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Proton charge radius from a dispersive analysis
of the latest space-likee-p scattering data
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We present a dispersion theoretical analysis of recent data from electron-proton scattering. This allows for a high-precision extraction of the
electric and magnetic radius of the proteg, = (0.839 £ 0.00210-005) fm andra; = (0.846 +-0.001 70 501 ) fm, where the first error refers

to the statistical type estimated from the bootstrap method, and the second one refers to the systematic uncertainty related to the underlyin
spectral functions.
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1. Introduction on the uncertainties from these experimental data and the un-
derlying formalism, this allows for a high-precision determi-

Nucleons and electrons are fundamental blocks that make upation of both the electric and the magnetic form factors and

everyday matter with the former accounting for essentiallythe corresponding charge and magnetic radigsandr;,

all of its mass. Measurements of nucleon structure have beggspectively.

one of the most important tasks since the early days of par-

ticle physics. The first measurement on the electric radiu$  Eqrmalism

of the proton,rg, from the muonic hydrogen, which led to

the small radius;f; = 0.84184(67) fm, with unprecedented |n this section, we collect all necessary theoretical tools, for

precision but differing by & from the CODATA value atthat  details see Ref. [6]. With the one-photon-exchange assump-

time, was reported by Ref. [1] in 2010. This glaring dis- tion, the differential cross section for electron-protep)(

crepancy became well known as the “proton radius puzzle’scattering can be expressed through the electiig)(and

and has ushered a renaissance in the interest in the electifragnetic () Sachs form factors as

magnetic structure of nucleon in the last decade (ea®,

Refs. [2—-4] for recent reviews). do _ <d0) T [wa(t) + EG?E(t)} , Q)

The proton charge radius can be accessed experimentally a2 ) poge €(1+7) T
through the proton electromagnetic form factors which arevhere r = —t/4m%;, with ¢ the four-momentum trans-
embedded in the elastic lepton-protaim ©r up) scattering  fer squared andn the nucleon masse = [1 + 2(1 +
but also in the Lamb shift of electronic or muonic hydrogenr) tan?(6/2)]~! is the virtual photon polarization, arttlis
as performed in Ref. [1]. Recently, new electron-proton scatthe scattering angle of the outgoing electron in the laboratory
tering data at low momentum transfer were reported by thérame. In addition,(do/dQ)wmot iS the Mott cross section,
Jefferson Laboratory (PRad collaboration) [5], which is thewhich corresponds to scattering off a point-like proton. In
lowest momentum transfer measurement until now (achievethe literature, the nucleon form factors are often displayed as
around10~* GeV?) and has high precision. To extract the a function ofQ? sinceQ? = —¢ > 0is spacelike in elastiep
proton charge radius, one must parameterize the nucleastattering. When analyzing the measured cross section data,
form factors with some model and fit it to the scattering dataone usually needs to go beyond the one-photon assumption
The parametrization framework inspired by the dispersiorand consider the two-photon-exchange corrections to®g. (
theory contains all the physical knowledge we have on thedere we adopt the same convention as used in Refs. [7]. Note
nucleon form factors so far, specifically, it includes all con-that the electric and magnetic radius of the proton are defined
straints from unitarity, analyticity and crossing symmetry. Inas
addition, it is also consistent with the strictures from pertur- 6 dG g/ (t) 1/2
bative QCD at very large momentum transfer (see Ref. [6] TB/M = (GE/M(O) dt t_0> ‘ @)
for a recent review). In this work, we implement the disper- £, yhe theoretical analysis, it is convenient to work with
sion thegretlcal analysis on the latest PRad data togefcher vyltgﬂe Dirac () and Pauli %) form factors (FFs), which are
the precise data from the Al collaboration at the Mainz Mi- g|ateq to the Sachs FFs by the following linear combinations:
crotron (MAMI) [8] and some world data of the nucleon form
factors in the space-like region. With a detailed investigation Gg(t) = Fi(t) — 7Fa(t) , G (t) = Fi(t) + Fa(t) . (3)
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They are normalized &t = 0, which gives the charge and with i+ = 1,2. As shown in Eq.[I), the isoscalar spec-
anomalous magnetic moment of the proton and the neutrortral functions contain two lowest poles(782) and$(1020)
as mesons, and thep and K K continuum. The isovector spec-
FPO0)=1, F(0)=0 tral functions consist of thg two-pion c_ontinuum vyhich is es-
1 ’ L ’ timated from the Roy-Steiner analysis of the pion-nucleon
FP(0) =kp, F3(0) =k, (4)  scattering [11] and is found to be a critical ingredient for the
, i ) nucleon form factors as claimed in Ref. [12]. Both isoscalar
with r, = 1793 andr, = —1.913 in units of the nu- 54 isovector spectral functions include some effective vec-
clear magnetoryy = e/(2m;,). When transforming to the . eson poles which contribute to the higher mass parts.

