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Highlights of pion and kaon structure from continuum analyses
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One of the biggest challenges in contemporary physics is understanding the origin and dynamics of the internal structure of hadrons which,
at a fundamental level, is described by quantum chromodynamics (QCD). Taking great prominence amongst hadrons are pions and kaon
which, despite being the lightest hadrons in nature, their very existence is intimately connected to those mechanisms responsible for almos
all of the mass of the visible matter. In this manuscript we discuss many aspects of the pion and kaon structure via light front wave functions
and generalized parton distributions, and a collection of other distributions and structural properties that are inferred therefrom.
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1. Introduction the Higgs mechanism, both pions and kaons would be mass-
less and indistinguishable from each other; then, the interplay
Quantum chromodynamics (QCD) is the theory of strong in-between QCD and Higgs mass generation triggers their struc-
teractions in the Standard Model. It is supposed to explainural differences.
the existence and properties of hadrons in terms of funda- On the eve of next generation experiments with meson
mental degrees of freedom, quarks and gluons, and their inargets [15-18], which would expose an array of structural
teractions. In very specific kinematic domains, usually in-properties of pions and kaons, robust theoretical predictions
volving high energies, perturbative QCD rigorously connectsand explanations must be readily available. Our present anal-
hadronic observables with the first principles of the theory [1-ysis is based upon Ref. [19]. We discuss many aspects of
4]. Nonetheless, in the daily life domain, emergent phenoms« — K structure and its connection with confinement and
ena arise for reasons that turn out to be not very obvious [Skthe EHM, as inferred from generalized parton distributions
On one hand, confinement entails that quarks and gluons d@PDs), obtained via light-front wavefunctions (LFWFs).
not appear isolated in nature; instead, they are the buildin§he manuscript is organized as follows: Section 2 introduces
blocks of composite colorless particles dubbed hadrons. Osome basics about LFWFs and its connection with the distri-
the other hand, the non perturbative nature of QCD triggersution amplitudes (PDAs) and distribution functions (PDFs);
the dynamical generation of mass, and thus the emergené¢mw predictions for PDAs and PDFs can be employed to in-
of hadron masses (EHM)Confinement and EHM are nat- form the LFWF are also addressed. Generalized parton dis-
urally connected with QCD’s strong running coupling. Our tributions (GPDs) are introduced in Sec. 3, exposing its con-
modern understanding indicates that, in the infrarred, the rumection with electromagnetic and gravitational form factors,
ning coupling in QCD is enhanced and saturates at a finites well as an array of distributions that can be derived there-
value and, as we move away from this domain, the couplingrom. In Sec. 4 we discuss some algebraic insights that can
smoothly acquires its perturbative profile [6-9]. be obtained from factorized models for LFWFs. Conclusions
Being the most abundant and stable hadron in nature, th@nd scope are presented in Sec. 5.
proton has played a crucial role in improving our understand-
ing of QCD. and' hadron physics [10-12], then it is an 'deal_Z. Meson light-front wavefunctions
platform to inquire about the emergent phenomena in QCD:
for instance, one must be capable to explain the origin Ofrhe |eading twist meson LFWF is obtained from the pro-
the massiveness of the protom ~ 1 GeV) and its Sizé  jection of the Poincdr covariant Bethe-Salpeter wavefunc-
(rp ~ 11fm) [5,13]. Notwithstanding, studying the light- 5, (BSWF), yp, onto the light front. For ar-quark in a

est hadrons in nature, pions and kaons, must be in physicistsedoscalar mesdp — uh, it might be written _ :=
minds as well: being the Nambu-Goldstone (NG) bosons of. _ Po/2):

dynamical chiral symmetry breaking (DCSB), their mere ex-

istance owes to the same underlying mechanisms of dynam- q/,;i(x’ k2 Ch) = Zotrep

ical generation of mass in QCD [14,15]. Thus, massiveness

of the proton is intimately connected with the existence and % /%6“’(@%7 nxe(k_; Pp) . (1)
masslessness NG bosons. Furthermore, in the absence of T "



2 K. RAYA AND J. RODRIGUEZ-QUINTERO

where tgp indicates the trace over color and spinor indices,written in this way, one can establish the analogy with the
and the arrows | specify that we are restraining ourselves totree level quark propagator, witki; (p*) and the mass func-
the helicity-0 component of the LFWF. The pieces enteringtion, M(p?), encoding the non-perturbative effects from the
Eq. (1) are defined as usuat: is the light-front momentum strong interactions of QCD (for instance, dynamical mass
fraction of the meson’s total momentup, andP3 = —m3,  generation).

