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Bound States in QED from a light-front approach
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We calculate the binding energy and structure of the positronium system in a light-front nonperturbative approach. The input interaction is
from Quantum Electrodynamics first principles and one dynamical photon is explicitly included in the basis. We obtain the low-lying mass
spectrum, which is found to be consistent with that from nonrelativistic quantum mechanics. Various excitation modes of the low-lying states
can be identified from the associated wave functions. The photon distribution in the longitudinal direction is calculated for the low-lying
positronium states.
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1. Introduction 2. Basis Light-front Quantization and renor-
malization scheme

Although Quantum Chromodynamics (QCD) has been esBLFQ is a nonperturbative approach to bound state struc-
tablished to be the underlying theory for the strong interacture in the framework of quantum field theory. BLFQ is
tion, solving hadron structure from QCD first principles re- based on the light-front quantization, that is, the quantiza-
mains a challenging task due to the nonperturbative nature ition plane is chosen to be the light front, a 3-dimensional
strongly-interacting many-body systems. Toward this goalsurface in the 4-dimensional spacetime with fixed light-front
bound states in Quantum Electrodynamics (QED) are oftetime, 2+ = z° + z3. One major advantage of light-front
used as models for hadrons, which is based on the observguantization lies in the fact that the resulting wave functions
tion that both QCD and QED are gauge theories and comare frame-independent and thus naturally suitable for describ-
pared to QCD, QED lacks some complicated nonperturbativéng relativistic bound states. In BLFQ, the mass spectrum
phenomena such as the confinement and spontaneous chiggld amplitudes of the bound states are obtained by solving
symmetry breaking. Among the bound states in QED, thehe following eigenvalue equation of the corresponding light-
positronium, the bound state formed by one electron and ongont HamiltonianP—:

ositron, has often been used as a model for studying the _ _
gtructure of mesons. o P71B) = Py'|5). 1

In this work we report the progress on solving the massThe eigenvalue®; correspond to the mass spectrum and the

spectrum and structure of the positronium system in theelgenvector$ﬁ> correspond to the amplitudes of the bound

recently constructed nonperturbative approach named Bg_tates encoding their structural information. For the positro-

sis Light-front Quantization (BLFQ) [1]. BLFQ has so far nium system we employ the light-front QED Hamiltonian

been applied to many bound state systems [2—14] in QEI?;’]hiCh ﬁ?ﬁ bf obta(;ne(tj frorP the tstan_datrhd (I?Eh[? Lagrangian
and QCD. In the previous work [4] the positronium system rough the Legendre transtormation in the fight-cone gauge

+=
has been studied in BLFQ using an effective one-photonAﬂ | 0. der t t the ei | i ER) 6Nt
exchange interaction. In this work we attempt to solve the n order to cast the eigenvalue equation (ET)) (nto

positronium based on the first-principles interaction in QEDJ[he matrix fqrm, we W”‘E_’ d_own the Hamllt_onlaﬁ‘ n a
with one dynamical photon included in the basis. chosen basis. The basis is constructed in terms of Fock

sector expansion. To generate the binding effect, we keep
This article is organized as follows: we first review the [ete™) + |ete™v) two Fock sectors in our basis. Within
methodology of BLFQ in Sec. 2, then present the numericatach Fock sector, the eigenstates of 2D harmonic oscillator
results in Sec. 3 and finally conclude in Sec. 4. and plane waves are used as the basis states for the transverse
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and longitudinal directions, respectively, for each Fock par-
ticle. Further truncation on the transverse and longitudinal
degrees of freedom of the basis states is heeded. The trunce
tion parameters for the transverse and longitudinal directions
are denoted ad/,,.x and K respectively. LargeV,,., and
K translate to simultaneous larger ultraviolet (UV) cutoff and
smaller infrared (IR) cutoff of the basis, see Ref. [15] for the
detailed procedure on basis construction in BLFQ.

In the truncated basis the light-front QED Hamiltonian
takes the following form,

2
1. m% + (i0+)
Popp = [ Patde 20yt —2 2~ g
QED / 5 0+
FIGURE 1.Mass counterterm (in units of the physical electron mass

1 182 44 ) e .1
+ 514] (28 ) Al +ejt A, + 53 (z‘8+)2j » (@) m.) as a function of basis truncation paramet®is.. and K.

where¥ and 4,, are the electron (positron) and photon field renormalization procedure we outlined in Sec. 2, we first ob-
operator, respectively, and = U~y*¥. The first two terms  tain the fermion mass counterterdyn., as the function of
are their corresponding kinetic terms and the remaining term#e truncation parameterg,,., and k', as shown in Fig. 1.
describe their interactionn.q is the bare fermion mass and The magnitude of the counterterm increases with the trun-
e is the electric charge of the electron. cation parameters since larger truncation parameters trans-
The dynamical photon in thez="e~+) Fock sector not late to larger UV cutoff and smaller IR cutoff, which leads to
only generates the binding through the exchange between tharger phase space for self-energy correction to the electron
electron and the positron, but also induces the self-energy irmass.
teraction for the electron and positron inside the positronium, Substituting the mass counterterms into the positronium
thus their bare massz.o, is not equal to the physical mass Hamiltonian, we solve for the mass spectrum and wave
and the mass renormalization procedure is needed. We follofunctions of the low-lying positronium states. In Fig. 2,
the recently developed basis-state-dependent renormalizatiove present the obtained binding energies for the lowest 8
procedure [16], which is a natural extension of the sectoreigenstates. For th&/; = 0 states, from bottom to up,
dependent renormalization [17,18]: in the truncation scheméhe lowest eight states are identified HsSy, 1351, 25,
adopted in BLFQ, basis states in the positronium system&3S:, 23P, 23P;, 2' P, and 2°P,. The binding energy
may have different available quanta for self-energy interacfor the ground state'S, is 0.0195MeV, close to the pre-
tion leading to different values of the mass counterterm. Irdiction from the nonrelativistic quantum mechaniEs =
order to determine these counterterms, we perform a series of m./4=0.0225 MeV. In our current truncated basis space,
calculations of the physical electrons (or positrons) in the bathe excited states aboésS; are not bound. We expect that
sis containinge)+|ey) Fock sectors. By matching the result- as the basis size increases the invariant mass of these excited
ing physical electron mass;., with its experimental value, states will drop and they eventually become bound. At the
we obtain the electron mass countertetg,. = m.g — me., same time, the rotational symmetry is expected to gradually
as a function of the truncation parameteys, ., andK. This

