching, or has surpassed, the 1% leve
for multiple quantities. At this level QED effectise. the fact that quarks carry electric as well as color charge, come into play. In this report

we will summarise results from the first lattice QCD+QED computations of the properties of ground-state charmonium and bottomonium
mesons by the HPQCD Collaboration.
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1. Introduction The Highly Improved Staggered Quark (HISQ) action

[7], which removes tree-level discretisation errors, is used
Lattice QCD has been the gold standard for calculating proptor both sea and valence quarks For heavy quarks the ‘Naik’
erties of hadrons in Standard Model for a long while [1]. term is adjusted to removm)* errors at tree-level, which
For many quantmes such as masses and decay Constaﬁ@.kes the action very well suited for calculations that involve
of ground-state pseudoscalar mesons, calculations have ngwfluarks. For thé quarks we use the so called heavy-HISQ
reached, or surpassed, statistical precision of 1%. This prénethod [8],i.e. do the calculation at several heavy valence
cision of modern lattice QCD results means that sources dfiuark massesy, > m. to extract quantities at the physical
small systematic uncertainty that could appear at the percefass.
level need to be understood and quantified. Here we focus on
QED effects. 2

In the following section we briefly introduce the lattice To study the systematic effects related to the fact that quarks
QCD setup, as well as describe how we include QED incarry both electric and color charge, we have to include QED
the calculation. In sectioB. we summarise our results on in our QCD calculation. We use quenched QE, we in-
charmonium and bottomonium hyperfine splittings and decjyde effects from the valence quarks having electric charge
cay constants published in [2-4]. (the largest QED effect) but neglect effects from the electric

charge of the sea quarks. In short, the calculation goes as
follows (see [2] for details):

QED on the lattice

e Generate a random momentum space photon field
A, (k) for each QCD gluon field configuration and set

2. Lattice calculation

We use gluon field configurations generated by the MILC col-
laboration [5,6]. We use 17 different ensembles: six different
lattice spacings from very coarse & 0.15 fm) to exafine

(a = 0.03 fm), and a range of light quark masses (including

close to physical masses) to control the chiral extrapolation.

Most ensembles hav&+ 1 + 1 flavours,i.e. light, strange
and charm quarks in the sea (with degenetad@dd quarks
whose mass sy, = (m,, + mg)/2). However, we use one
ensemble withy = 1+1+41+1, where both, andd quarks
have their respective physical masses.

zero modes to zero using the QEfprmulation (QED
in finite box).

Fourier transformA4,, into position space. The de-
siredU(1) QED field is then the exponential of,,,
exp(ieQA,), whereQ is the quark electric charge in
units of the proton charge

c and b lattice quark masses have to be tuned sepa-
rately in pure QCD and QCD+QED so thdfy and
T masses match experiment.
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2.2. Extraction of energies and decay constants - This work: QCD+QED
== This work: pure QCD
We calculate the quark-line connected correlation functions . Fermilab/MILC 19
of pseudoscalar and vector mesons on each ensemble and u: {1 YQCD14
a multi-exponential fit to extract amplitudes and energies: e e Bricefio et al 12
— HPQCD12
Co-point(t) = Z A; (e_E’*t + e_Ei(Lt_t)). 1) frmmmmmmmmmmmmmmmm e
i o= LHCh17
—O— LHCb15
The decay constants are related to the ground siate @) —_—— KEDR
amplitude and meson mass: 105 110 115 120 195

My — M, [McV]

FIGURE 2.
from [2].

Charmonium hyperfine splitting. This figure is

24P 24V
fP=2mq\/ﬁ7 fVZZV\/Migo/- 2

The renormalisation constadi, is needed to match the lat- ) . L
tice vector current to that in continuum QCD, as we use d&2CD+QED result for the charmonium hyperfine splitting is
non-conserved lattice vector current [9]. The current usedLs/e — My, = 120.3(1.1) MeV.
for the decay constanty is absolutely normalised, and no ~ For the first time we see a significanty @lifference
renormalisation factor is required. between the experimental average and a lattice calculation.
We then take the results at different lattice spacings an&ote that quark-line disconnected correlation functions are
extrapolate to the continuum, taking into accotat,)2"  hot included in the lattice calculation. The difference be-
and(aA)?" discretisation effects. Terms that allow for mis- tween our result and the experimental result is then taken to
tuned sea quark masses are also included. For bottomoniurpe the effect of they. decay to two gluons (prohibited in the
we map out the dependence in quark mass to extract the resttice calculation) AN = +7.3(1.2) MeV.
at the physicain,,. In Fig. 2 we compare our result favl;,, — M,,. with
other lattice QCD results as well as with experimental re-
sults that measure this difference. The results are from the
following publications: Fermilab/MILC [11],xQCD [12],
{Briceno [13], HPQCD [14], LHCb [15, 16] and KEDR [17].
The PDG average, shown as the purple error band, is obtained
from taking the differences of the PD&/«) andr, masses
rather than only from experiments that directly measure the
splitting.
In Fig. 1 we plot the hyperfine splitting as a function of lat-  To study the bottomonium hyperfine splitting, we map
tice spacing, the blue hexagons and violet triangles showsut the dependence im;, to extract the result at physical
ing our results on different ensembles in pure QCD and inn,. This is illustrated in Fig. 3, where we plot our results
QCD+QED, respectively. Our extrapolation to the contin-on different lattice ensembles as a function of the heavy vec-
uum and to physical quark masses is shown by the turquoiser meson massa/,, (which is a proxy for the heavy quark
error band. The red error band gives our physical result, anthass). The error band shows the extrapolation to the con-
the black cross and the black error band show the average einuum, and the black cross shows the experimental average
perimental result from Particle Data Group [10]. Our final from Particle Data Group [18].