with mp the meson mass (when obvious, we shall avoid the  The BSWF entering Eq1j might be obtained follow-
labeling P); n is light-like four vector, namely:* = 0 and  ing continuum Schwinger methods (CSM) and, in particular,
n - P = —mep in the meson rest-framé; = k) + k. such  within the Dyson-Schwinger and Bethe-Salpeter equations
thatky = (k*,k,0) in light-cone coordinatesi;, (#) =  formalism [25,26]. This is a well-established approach in
d(n-# — an - Pp) andZy is simply the quark wavefunction which predictions forr-K electromagnetic form factors [27-
renormalization constant. Note the dependencéonthe  31], as well as PDAs and PDFs [32-38], are readily avail-
hadronic scale, which indicates that the LFWF represents thghle. Some explorations on LFWFs and GPDs are also tak-
hadron on a scale in which the fully dressed valence quarkgg place [39,40]. Herein, taking advantage of E@s4j, we

express all the properties of the hadron; in particular, all theollow the discussion from Refs. [19,41] to derivg in a
hadron momentum is contained within the fully dressed vanumerically accessible yet insightful way.

lence quarks (thus nothing in the gluon and sea quarks).
The so called leading-twist PDA is obtained by integrat-
ing thek, degrees of freedom ogf,;ﬁ, namely: 2.1. Perturbation theory integral representation

. &2k,
fP(pP(IaCH)_/ 1673

Herein,pp denotes the-in-P PDA andfp is the meson lep-
ton_lc de_cay _constani, _Whlc_h is an o_rder parame'_[er of DCSB. Sp(k) = (—iv -k + Mp)A(K, M?) : @8)
Written in this way,pp is unit normalized and, owing to mo-
mentum conservation, the antiquark PDA is simply

ep(z:¢) = wp(1 - 2;() @)
the above relation being valid for any scdleeven after evo-
lution (ERBL) [1,2,20]. On the other hand, the valence quarkwhere My is interpreted as a constituent quark mass (the
and antiquark PDFs, as derived from the LFWF, read value atp? ~ 0 of the mass function, Eq7)) andAp is a
o Pk, | g , 2 mass-dimension parameteﬂs;(s,_t) = 1/[s + 1], A(s,t) =
u" (x5 Crr) :/ 16703 \wpu (x’kJJCH)‘ . (4a)  tA(s,1); ke = k + (w/2)Pp, with P2 = —m2, and pp(w)
is a spectral weight whose particular profile determines the
EP(I; ()= UP(1 —x;CH). (4b) corresponding meson’s BSA, withp the related canonical
. o . normalisation constant. The Dirac structure in E®), @s
Unlike the PDA, this simple connection between the q“arkcompared with that in Eq6], implies that only the leading

and antiquark PDFs is only valid at;. The reason is ggp s peing retained. Hence, the meson's BSWF can be
that the PDF obeys a different set of evolution equatlon§eadi|y recast [42]:

(DGLAP) [21-24], which explicitly incorporate sea-quark
and gluons degrees of freedom.

It is clear that Egs!/3,|48) expose a bridge between PDA
and PDF, via LFWF; a sensible representation for the latter
is thus required. For this purpose, it is worth reminding that
the BSWF is defined as the sandwich of the Bethe-Salpeter M (k; P) = —s[y - PM, + 7 - k(M, — Mj,)
amplitude (BSA) and quark propagators, namely:

w,li (m,ki;CH) . (2)  Within our perturbation theory integral representation (PTIR)
approach, the quark propagator and BSA read as:

1
npl'p(k) = i%/ dw pp(w)A(ky,, AB) , 9)
]

e (k_: P) = M (k; P) / dw pp(w)D(k; P),  (10a)
1

+ O'/wkupu] y (10b)
xp(k—; P) = S, (k)T'p(k_; P)S;,(k — P), (5)
P ) = S BTl IS E = ) D(k; P) = MK, M2)A((k — P), M7)
where the pseudoscalar meson B$A, is decomposed into .
4 Dirac structures, x A(K2_ |, AB). (10c)

Tr(g; P) = 5[Be(g; P) + v - PFe(q; P) After introducing two Feynman parametess ¢), the BSWF
+7-qGp(q; P) + qu0, P,Hp(q; P)],  (6)  canbe conveniently expressed as

such that the scalar functidiis dominant and is practi- 1
cally negligible; the quark propagator is expressed as usual: o (b, P) = M(E; P)/ da2 Xo (0 0 (a), (11)