obtained set of the mass counterterms is subsequently subst i 06—‘ ‘

tuted into the kinetic energy term je™e ) Fock sector of the | _ | Nmax=8, K=9
positronium system and the resulting Hamiltonian is ready to 0.04 = 115, — 183,
be diagonalized for the evaluation of the positronium’s mass , — —

rum and structure. S [ —_ ]
spectrum and structure = 0_027 L o, 23,

. 0.00- !

3. Numerical results ; | 2p, 2P,
Results from nonrelativistic quantum mechanics suggest that 002~k ; s
the binding energy{z = Mps — 2m,) of the positronium -2 -1 0 1 2 2P — 2P
is proportional to the square of the electromagnetic coupling M,

T : . g
anStam.a. = e /4, !n order to obtain the binding energ'y FIGURE 2. The binding energyK ) spectrum of the positronium
with sufficient numerical precision, we choose to work with gysiem atv,,.. = 8, K = 9 anda = 0.3. The binding energy is
an artificially enlarged value for the electromagnetic couplingrepresented in units of the physical electron mass. The ar (
constanto = 0.3, instead of the physical value f137. We  indicates the ground stat&'(S,) binding energy from nonrelativis-
take the physical electron mass = 1 MeV. Following the tic quantum mechanics.
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1'S,

Yoy —ur(x, k1)
Wy —sn(x, k1)

Wer(x, k1)
Wry (X, k1)

FIGURE 3. The light-front wave functions (in thez"e™) sector) of the positronium system A, = 8 andK = 9, a = 0.3. x is the
longitudinal momentum fraction of the electron akd represents the relative transverse momentum betwéeande™. For 23 P,, the
M ;=0 component is showr. (|) denotes the helicity of the electron or positron ahd+1; = (V1 £¥1,)/V2.

restore so that the mass difference betweenMtye2 com- ity to find the photon in the positronium. The probability of
ponent and thé/ ;=1,0 component will decrease. The con- finding a photon in our basis is equivalent to the probability
vergence of the results with respect to the basis size will bef finding the positronium to stay in the™e~~) Fock sector.
studied in a future work [19]. In Table I, we list the probability taken by the™e~~) Fock

The structural information of the positronium states is en-sector for the lowest 8 eigenstates. We can identify the gen-
coded in the corresponding wave functions. In Fig. 3, weeral trend that the probability of finding a photon increases
show the wave functions for'Sy, 2'Sy, 23R, and23P,  as we go higher up in the excited states. This is as expected
states in the momentum space, where we plot the wave fungince the higher-lying states are more energetically favorable
tions in the|e™e™) Fock sector with dominant helicity con- to stay in thele™e™v) Fock sector compared to the lower-
figuration. These plotted wave functions are normalized tdying states. In order to gain more differential knowledge
one. We can see the radial excitation in the s-wave 8isfg  about the photon distribution in the positronium, in Fig. 4,
and azimuthal excitation in the p-wave sta2é®, and23P,. we present the photon distribution function in the longitudi-

Since the interaction between the electron and thenal direction as a function of the fraction of the longitudinal
positron is mediated by the photon, there is finite probabil-momentum carried by the photon out of the total longitudinal

TABLE |. The probability of finding a photon in positronium states.

State 1S 135, 215, 235, 2°P, 23p, 2t py 2P,
Prob. injete™ ) 0.10035 0.10079 0.11111 0.10754 0.11281 0.11237 0.15651 0.15736
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1-2f } tal QED interaction in Basis Light-front Quantization. One
1.0F ] dynamical photon is kept in the basis. Nonperturbative mass
[ renormalization is performed with the mass counterterm de-
0.8} 1 termined from solving a series of physical electron systems
’><‘> 0 6:* 1 in different basis sizes. The obtained low-lying energy lev-
= U0 Nimax=8, K=9 els are approximately consistent with nonrelativistic quantum
0.4F —— 1'S, = 2'S, 1 mechanics. The longitudinal distribution of the dynamical
| photon is obtained for the low-lying states. The photon is
0.2} 2°Py & 2°P, | found to be predominantly distributed in the small+egion,
0 0: ‘ L — PP, which is qualitatively similar to the photon distribution in the
0.0 0.2 0.4 0.6 0.8 physical electron. As a next step, we plan to study the con-
vergence of the results with respect to the basis truncation
X,

y parameters. The application of similar approaches to the me-

FIGURE 4. Photon distribution in the longitudinal direction for SON Systems in QCD is already ongoing [20].

118y, 21 S0, 22 Py and2® P, states.
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