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In medium dynamics of heavy particles
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The hierarchy of scales of heavy quarks and their bound states in a quark gluon plasma makes the system ideally suited for the use of
effective field theories and the formalism of open quantum systems. We utilize these tools to perform a first principles treatment of these
heavy particles in medium and analyze the regimes in which the dynamics takes the form of a Langevin equation in which the medium and
the heavy particle interact via random “kicks” altering the particle’s momentum.
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1. Introduction

Heavy quarks are excellent probes of the medium formed
in heavy ion collision experiments at the Large Hadron
Collider (LHC) at the European Organization for Nuclear
Research (CERN) and the Relativistic Heavy Ion Collider
(RHIC) at Brookhaven National Laboratory (BNL). Their
presence from the earliest stages of the collision and persis-
tence through the expansion and evolution of the medium to
the end stages of the collision make them ideal probes of the
medium formed. It is thus incumbent upon theorists to quan-
tify the motion of heavy probes of the medium with the aim
of extracting observables for comparison against experiment.

Due to the large massM of a heavy quark relative to the
temperatureT of the medium, Brownian motion described by
a Langevin equation has been postulated to describe the dif-
fusion of a heavy quark in medium. In general, the Langevin
equation describing the Brownian motion of a heavy particle
interacting with a medium is

dpi

dt
= −ηpi + ξi(t), (1)

wherepi is the momentum of the heavy particle,η is the drag
coefficient, andξi(t) encodes the random interactions of the
heavy particle with the medium. The force-force correlator
defines the momentum diffusion coefficientκ

〈ξi(t)ξj(t′)〉 = κδijδ(t− t′). (2)

The drag and diffusion coefficients are related by the Einstein
relation

η =
κ

2MT
. (3)

In Ref. [1], for a heavy quark in a non-Abelian plasma,
Casalderrey-Solana and Teaney integrated the force-force
correlator along the Schwinger-Keldysh contour and thereby
showed the heavy quark momentum diffusion coefficientκ
takes the form of a dressed chromoelectric-electric correlator

κ =
g2

6Nc

∞∫

0

dt
〈{

Ẽi,a(t, 0), Ẽi,a(0, 0)
}〉

, (4)

where

Ẽi(t, 0) = Ω†(t)Ei(t, 0)Ω(t), (5)

and

Ω(t) = exp


−ig

t∫

−∞
dt′A0(t′, 0)


 . (6)

In Ref. [2], Blaizot and Escobedo used the formalism of open
quantum systems (OQS) and the effective field theory (EFT)
nonrelativistic QCD (NRQCD) [3,4] to treat a heavy quark in
a non-Abelian plasma. They derived the equation of motion
of the density matrix of the heavy quark and the time evolu-
tion of the heavy quark momentum showing it takes the form
of a Fokker-Planck equation with corresponding Langevin
equation. In this proceeding, we present an analogous analy-
sis starting with a modified version of NRQCD with the aim
of deriving a Langevin equation for the time evolution of the
momentum of the heavy quark where the force-force correla-
tor is related toκ in its dressed chromoelectric-electric corre-
lator form given in Eq. (4).

The remainder of this proceeding is structured as fol-
lows: in Sec. 2, we introduce the modified NRQCD La-
grangian used to treat the interaction of the heavy quark with
the medium; in Sec. 3, we derive the master equation de-
scribing the in-medium evolution of the density matrix of the
heavy quark; in Sec. 4, we derive a Langevin equation from
the master equation; we conclude in Sec. 5.