St(p) = Z;(0*) iy - p+ My (p®)) 7" () 0
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with o(a) = (k — aP)? + Q3,
Qp = vM?2 + (1 —v)Af
+ (MF = M2) (o = §[1 = w][1 - v])
+(afa = 1]+ §[1 = o]l —w’])mp,  (12)

1-2a 1
Xp(a;o®) = / dw / dv
-1 1429
1 1 A2 ' : .
+ / dw / av| 22 O §
1200 w_itze e 0 FIGURE 1. 77 and K valence-quark PDFs giy;. The PDFs are
wit dilated with respect ta* () (black dotted curve), Eq18), as a
Appealing to Eq.1) and the Mellin moments of the distribu- consequence of EHM. The skewnessii(«; () is moduled by
tion the M — M, difference, the Higgs interplay, producirge>% =
' 0.47 and<z>% = 0.53; in the pion case, the momentum distribu-
1 tion is equitable.
@ = [aeamilie o). ey o |
ey derived normalization constant. The choice of parameters
) ) ) ) ) employed herein is found in [19]; our preferred valuds =
a series of algebraic manipulations yield: 0.31 GeV andM, = 1.2 M, are motivated by realistic
1 1 solutions of the Dyson-Schwinger equation for the quark
dr 2™ P (2 k2 s Cyp) = /daam]_- )Xol 0?) | propagator [46,47]. The distributions in Fig. 1, derived in
/ Veu( K1iCr) Pl@)Xp(asol) Refs. [37,38], are employed as benchmarks.
0 0

then, the unigqueness of Mellin moments enables us to relate
the Feynman parametemwith the momentum fraction,and 3. Generalized parton distributions
identify:
The valence-quark GPDi{in-P) might be obtained from the
Tl 2. _ .2
pu(?, K15 ) = Fp(2) Xp(2;01) (15) leading-twist LFWFs by appealing to the so-called overlap
Folx) = 12[M, + x(M, — M,)]. (16)  representation [48]:

From Egs.[2,/4), it is now evident the impact of the spec- u d’ki 1.
tral weight in the profiles of PDAs and PDFs. For instance, He (2,€,t;Cm) = / 1673 7 Pu
in the chiral limit (np = 0, Ap = M}, = M,,), the choice ) _
\ % (oo ks ) bl (2 K85 6ur )+ (20)
pw) = S —u?), (17)
where P (A) is the momentum average (transfer) of the
yields the asymptotic distributions [43-45] hadron states,= —A? and¢ = —A/[2P1] is the longitudi-
as s nal momentum fraction transfer, usually dubbed skewness; as
(@) = 6ol —x), ul (@) =302°(1—2)*,  (18) usual,z is the longitudinal momentum):‘raction average and
the latter also referred to as the scale-free parton-like pro®1 = A%(1 —£*) —462mp. The boosted incoming-() and
file PDF. If the most sophisticated CSM predictions cur-0utgoing {-) kinematic variables are defined as follows:
rently available forr — K PDAs and PDFs are employed

to inform the choice opp(w) (e.g, Refs. [32-38]), then, the o =T § , k, =k, + l1-zA, ’
parametrization of the spectral weight introduced in Ref. [42] 1-¢ 1-¢ 2
turns out to be suffiently flexible; this reads: T +¢£ ~ 1—zA;
Ty = 5 kJ_:kJ__ —_— . (21)
' o o 1+¢ 1+¢ 2
w —wy w + wy
nppp(w)==—- <secﬁ [ = ] +sech { - D _ _ _ _
2by 2by 2bg One can immediately realize that Ed),(which makes the

x (1+wuwp), (19)  contact of the meson’s PDF with its LFWF, results from spe-
cializing Eq. R0) for the forward limit A = 0, £ = 0),
wherebl, wf, v control the weight's profile (the latter, spe- in which there is no boost and thus = =, = z and
cially, sizes theM;, — M,, flavor asymmetry), andq,, is a k, =k, =k,.
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-

0 0.5 1
X

S FIGURE 3. 7 and K * valence-quark GPDs gi;, obtained from
K g TR the overlap representation of the LFWFs, E20)(

FIGURE 2. «T and K™ leading-twist LFWFs in the PTIR ap-
proach, using the spectral weight defined in Ef) @nd the pa- 1.0
rameter sets from Ref. [19].

