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Proton gravitational form factors and mechanical
properties in a light-front quark-diquark model
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We present our recent calculation of the gravitational form factors (GFFs) of proton using the light-front quark-diquark model constructed
by the soft-wall AdS/QCD [1]. We extract the four quark GFFsA(Q2), B(Q2), C(Q2) andC̄(Q2) by calculating the matrix elements of
the symmetric energy momentum tensor. Using the D-term we calculate the pressure and shear distributions of quarks inside the proton in
the impact parameter space. The GFFs,A(Q2) andB(Q2) are found to be consistent with the lattice QCD, while the qualitative behavior of
theD-term form factor is in agreement with the extracted data from the deeply virtual Compton scattering (DVCS) experiments at JLab, the
lattice QCD, and the predictions of different phenomenological models.
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1. Introduction

Mechanical properties like the spin and pressure distribution
of quarks inside the nucleon has become a hot topic in re-
cent times after the first experimental evidence of the pres-
sure distribution of quarks inside the nucleon [2]. These
mechanical properties are encoded in the matrix elements
of the energy-momentum tensor in the form of gravitational
form factors (GFFs). Experimentally, the GFFs can be as-
sessed in hard exclusive processes like deeply virtual Comp-
ton scattering (DVCS) through generalized parton distribu-
tions (GPDs) [2]. For a spin-half particle, the symmet-
ric form of the energy-momentum tensor can be parame-
terized in terms of four GFFs denoted asA(Q2), B(Q2),
4C(Q2) = D(Q2) (also called the D-term) andC(Q2).
The GFFs are functions of the square momentum transferred
(Q2). A(Q2) andB(Q2) are related to the mass and total an-
gular momentum of the proton [3] and they are constrained
by the conservation of momentum and total angular momen-
tum. So the GFFsA(Q2) andB(Q2) satisfy the sum rule
such that the totalA(0) + B(0) = 1 and the angular momen-
tum J(0) = (1/2) (A(0) + B(0)) = 1/2. These sum rules
are a consequence of the Poincaré invariance of the theory.
But the D-term is unconstrained atQ2 = 0 and is connected
to the internal properties of the nucleon like the pressure and
stress distributions [4,7]. The D-term is found to be negative
in stable interacting system. It is zero for a free fermion and
−1 for a boson. The D-term for proton extracted from the
recent JLab data [2] is negative and the corresponding pres-
sure distribution is found to be repulsive near the center and
attractive towards the periphery of the nucleus.

2. Light-front quark-diquark model

In this model for the nucleon, the light-front wave functions
are modeled from the solution of soft-wall AdS/QCD [8].
We treat the three valence quarks inside the proton to be a
quark (fermion) and composite state of a diquark (boson).
This reduces a three body problem into a more tractable
two body problem. We assume that the diquark has spin
zero. So we can express the two-particle Fock-state expan-
sion for the proton spin components,Jz = ±(1/2) in a
frame where the proton transverse momentum vanishes,i.e.
P ≡ (

P+, 0⊥, (M2/P+)
)
, as follows:

|P ; ↑ (↓)〉 =
∑

q

∫
dx d2k⊥

2(2π)3
√

x(1− x)

(
ψ
↑(↓)
+q (x, k⊥)|

+
1
2
, 0; xP+, k⊥〉+ ψ

↑(↓)
−q (x, k⊥)|

− 1
2
, 0; xP+, k⊥〉

)
. (1)

The light-front wave functionsψλN

λqq(x,k⊥) for different
spin configurations of nucleon helicitiesλN = ±(1/2) and
for quark helicitiesλq = ±(1/2) can be written as follows:

ψ↑+q(x,k⊥) = ϕ(1)
q (x,k⊥) ,

ψ↑−q(x,k⊥) = −k1 + ik2

xM
ϕ(2)

q (x,k⊥) ,
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ψ↓+q(x,k⊥) =
k1 − ik2

xM
ϕ(2)

q (x,k⊥) ,

ψ↓−q(x,k⊥) = ϕ(1)
q (x,k⊥), (2)

where, the wave functionsϕ(i=1,2)
q (x,k⊥) are the modified

form of the soft-wall AdS/QCD prediction constructed by in-
troducing the parametersa(i)

q andb
(i)
q for quarkq [8,9],

ϕ(i)
q (x,k⊥) = N (i)

q

4π

κ

√
log(1/x)

1− x
xa(i)

q (1− x)b(i)
q

× exp
(
− k2

⊥
2κ2

log(1/x)
(1− x)2

)
. (3)

We consider massless quarks and the parameters are
tuned to reproduce the electromagnetic properties of the nu-
cleons. The full set of parameters used here can be found in
Ref. [10].