2. Medium interactions

We aim to describe the interaction of a heavy quark of mass
M interacting with thermal medium particles of temperature
T in the regimeM À T . Our starting point is the NRQCD
Lagrangian describing a nonrelativistic heavy quark

LNRQCD = ψ†
(

i∂0 − gA0 +
∇2

2M

)
ψ. (7)



2 P. VANDER GRIEND

We isolate the gauge structure of the heavy quark field using
the field redefinition

ψ(t, x) → exp


ig

x∫

0

dx′ · A(t, x′)


 ψ(t, x), (8)

and, furthermore, give it the color structureψ ∼ ψi/
√

Nc,
whereNc is the number of colors. As we seek to isolate con-
tributions from thermal gluons of temperatureT , we multi-
pole expand the gauge fields to first order. Under this redefi-
nition and expansion, the NRQCD Lagrangian takes the form

LNRQCD → ψ†
{

i∂0−gA0(t, 0)+x · gE(t, 0)+
∇2

2M

}
ψ, (9)

where we have discarded terms containing thermal gluons
and factors of1/M . Further redefining the heavy quark field
by

ψ(t, x) → exp


−ig

t∫

−∞
dt′A0(t′, 0)


 ψ(t, x), (10)

we write the Lagrangian

LNRQCD′ = ψ†
{

i∂0 + x · gẼ(t, 0) +
∇2

2M

}
ψ, (11)

where we have again discarded terms containing thermal glu-
ons and factors of1/M . Eq. (11) is the basis of the following
analyses. We note that̃E(t, 0) is a dressed chromoelectric
field as defined in Eq. (5).

We note that the above manipulations performed to arrive
at Eq. (9) are analogous to those performed to write the EFT
pNRQCD in terms of color singlet and color octet heavy-
heavy composite fields. pNRQCD [5-7] is an EFT of the
strong interaction obtained from NRQCD by the integrating
out of the soft scaleMv wherev ¿ 1 is the relative velocity
in a heavy quark-heavy antiquark bound state. The degrees
of freedom of pNRQCD are heavy-heavy bound states in
color singlet and color octet configurations and light quarks
and gluons at the ultrasoft scaleMv2. Singlet-octet and
octet-octet transitions are encoded in chromoelectric dipole
vertices. The further manipulations performed to arrive at
Eq. (11) mirror those performed to arrive at the Lagrangians
serving as the basis of the analyses of Refs. [8,9] which per-
form a similar analysis to that given below but for heavy
quarkonium rather than a single heavy quark.

3. Master equation

The time evolution of the density matrixρ(t) of a heavy
quark of massM interacting with a non-Abelian plasma as
described in Eq. (11) is given by

dρ(t)
dt

= −i [h, ρ(t)]− Σ(t)ρ(t)

− ρ(t)Σ†(t) + Ξ(ρ(t); t), (12)

whereh = p2/(2M) is the heavy quark Hamiltonian andΣ
andΞ encode interactions with the medium and are defined
as

Σ = xiA†i , (13)

Ξ(ρ(t)) = A†iρ(t)xi + xiρ(t)Ai, (14)

where

Ai =
g2

6Nc

0∫

∞
ds e−ihsxieihs〈Ẽa,j(0,0)Ẽa,j(s,0)〉. (15)

Analogously with the treatment of App. D of Ref. [9],
the evolution equation given in Eq. (12) can be rewritten as a
master equation

dρ(t)
dt

= −i [H, ρ(t)] +
∑
nm

(
Ln

i ρ(t)Lm†
i

− 1
2

{
Lm†

i Ln
i , ρ(t)

} )
, (16)

where

H = h + Im(Σ), L0
i = xi, L1

i = A†i , (17)

h =
(

0 1
1 0

)
. (18)

Setting the exponentials of Eq. (15) to 1, the medium interac-
tions take the form

Ai|LO =
xi

2
(κ− iγ) , (19)

whereκ is the heavy quark momentum diffusion coefficient
defined in Eq. (4) andγ is its dispersive counterpart first iden-
tified in Refs. [8,9] and defined as

γ = −i
g2

6Nc

∞∫

0

dt
〈[

Ẽi,a(t, 0), Ẽi,a(0, 0)
]〉

. (20)

In this case, the master equation reduces to the Lindblad
equation

dρ(t)
dt

= −i [H, ρ(t)]

+
(

Ciρ(t)C†i −
1
2

{
C†i Ci, ρ(t)