It is worth stressing that the overlap representation is only
valid within the DGLAP kinematic domain|4| > ¢) and,
additionally, the quark (antiquark) GPD is non-zero only for
x> —€ (x < €. A complete definition of the GPD within o4
the overlap approach then requires an extension ofZB). (
to |z| < &, known as ERBL kinematic region. This is a very
challenging task for which some progress has been recently

G 06
o<

0.0

seen [44,45,49,50]. Furthermore, as time-reversal invariance 0 1 2 3 4
guarantees for the so-defined GPD its bejrgven, we will A% [GeV?]
therefore restrict t¢ > 0 in the following. Our produced Ficure 4. =+ and K+ EFFs, which produce,.+ = 0.69 fm
GPDs are displayed in Fig. 3. andry,+ = 0.56 fm. The CSM result onr™ [31] has been in-
cluded for comparisson (black dotted line). Experimental data from
3.1. Electromagnetic and gravitational form factors Refs. [54,55].
Theu-in-P contribution to the meson’s EFF is obtained from SON EFF follows after summing over the valence contribu-
the zeroth moment of the GPD: tions, weighed by the corresponding electric charges
) Fp = e, FY(A?) + e FH(A?) . (23)
FY(A?) = /da: HY(x,&,—A% Ch), (22)  The corresponding charge radius is defined as usual
= rg = —[6/Fp(0)]dFp(A%)/dA% xeg ,  (24)

The result is independent gfand thus one can safely take such that, we obtain,.+ = 0.69 fm andrx+ = 0.56 fm,
¢ = 0; furthermore, evolution equations entail that the zerothin fair agreement with the empirical estimates [51]. The pro-
moment is invariant under scale evolution. The complete meduced EFFs are shown in Fig. 4.

Supl. Rev. Mex. Fis3 0308008
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Gravitational form factors (GFFs) are accessed via the 10

first moment of the GPD: 7~ —
e A ¥ -F=0

1
[ dne (o6 - 8% ) =05 (67) -0 (87) - (25)
—1
whered; is related to pressure and shear forces inside the

hadron, and), to the mass distribution [52]. The individ-
ual form factors on the right-hand-side of E@5) are scale

invariant, but the left-hand side changes under QCD evo- “00 o5 Dt o 03 o
lution, exposing contributions coming from sea-quarks and r [fm]
gluons [19]. The complete meson GFFs is obtained by sum- 015l
ming up the independent contributions. Note that, whie = Ap(r)
is readily accesible by taking= 0, wherea®); demands the - 2 5 (D12
knowledge of the GPD in the ERBL region; a particular way _
to overcome such problem has been introduced in Ref. [53]. E /

For the sake of brevity, and because their profiles are very & %05 j
similar to that of the EFFs, GFFs are not displayed herein (the
reader is referred to Sec. VI of [19] instead). Nonetheless, it 0.00 =
is important to highlight the ordering of hardness of the form
factors, as inferred from the corresponding radii (obtained in -0.05. T 5B i 20
analogy with Eq.24)): ¢ o]

92 ~0.81lrp <rp < r ~1.187p . (26)  FIGURE5. Upper panel:xt charge and mass distributions, con-

firming the intuition given by the inequality,?ﬁ <rp, Eq. 26).
The above reveals that charge effects span over a larger dbower panel: pressure and shear distributions, E8t) The pres-
main than mass effects, which is as also manifested in th&Ure changes sign around = 0.45 fm, indicating the domain in
charge and mass distributions discussed bélow.is also which confinement effects become dominant; shear forces are max-

observed that the radii associatedid™ are compressed by imal in the neighbourhoodK ™ results (not displayed herein) ex-
15% with respect tar+ hibit similar patterns, albeit the distributions are more compressed.
~Y 0 .

3.2. Charge, mass and pressure distributions
3.3. Impact parameter space distributions
Images of the charge and mass distributions within the
mesons might be obtained by Fourier transforming the corThe GPD can be defined in impact parameter space (IPS) as
responding form factors;p(A?2) anddh (A?), as follows: the Fourier transform in transverse momentum of the zero-
skewness GPD [56],

oo

1
) — 2 dA
pp(r) = o /dAAJO(AT)gP(A ), (27) uP(z, 0% ¢y) = /7J—AJ_J0(5J_AJ_)
0 0
where J, is a Bessel function of the first kind argh = x H¥ (2,0,—A%: Cy) . (29)

Fp,05. Pressure and shear profiles () andsp(r), respec-

tively) are derived fron®, as follows: The IPS-GPDs, displayed in Fig. 6, describes the likelihood

of finding a parton with a certain momentum fractionat
oo a given transverse positidn_, defined with respect to the
5 /dA s1n(Ar)[A26P(A2)] , (28a)  meson’s center of transverse momentum (CoTM). The mean-
" squared transverse extent follows after the integration