3. Gravitational Form Factors

The symmetric energy-momentum tensorTµν for a spin half
system can be parameterized in terms of four GFFs [11,12]

〈P ′, S′|Tµν
i (0)|P, S〉 = Ū(P ′, S′)

(
−Bi(q2)

P̄µP̄ ν

M

+ (Ai(q2) + Bi(q2))
1
2
(γµP̄ ν + γν P̄µ)

+ Ci(q2)
qµqν − q2gµν

M
+ C̄i(q2)Mgµν

)
U(P, S), (4)

where,P̄µ = (1/2)(P ′ + P )µ, qµ = (P ′ − P )µ, U(P, S)
is the spinor,Q2 = −q2 andM is the system mass. In the
Drell-Yan frame withq+ = 0, the light-front four momenta
are defined as :

P = (P+, P⊥, P−) =
(

P+, 0,
M2

P+

)
,

P ′ = (P ′+, P ′⊥, P ′−) =
(

P+, q⊥,
q2
⊥ + M2

P+

)
,

q = P ′ − P =
(

0, q⊥,
q2
⊥

P+

)
. (5)

The GFFs are calculated by considering the energy momen-
tum tensor of a free quark inside the proton:

Tµν =
i

2
[ψ̄γµ(

−→
∂ νψ)− ψ̄γµ←−∂ νψ], (6)

whereψ is the quark field. The matrix element needed to
calculate the GFFs can be written in the compact form as fol-
lows:

Mµν
SS′ =

1
2

(〈P + q, S|Tµν
i (0)|P, S′〉) , (7)

where the Lorentz indices(µ, ν) ≡ {+,−, 1, 2}, (S, S′) ≡
{↑, ↓} is the helicity of the initial and final state.↑ (↓) repre-
sents positive (negative) spin projection alongz− axis.

The GFFsAi(Q2) andBi(Q2) are calculated using the
T++

i component.

M++
↑↑ = 2(P+)2Ai(Q2),

M++
↑↓ = −2(P+)2

(q1
⊥ − iq2

⊥)
2M

Bi(Q2). (8)

The GFFsCi(Q2) areC̄i(Q2) are calculated using the trans-
verse componentsT⊥⊥i .

M11
↑↓ +M11

↓↑ −M22
↑↓ −M22

↓↑ = i

(
Bi(Q2)

4M
− Ci(Q2)

M

)

× (
(q1
⊥)2q2

⊥ − (q2
⊥)3

)
,

M11
↑↓ +M11

↓↑ +M22
↑↓ +M22

↓↑ = i

(
Bi(Q2)

4M

− Ci(Q2)
3Q2

M
+ 2MCi(Q2)

)
(
q2
⊥

)
. (9)

The significance of the D-term is the fact that they are re-
lated to the pressure and shear distribution functions of the
quarks inside the nucleon. We calculate these mechanical
properties in the impact parameter space (IPS) by perform-
ing a Fourier transformation from the momentum space to
the IPS. The distributions of pressure and shear forces inside
the nucleon are given by

p(b) =
1

6M

1
b2

d

db
b2 d

db
D̃(b),

s(b) = − 1
4M

b
d

db

1
b

d

db
D̃(b), (10)

where D̃(b) represents the Fourier transform of GFF
D(Q2) = 4C(Q2) andb = |~b⊥| is the impact parameter.

Our results for the four GFFs are shown in Fig. 1. In
Fig. 1a) and b), we show our result for the GFFsAu+d(Q2)
and Bu+d(Q2). We compare our results with the lattice
QCD prediction [13] available at the scale ofµ2 = 4 GeV2.
In order to compare with the lattice results we perform the
QCD evolution of our results using the higher order per-
turbative parton evolution toolkit (HOPPET) [14] following
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equa-
tions of QCD with next-to-next-to-leading order. Both the
initial (µ2

0 = 0.32 GeV2) and final scale (µ2 = 4 GeV2) re-
sults are shown. The initial scale results are in accordance
with the constraints set by the conservation laws such that
Au+d(0) = 1 and the vanishing of the anomalous gravito-
magnetic momentBu+d(0) ≈ 0 [15]. The evolved results
for Au+d(Q2) andBu+d(Q2) are consistent with the lattice
QCD results. The error bands reflect a10% uncertainty in the
model parameters.