3. Charmonium and bottomonium

Let us now summarise our results on charmonium and bo
tomonium hyperfine splittings and decay constants.

3.1. Hyperfine splitting

T T T T T T T T T
120 i _ 0121 A A £5 O ufs
= % = | N\, YV fphys ef-5
ol AN ad | 2 010k N O st5 X PDG
=0 11() A R\ »Q: %.\[\\ Sf—ph}ﬂs
= ® " g = 008 Loy
~ L i = 0.08F Vi -
L }\\—-—ﬁ*" ‘ O
+ . A $ T
= 105t - = 0.06F ® e,
100 0.0 0.2 0.4 0.6 0.8 4 6 8 10
(am..)? My, [GeV]
FIGURE 1. Charmonium hyperfine splitting as a function of lattice FIGURE 3. Bottomonium hyperfine splitting. This figure is

spacing. This figure is from [2].

from [4].
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My — M, [MeV] FIGURE 5. Charmonium decay constants. These figures are
from [2].

FIGURE 4. Bottomonium hyperfine splitting. These figures are

from [4]. For a vector mesore(g J/v or T) the vector decay constant

Our QCD+QED result for bottomonium hyperfine split- is defined through the vector current

ting is My — M,, = 57.5(2.3)(1.0) MeV. The missing O1T 10 ¥, V) = fy Myeq, (5)
guark-line disconnected contributions (allowed for by the _ o
second uncertainty) are expected to be smaller for bottomo~heree is the polarisation vector of the meson. _
nium than charmonium, and here we find good agreement The tensor decay constant of the vector meson is
with experiment. = T

We compare our results to other lattice QCD results (01 40asWq|V) = ify (1) (€aps — €5Pa)- ©)
and experimental results in Fig. 4. These results areyote that the tensor decay constant is scale- and scheme-
from the foIIowing publications: lattice calculations by dependent, unlike the vector decay consiant
HPQCD/UKQCD [19], Fermilab/MILC [20], Meinel [21], The decay constants can be written in terms of meson
RBC/UKQCD [22] and HPQCD [23], and experimental re- masses and amplitudes — see E2).glong with
sults from Belle [24], CLEO [25] and BaBar [26,27] as well
as the experimental average from Particle Data Group [18]. 2AT
All lattice calculations show good agreement, but there is fr=12r MY @)
some tension between the different experimental results with

our value favouring (but not significantly) the most recentusing amplitudes from a tensor-tensor correlation function.
lower result from Belle. Our results for the charmonium pseudoscalar and vector

decay constantg,  and f;,, on different lattice ensembles
are plotted as a function of the lattice spacing in Fig. 5. The
error band shows our extrapolation to the physical point. For

The decay constant of a pseudoscalar mé3¢eg 7. orn,)  f.. the black cross shows the result from an earlier lattice

3.2. Decay constants

is defined in terms of the axial current as calculation by the HPQCD collaboration [28], whereas for
f.1 the black cross shows the result determined from the

(0|Ax|P) = pafp. (3)  experimental average fai(J/¢» — eTe™). Our QCD+QED

results at the physical point are [2},, = 410.4(1.7) MeV,

Using the PCAC relation this can be written as fn. = 398.1(1.0) MeV andf;,,,/ f,. = 1.0284(19).