isospin basis, the Dirac and Pauli FFs of proton and neutroR ¢4 rtq0n of the resulting (isoscalar and isovector) spectral
will be decomposed into the isoscala) @nd isovector«) functions is shown in Fig. 1

parts,
1 1 With this dispersion-theoretical parametrization of the
Ff = i(Ff +F"Y), F/= i(Fl.p —F"), (5) nucleon FFs, we can fit to experimental cross sections and
herei — 1.9 nucleon FFs data. Note that the fit parameters in our frame-
wherei = 1,2.

h b ddi . lations for th | work are the various vector meson residifaand the masses
The unsubtracted dispersion relations for the nucleon FF8f the effective vector mesons, v; (the masses ab(782)

are given by and¢(1020) are fixed at their physical values). In the fitting
1 s ImE, (t')dt! . procedure, we implement several cor_13traints on those param-
Fi(t)=— / —_— i=1,2, (6) eters that are refined from the physical knowledge we have

T o vt about the nucleon FFs. Firstly, we fulfill the normalization

conditions as given in Eq4). We also fix the squared neu-

ty — AM2 (9M2) for the isovector (isoscalar) threshold, tron charge radius at the recent high-precision determination

with M, the charged pion mass. In our work, the spectralbased on a chiral effective field theory analysis of electron-

functions are described by means of the spectral decomposq-e uteron scattering [13],

tion [9, 10] and the vector meson dominance (VMD) model,
see R_ef. [6] for more details. Then the spectral functions can (r2) = —0~105f81882 fm2 . ©)
be written as the form:

wheret, denotes the threshold of the lowest cut Bft).

n

aV

Fity= Y 3 i_t +E() + FER (1), Moreover, the residua of(782) and ¢(1020)) are con-
V=w,d,51,82, ¥ strained within the range0.5GeV* < a¢ < 1GeV?,
oV lag| < 0.5GeV? and|af| < 2GeV?, |al] < 1GeV2. All
v % 27 .
INOEDY e TET(), (7)  other residua are bounded &8'| < 5GeV? due to the
V=uvivg,.. Y naturalness consideration for the couplings. And the masses

Im F; Im F’

:

Supl. Rev. Mex. Fis3 0308006



PROTON CHARGE RADIUS FROM A DISPERSIVE ANALYSIS OF THE LATEST SPACE-LIKEE-P SCATTERING DATA 3

FIGURE 1. Cartoon of the isoscalar (left) and isovector (right) spectral function in terms of continuum and (effective) vector meson poles.
The vertical dashed line separates the well-constrained low-mass region from the high-mass region which is parameterized by effective poles

of the effective poless(, s2,...,v1,v0,...) are required to Data type range af)? [GeV?] # of data
be in the range of — 5 Ge\(. Finally, the FFs m.ust sati;fy o(E, ), PRad 0.000215 — 0.058 71
the superconvergence relgtlons which are consistent with the o(E, ), MAMI 0.00384 — 0.977 1422
requirements of perturbative QCD at very large momentum
transfer upGh/GY,, JLab 1.18 — 8.49 16
G'%, world 0.14 — 1.47 25
oo
/Imﬂ(t)t”dt —0,i=12, ©) Gy, world 0.071 — 10.0 23

to

with n. =0 for.Fl andn = 0,1 f9r_F2' o Lab aboveQ? = 1 GeV?, while only the FFs world data
Before going to the data fitting, let us briefly introduce zre fitted for the neutron. The size of the data base and the

our fit strategy. The quality of the fits is measured by meang)2_ranges we are fitting are listed in Tabla I. All references
of two differenty* functions,x? and x3, which are defined ¢, these data can be found in Ref. [6].