} )
, (21)

where

Ci =
√

κxi. (22)

An equivalent Lindblad equation describing the in-medium
evolution of heavy quarkonium was derived in Refs. [8,9] and
solved solved in Refs. [10,11] using theQTraj code [12].
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4. Langevin equation

Following the procedure of Blaizot and Escobedo, we expand
the exponentials of Eq. (15) to linear order giving the addi-
tional contribution

Ai|NLO = − ip
4MT

κ. (23)

In this case, the master equation no longer takes the form
of a Lindblad equation. Working withAi up to and in-
cluding NLO contributions, we project the evolution equa-
tion onto eigenstates of the position of the heavy quark〈x|
and |x′〉 which may be considered to be the position of the
heavy quark before and after, respectively, interaction with
the medium. The terms of the projected evolution equation
are given by

i〈x| [h, ρ(t)] |x′〉 =
i

2M

(∇2 −∇′2) ρxx′(t), (24)

〈x| (Σρ(t) + ρ(t)Σ†
) |x〉 =

[
κ

2
(x2 + x′2) +

iγ

2
(x2 − x′2)

+
κ

4MT
(x · ∇+ x′ · ∇′)

]
ρxx′(t), (25)

and

〈x|Ξ(ρ(t); t)|x′〉 =
[
κ x · x′ + κ

4MT
(x · ∇′ + x′ · ∇)

]

× ρxx′(t), (26)

whereρxx′(t) = 〈x|ρ(t)|x′〉. We move to the system of co-
ordinates defined by

x+ =
x + x′

2
, x− = x− x′. (27)

In this coordinate system, the projected evolution equation
takes the form

dρxx′(t)
dt

=
[

i

M
∇+ · ∇− − κ

(
x2
−
2

+
1

2MT
x− · ∇−

)

− iγ x+ · x−
]
ρxx′(t). (28)

Wigner transforming, we arrive at the Fokker-Planck equa-
tion (

∂

∂t
+ v · ∇+

)
ρ̃(t) =

[
κ

2
∇2

p + Mη∇pv

+ γ x+ · ∇p

]
ρ̃(t), (29)

wherev = p/M is the heavy quark velocity and̃ρ(t) is the
Wigner transform ofρxx′(t). This Fokker-Planck equation
has the corresponding Langevin equation

dpi

dt
= −Fi − η pi + ξi(t), (30)

where

F = −γ x+, 〈ξi(t)ξj(t′)〉 = κ δijδ(t− t′), (31)

η =
κ

2MT
. (32)

We observe that Eq. (30) contains the features of the general
Langevin equation given in Eq. (1), namely the presence of a
drag and a force term. Furthermore, the force-force correla-
tor is κ in its dressed chromoelectric-electric correlator form
first derived in Ref. [1] and defined in Eq. (4). We note that
Blaizot and Escobedo in their NRQCD treatment of Ref. [2]
derived a similar single heavy quark Langevin equation con-
taining a drag and a force term although the precise form of
these terms differs from those presented here due to their use
of standard NRQCD. Additionally, in the modified NRQCD
treatment presented in this proceeding, we find an additional
termFi in the Langevin equation not present in the standard
Langevin equation or Blaizot and Escobedo’s derivation.

5. Conclusions

In this proceeding, we present the derivation of a Langevin
equation describing the in-medium evolution of a sin-
gle heavy quark. The force-force correlator gives the
heavy quark momentum diffusion coefficient in its dressed
chromoelectric-electric correlator form. In a forthcoming
work [13], we plan to investigate the nature of the addi-
tional force Fi (which may be spurious) occurring in the
Langevin equation presented in Eq. (30), rigorously integrate
out the scale

√
MT from NRQCD to place the Langrangian

of Eq. (11) on firmer EFT footing, and present a detailed
and unified derivation of the single heavy quark Langevin
equation presented in this work and the heavy quarkonium
Langevin equation presented in Ref. [14].
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