AP The decay constants from the QCD+QED calculation are
(0T ,y5 0, | P) = (My) fp. (4)  compared with the pure QCD results in Fig. 6. The QED
2myq effects are very small, but at this precision they have to be
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Ik S/ lattice results from individual ensembles as well as the ex-
trapolation for both decay constants as a function of the
B , | HPQCD HISQ vector meson mass/y,. The results at the physical point
are [4] fxr = 677.2(9.7) MeV, f,, = 724(12) MeV, and
w5 ses - QED fx/fn, = 0.9454(99). For charm the ratiof;/y/ f,. is

greater than 1, but fdr quarks this is now shown to be 1.
As we briefly mentioned earlier, the partial decay width

o O HPQCD HISQ of a vector meson to a lepton pair is directly related to the
decay constant:
u,d.s.c sea
4w I3
L(gp —1717) = 3 QEDQ2 o 8
wy EEFCE HPQCD HISQ 2010/12 where( is the electric charge of the quark. We can thus use
our results for the vector decay constants to calculate leptonic
w.d.s sea widths and compare with experiments, or vice versa.
0.38 0_!39 0_‘40 (]_11] 0.42 OUI‘ I‘eSU|tS areF(J/'(/J — €+6_) = 5637(47)(13) keV
F(GeV) andl'(Y — ete™) = 1.292(37)(3) keV, and we show the
FIGURE 6. Charmonium decay constants. PG
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L2 %\,@El—"" FIGURE 8. Leptonic widthI'(J/¢ — e*e™) [keV] (from [2]).
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FIGURE 7. Bottomonium decay constants. These figures are
from [4]. = HPQCD
) ) — (lattice
taken into account. Figure 6 also compares these new result NRQCD)
to an earlier lattice calculation by the HPQCD collaboration | ___ _
that had onlyu, d ands quarks in the sea [14,28]. The im-
provement in the precision highlights how far lattice calcula- )
tions have come. . . ' O PR
For bottomonium, we map the dependence of the pseu- 620 640 660 680

doscalar decay constayiy, and the vector decay constant Jr [MeV]

fs,. 0N the heaV)_/ quark mass, and extrapolate to the cOngigure 9. Bottomonium decay constant — comparing lattice
tinuum and physical masses in the same way as for the hyoCD (top result) with that inferred from experiment f6(Y —
perfine splitting. This is illustrated in Fig. 7, that shows e*e™) (bottom result). This figure is from [4].
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1. Extract\/2A% /M from tensor-tensor correlators.

= 050 -
S P 4 2. Calculate the renormalisation factg®MoM. Convert
—~ // fT to the M S scheme at multiple scalgsusing the
g 6.5 V4 | RI-SMOM scheme as an intermediate scheme on each
~ ’ ﬁm’/ ensemble.

= i
E // 3. Run all theM S tensor decay constants at a range of
= ar=> scalesy to a reference scale @fGeV using a three-
o 0A0F a2l 1 i i
R o = loop calculation of the tensor current anomalous di

0'0 0'9 0'4 (JIG 0.8 mension. Here, = 2, 3,4 GeV.

. Fit all of the results for thel/ S decay constant at
2 GeV to a function that allows for discretisation ef-
fects and non-perturbative condensate contamination
coming fromZ3MOM,

FIGURE 10. Tensor decay constayif/w. This figure is from [3].

LOO = ' ' ' The continuum extrapolation is illustrated in Fig. 10. We
L3 plot the tensor decay constant in théS scheme at a scale
; LSS -8 of 2 GeV using lattice tensor current renormalisation in the
S 090§ 2o ©7 are shown as diferentcoloured e, The blue ne s 2 Ge\.
™ SsUB . G ) !
S5 0.94F ® > 4 the orange, 3 GeV and the purple, 4 GeV. The black hexagon
‘5 is the physical result foff/ (2 GeV) obtained from the fit
20921 A (with the condensate contamination removed).
= In addition to the tensor decay constgfy?¢(2 GeV), we
09055 0.2 04 06 0.8 also determine the ratio of the tensor and vector decay con-

(am.)?

stants, ff/ " / f}’/ " The extrapolation of the ratio to contin-
uum is illustrated in Fig. 11. The colour coding for the lines

FIGURE 11. The ratio of tensor and vector decay constants. This 5nd data points is the same as in Fig. 10.

figure is from [3].

This work RI-SMOM

Our (pure QCD) results for theJ/¢ tensor de-
cay constant and its ratio with the vector decay con-
stant are [3]f7,,,(MS,2GeV) = 0.3927(27) GeV and
7/6(MS,2GeV)/f},, = 0.9569(52). The ratio is com-
pared to other lattice QCD and QCD sum rule calculations
[29]in Fig. 12. Our result for the ratio is slightly (but not sig-
nificantly) lower than other results. The new determination of

—_ [1312.2858] twisted-mass ny = 2
fJT/w is much more precise than the previous determinations.
o This is potentially useful for tests of BSM physics.
= [1312.2858] sum rules HPQCD’s results show the high precision achievable now
for the properties of ground-state heavyonium mesons. In fu-
o e s ture this precision will be extended up the spectrum to excited
T (. 2 Gev)/fY), states.

FIGURE 12. Comparison of the ratio of tensor and vector decay Acknowledgements
constants.. This figure is from [3].
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