as

- 0. 7))2
X% — Z Z (nkcz(o’jc—;_(tyl;)iﬂp)) , (10)
i k ) )

X5 = Z Z(nkci — C(t;,0;,9)[V '35
i k
X (nkCJ - C(tj’9j7ﬁ)) ) (11)

where C; are the experimental data at the poirts, 9;)

and C(t;,0;,p) is the theoretical value for a given FF
parametrization for the parameter values contained kote

that the dependence &% is applied only to the differential
cross sections data. Moreover, thg are normalization co-
efficients for the various data sets (labeled by the intéger
and only used in the fits to the differential cross section data
in the spacelike region), while; andv; are their statistical
and systematical errors, respectively. The covariance matri§' Results

isVi; = 0,050i; + vv;. In practice,x3 is used for those ex-

perimental data where statistical and systematical errors are

given separately, otherwisg is taken. As done in Ref. [6,7]

the various constraints on the form factors are imposed in a

soft way. Theoretical errors will be calculated on the one

hand using the bootstrap method. On the other hand theoret-

ical errors are estimated by varying the number of effective®S @ first test of our parametrization of nucleon FFs, we only
vector meson poles in the spectral functions. The first errofit to the latest PRad data [5]. In this fit, we vary the num-
thus gives the uncertainty due to the fitting procedure and thBer of effective vector meson poles from two isoscalar plus
data while the second one reflects the accuracy of the spectrdlf0 isovector poles (2s+2v) to 5s+5v. Note that 2s+2v means

functions underlying the dispersion-theoretical analysis (sefat it containsw and ¢ meson in isoscalar spectral func-
Ref. [6] for more details). tions and two additional vector mesons in the isovector spec-
tral functions except those two-body continuum mentioned

We are now in the position to analyze the full experimen- ! L
tal data. To be specific, for the proton we fit to the cross sec‘:’lbove' We only fulfill two normalizations related to the pro-

) i ton in Eq. @) and do not constrain the squared neutron charge
tion data from PRad [5] and from MAMI-C [8] as well as to radius. It is found that the best fit is given by the configura-

the polarization transfer data on the FFs ratio from Jeﬁersoqion of 2s5+2v, and all other configurations that contain more

poles make the tota}l> unchanged but the reduceg?
increase.

TABLE |. Data base used in the fits.
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FIGURE 2. Best fit (solid red line) to thep cross section data from
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FIGURE 4. Best fit to the neutron electric form factor data. For
notations, see Fig. 2.

x?/dof = 1.33 for our best fit, which is completely consis-
tent with the reduced? obtained in Ref. [5]. The proton
radii calculated with that best FFs are given by

rp = (0.829 & 0.012 £ 0.001) fm ,
rar = (0.843 £ 0.0070515) fm (12)

also consistent with the valueg = (0.831 £ 0.007stat
0.0124y¢) fm, reported by Ref. [5]. For further discussion on
the comparison see Ref. [7].

Next, we move to the combined analysis of all space-like
data as listed in Table I. We search the best fit by varying the
configuration of spectral functions from 3s+3v to 8s+8v. The
best solution is found to be the 6s+4v configuration where
it contains 4 additional effective poles besidesind ¢ me-
son in isoscalar sector and 4 effective poles in isovector sec-
tor. Also, all two-body continua are kept in the nucleon FFs.
The comparison between our best fit and experimental data

PRad (upper panel) and MAMI (lower panel) including the two- js shown in Fig. 2 for the cross section data from PRad and
photon corrections. The red bands give the uncertainty due to thg A Fig. 3 for the proton FFs ratio from Jefferson Lab

bootstrap procedure. Systematical uncertainties are not shown.

1.2

upGRQ?)/GE(QY

-0.2]

Q* [GeV?]

FIGURE 3. Best fit to the proton form factor ratio data from JLab.