(0 (a3 Car ) = / @b, 12 P (2,12 Car)

Jo(Ar) [A%07(A?)],  (28b)

= 6
0

i/dA

82 P
0 = aAQ HP('/‘U 0 AL?CH)‘A2 =0 > (30)

where2E(A) = \/4mi + A? andj.(z) is a spherical Bessel n _ . -
function. Figure 5 displays the charge, mass and pressure dl\é\/h'Ch in ther™ case (1, = M}, in general), entails:

2
tributions, associated to the electromagnetic and gravitational B2 (Gt = /Oldm (b2 (3¢ )l = —r2 (31)
form factors. 3

Supl. Rev. Mex. Fis3 0308008
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recast as:
D, k35 Cur) = 8, (k) o (a; Car)
=P8, (k1) [WP(z; )V . (33)

2 bugn(x b Gl . y
' By corollary, one obtains the relatitn

WP (a: Car) = [ s Cn))P / delgb(e: )l . (39)
0

Equation83) define the so-called factorized LFWFs: the
dependence is controlled by the profile functiqh@(ki),
while thex dependence is driven, equivalently, by the PDA
or PDF. EquationZ0) is then recast as:

Hg(x,&,t;Cn) = O(x-)

-1.0 -0.5 0.0 0.5 1.0

X \/uP(2_; C)uP (245 () ®e (2 Car) (35)
where © is the Heaviside function; = s = —t(1 —
251 bl bl r)?/(1-¢?)?and
Hos koJ_ ~ ~
B (i) = [ T O () 08
0.4
0.3
% ([ —s1%5¢n) - (36)
- The factorized LFWF, Eq/33), being obtained as the chiral
limit of the PTIR one, Eq. (15), enables an algebraic evalua-
tion of 5. Nonetheless, the combination of E(&2,(35,36)
yields the more general result:

~10 05 0.0 05 10

x n o . d"FY(A?)
(z? >,%H %‘I)P(%CH) = 61(272)” - (37)
FIGURE 6. 7' and K IPS-GPDs at(x, Eq. 29). For the z=0 AZ=0

pion, the maximum is located &tz|, b, /r-) = (0.88,0.13); for Then, when approaching the LFWF by a factorizetbatz

the kaon, at(z,b, /rx)s = (—0.87,0.13) and (z,b. /rx) = thek? -dependence of the-quark overlap GPD is plainly de-
(0.84,0.17). As the fully dress valence constituents become lesstermined by the quark DFs and the EFF. An immediate out-
dressed, via QCD evolution, the distributions flatten and the maxi-come is the isospin symmetry limit relation:

mum shift towards: — 0 [19]; i.e. they contribute less to the total 9

momentum. <r§2 > <ax(l —z)>"

, 38
TP <a?>gH (38)

for the K, one obtains:
which confirms the inequality of Eq26), since the ratio of

<b2L(<H)>uK+ — 0.69 riﬁ : those m_oment_s is always_ positive and less than unity. More
algebraic relations, specially for the IPS-GPDs and related
(7 (Cu))ser = 05175, (32)  distributions, are found in Ref. [19].

implying, naturally, that the-in-K plays a larger role in de-

. 5. Conclusions and scope
termining the CoTM.

Informed by the prior knowledge of 1-dimensional distri-

butions (PDAs or PDFs), we have described an insightful
4. Insights from factorized LFWFs approach to address several structural properties of pseu-

doscalar mesons via LFWFs and GPDs. The discussion fo-
Even before specifying the spectral weight in Eq. (15), thecuses on pions and kaons, and their connection with the
form of Fp(z), Eq. (16), predicts an asymmetry in the kaon EHM. The latter manifests in PDAs and PDFs (as well as
LFWFs and distributions derived therefrom. A further exami-LFWFs and GPDs), broadened with respect to their asymp-
nation of(23 in Eq. (12) supports this observation, while also totic profiles. In turn, the interference with Higgs mass gen-
revealingz — &, correlations, proportional toM7? — M2) eration produces slightly skewed kaon distributions yield-
andm3. Consequently, such correlations vanish in the chiraing a different arrangement in the mass/momentum distri-
limit and, in combination with Egs2{/4), the LFWF can be bution. Spatially, the kaon turns out to be slightly more

Supl. Rev. Mex. Fis3 0308008
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