We show our result for the D-term (4Cu+d(Q2) =
Du+d(Q2)) in Fig. 1c). The D-term is found to be nega-
tive as expected for a stable bound system. We compare our
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FIGURE 1. The plots of the four GFFs as functions ofQ2. The solid magenta lines with magenta bands are the results at the initial scale,
while the dash-dotted blue lines with blue bands represent the results atµ2 = 4 GeV2 evolved from the initial scaleµ2

0 = 0.32 GeV2. In
plots (a) and (b) our results are compared with the lattice results (red circle and black square) at scaleµ2 = 4 GeV2 [13]. In plot (c) the red
circles are the experimental data from the Jefferson Lab [2] and the cyan triangles and black squares correspond to the lattice results [13].
In plot (c) our results are compared with KM15 global fit [16] (solid black), dispersion relations [17] (dashed red), chiral quark soliton [18]
(dash-dotted green), Skyrme model [19] (big dashed magenta), and bag model [20] (dashed blue). In plot (d) our results are compared with
the bag model [20] (dash-dotted red) and the multipole model [7] (dashed black).

D-term result with various theoretical models, lattice results
and the JLab data. We find that the qualitative behavior of
our result is compatible with lattice QCD [13] and the exper-
imental data from JLab [2] as well as other theoretical predic-
tions from the KM15 global fit [16], dispersion relation [17],
χQSM [18], Skyrme model [19], and bag model [20]. The
evolved value at zero momentum transfer isDu+d(0) =
−1.521. The fitted function−1.521/(1 + 0.531Q2)3.026 re-
produces the evolved result forDu+d(Q2). In Fig. 1d) our
result for the GFFC̄u+d(Q2) is shown. We observe that
the central line forC̄u+d(Q2) is negative. This is consis-
tent with the behavior of̄C(Q2) seen in the bag model [20]
and the multipole model [7]. After evolution the results for
C̄u+d(Q2) are in better agreement with the bag model [20]
and the multipole model [7]. We also observe that our pa-
rameters become more sensitive asQ2 → 0 as seen from the
error bands on̄Cu+d(Q2).

In Fig. 2a) and b) we show our results for the pressure
and shear distributions respectively of the quark inside the
nucleon in the impact parameter space. The pressure distri-
bution p(b) must satisfy the stability condition, also known
as the von Laue condition [22],

∞∫

0

db b2 p(b) = 0. (11)

The stability condition is a consequence of the conserva-
tion of the energy momentum tensor and it helps in under-
standing how the internal forces balance inside a composite
system [4, 5]. We compare our results with the distribution
evaluated in leading order light-cone sum rule [21] and the
distribution obtained from the fitting functions of the exper-
imental data forD(Q2) at JLab [2]. In order to maintain
stability, the pressure, in accordance with the von Laue con-
dition, must have at least one node. We observe that our
pressure distribution satisfies the von Laue stability condi-
tion [22] showing a positive core and a negative tail. The
presence of a positive core indicates a repulsive central core
which is essential to prevent the inner collapse and the nega-
tive tail indicates an attractive outer region essential for main-
taining the bound system. The node in our pressure distribu-
tion is near0.5 fm (central line), whereas the node appears
around0.7 fm in the result based on light-cone sum rule [21]
and around0.6 fm for the JLab [2] results.
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FIGURE 2. Plots of a) the pressure distribution4πMnb2p(b), and b) the shear distribution4πMnb2s(b) as a function ofb. Our results
are compared with results based on LCSR evaluated in Ref. [21] (black line) and using the fitting function based on the JLab experimental
data [2] (red dashed line).

The shear distribution for stable hydrostatic systems is
positive and has connection to surface tension and surface en-
ergy [5]. Our shear distribution is also positive and the quali-
tative behavior is in accord with other approaches [18,19,21].
The peak value of our result is higher than the results based
on light-cone sum rule [21] and JLab data [2].

4. Conclusion

We extracted the four proton GFFs by calculating the matrix
elements of the symmetric energy-momentum tensor using
a light-front scalar quark-diquark model. The GFFsA(Q2)
and B(Q2) were extracted from the diagonal plus compo-
nent whereas the D-term and̄C(Q2) were extracted from the
transverse component of the energy-momentum tensor. We
evolved our GFFs to compare them with the lattice predic-
tions. The results forA(Q2) andB(Q2) after evolution were
found to be consistent with lattice QCD predictions. Our D-
term results after evolution were consistent with the lattice
prediction and the experimental data extracted from DVCS

process at JLab. Our value for̄C(Q2) is found to be nega-
tive at zero momentum transfer. The behavior of the pressure
p(b) and shear forces(b) distributions were also in accor-
dance with the experimental observation and other theoretical
predictions.
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