Note that the blue data (also shown @% < 0.7 GeV? in the inset)
are not fitted. For notations, see Fig. 2.

(only data above)? = 1Ge\? are fitted), Figs. 4 and 5
for the neutron electric and magnetic FFs word data together
with the error bands estimated from bootstrap sampling, re-
spectively. All these space-like data are described quite well
with the error bands of fits and error bar of data considered.

0.01 0.10 » 10° 10!
Q*[GeV?)

FIGURE 5. Best fit to the neutron magnetic form factor data. For

notations, see Fig. 2.
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where the first errors are estimated through the bootstrap

CODATA,2018 .- procedure and the second ones are obtained by the varia-
This work —ef- tion of spectral functions from 3s+3v to 8s+8v. In Fig. 6,
Lor;‘z‘zgfi e we compare our result with various dispersion-theoretical
S extractions. Note that here we only list those dispersion-
Belushkin,2006 e theoretical analyses that include the two-pion continuum ex-
Hammer,2003 . plicitly in their spectral functions. What can be clearly seen
ﬁiﬁi’ﬂii?i T in this figure is the agreement on the proton charge radius

‘ , , , , among all these dispersion-theoretical determinations with
0i8 081,082 0:83 0-‘;4 0.85 the uncertainties considered. They are in agreement with the
TE value measured from muonic hydrogen [14]. It is shown that
FIGURE 6. Comparison of the proton radii extracted in this work from the earliest analysis in 1976 to this work in 2021, the
and other previous dispersion-theoretical extraction. Left y-axis dispersion-theoretical parametrization of nucleon FFs pro-
represents the date and author of the corresponding work, segjdes a consistent and robust proton charge radius and it gave

Ref. [6] for the relevant papers. The orange band shows the latthe small radius even before the muonic hydrogen measure-
est radius extraction from the muonic hydrogen [14]. ment

0.86 0.87 0.88

Now, it is time to consider the proton radius. We extract
the electric and magnetic radii of the proton from these fits,

re = (0.839 4 0.00273:592) fm

)

ra = (0.846 £ 0.00173501) fm (13)

ep scattering MAMI

1 pspectroscopy CREMA
All ep scattering data, no MAMI
u pspectroscopy CREMA
ep spectroscopy

ep spectroscopy
CODATA(2018)

ep scattering MAMI

ep spectroscopy

ep scattering JLab

ep spectroscopy

DR analysis to space-like data

Bernauer et al., Al coll. [PRL 105 242001 (2010)]
Pohl et al., CREMA coll. [Nature 466 213 (2010)]
Zhan et al. [PLB 70559 (2011)]

Antognini et al., CREMA coll. [Science 339 417 (2013)]
Beyer et al. [Science 358 6359 (2017)]

Fleurbaey et al. [PRL 120 183001 (2018)]
Tiesinga et al. [RMP 93 025010 (2021)]
Mihovilovic et al. [EPJA 57 107 (2021)]
Bezginov et al. [Science 365 1007 (2019)]

Xiong et al. [Nature 575, 147-150 (2019)]

Grinin et al. [Science 370, 1061 (2020)]

Lin et al. [EPJA 57 255 (2021)]

0.82 0.84 0.86 0.88 0.90 0.92

"

FIGURE 7. Comparison of the proton radii extracted in this work and other recent papers;-aei$ represents the process from which the
proton radius is extracted and rigjtaxis shows the corresponding reference.

In Fig. 7, we compare our determination with recent ex-claimed in Ref. [3].
perimental measurements.

Our results agree quite well with the current CODATA 4,  Summary
value,rg = 0.8414(19) fm [15] (listed as the purple point).
One can find that both the latest measurements frpstat-  In this work, we have presented the latest dispersion-
tering and electronic hydrogen give the small proton chargeheoretical analysis of the proton form factors triggered by
radius and are consistent with that from muonic hydrogerthe newep scattering measurement at very 6y from the
within the margin of errors. Then, one can expect a consisPRad collaboration [5]. With the improved spectral functions
tent picture for the proton charge radius appears to emerge agorked out in Refs. [6,7], we have analyzed these new data as
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