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In recent years, a momentum-independent symmetry preserving vector-vector contact interaction has been used to provide exploratory studies
in QCD. It helps calculate different static and dynamic observables of all mesons and baryons. In this work, we revisit how the quark gap
equation is affected by changing the number of quark colors and/or flavors, or by placing quarks in a thermal bath in the presence of an
external magnetic field. In particular, we describe how the phenomenon of magnetic catalysis and its inverse can be studied.
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1. Motivation

Quantum chromodynamics (QCD) is the theory of quarks,
gluons and the interactions between them. We believe these
interactions lead to their bound states known as hadrons. The
behavior of QCD changes drastically according to the energy
scales at which we probe strongly interacting particles. In the
ultraviolet, where the well-known asymptotic freedom man-
ifests itself, the running coupling becomes small enough to
implement perturbation theory approach to QCD. In the in-
frared, emergent phenomena of confinement and dynamical
chiral symmetry breaking (DCSB) take place. The running
coupling increases to the extent that perturbation theory is
unable to explain these uncanny phenomena.

These two peculiarities of QCD are influenced by the
number of light quark flavorsNf and the number of col-
ors Nc of the fundamental gauge groupSU(Nc). It should
not come as a surprise as even in the ultraviolet, sign of the
one-loopβ-function depends upon the factor−11Nc + 2Nf .
When studying real life QCD, we readily observe that the
sign of this factor is negative asNc = 3 outmatchesNf , and
hence the strong interactions are asymptotically free [1–3].
If there were a universe withNf > (11/2)Nc, this effect will
be reversed and asymptotic freedom will be lost.

Additionally, the behavior of QCD is also affected in the
presence of a heat bath or a magnetic field. At low tempera-

tures, the observable degrees of freedom continue to be color-
singlet hadrons, whereas at high temperatures, the interaction
gets increasingly screened and weak, causing quarks to de-
confine into a phase where the coupling decreases, quarks
and gluons are deconfined and chiraly symmetry is duly re-
stored. A quantitative study of this behavior has widely been
carried out in literature, see for example Refs. [4–12] for lat-
tice QCD and Refs. [13–21] for works based upon continuum
techniques of Schwinger-Dyson equations (SDEs).

On the other hand, it is well known that the presence of
strong magnetic fields generates quark masses dynamically
for any value of the coupling strength. This phenomenon
was first studied in quantum electrodynamics (QED) and was
called magnetic catalysis [22–28]. In the presence of exter-
nal magnetic fields, it is observed that near the cross-over
temperature, chiral quark condensate develops a peculiar be-
haviour. It starts decreasing with increasing magnetic field.
This effect has come to be known as inverse magnetic catal-
ysis [30–33,47].

In this manuscript, we sketch how different numbers of
light flavor and color, temperature and external magnetic field
affect the dynamically generated quark mass function. The
detailed analysis and discussions is found in Ref. [34]. Here,
we outline the general expressions and describe how the re-
sults can be obtained.
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2. Changing numbers of flavor and color

We start by presenting the generalities of the contact interac-
tion (CI) for the quark gap equation. Moreover, to include the
anti-screening effects of the gluons and the screening effects
of the light quarks loops, we extend this model to an arbitrary
SU(Nc) gauge theory withNf number of light quarks.

2.1. The contact interaction model

In this simple yet effective model, [35–39], it is assumed
that the quark-gluon interaction is effectively the symmetry-
preserving vector-vector CI leading to a constant gluon prop-
agator:

g2Dµν(k) =
4παIR

m2
g

δµν ≡ δµναeff , (1)

Γa
µ(p, q) =

λa

2
γµ, (2)

wheremg = 800 MeV is a gluon mass scale generated dy-
namically in QCD [40], andαIR is the CI model parameter,
which can be interpreted as the interaction strength in the in-
frared region [41, 42]. Replacing the full quark-gluon ver-
tex by its bare counterpart completes the definition of the
model. As a consequence, a constant mass function is ob-
tained. Since it is necessary to solve divergent integrals, a
regularization procedure should be adopted. To regularize
the integrals in the CI model, the proper time regularization
scheme [43] is adopted. This leads to a quark propagator of
the type:

S−1
f (p) = iγ · p + Mf , (3)

with a constant dressed quark mass.

Mf =mf +
αNc

eff (Nf )M3
f

8π2m2
G

Γ(−1, τUVM2
f , τIRM2

f ) , (4)

where
αNc

eff (Nf ) = (Nc − 1/Nc) αeff(Nf ) , (5)

andΓ(a, z1, z2) is the generalized incomplete Gamma func-
tion:

Γ(a, z1, z2) = Γ(a, z1)− Γ(a, z2) . (6)

In the fundamental representation ofSU(Nc), the Gell-Mann
matrices satisfy the identity

∑8
a=1 λaλa = 2 (Nc − 1/Nc).

The parametersτIR andτUV are infrared and ultraviolet regu-
lators, respectively. A nonzero value forτIR ≡ 1/ΛIR imple-
ments confinement by ensuring the absence of quark produc-
tion threshold [44]. On the other hand, since the CI model
provided by Eq. (1) represents a nonrenormalizable theory,
soτUV ≡ 1/ΛUV cannot be removed, it becomes part of the
model and sets the scale for all dimensional quantities. Ad-
ditionally, the ultraviolet cutoff also plays an important role
in studying heavier quarks: increasingΛUV mimics the short-
distance effects as the quark mass increases [36,45].

To study the effect of light quark flavorsNf on the DCSB,
the following flavor-dependence of the effective coupling is
adopted which mimics already known results in QCD:

αNc

eff (Nf ) = αNc

eff

√
1− (Nf − 2)

λ
. (7)

The gap equation, Eq. (4), is solved by using this coupling.
ForNc = 3, different values ofλ are identified to obtain crit-
ical values ofNf (N cr

f = 7, 8, 9). The values ofλ calculated
are: λ = 8.29, 9.95 and 11.61, respectively. Above these
values, the screening effects restore chiral symmetry. These
numbers are in accordance with the findings of Ref. [46].

In addition, the number of quark colorsNc anti-screens
the interactions whileNf screens them. ForNf = 0, the
minimum value ofNc required to trigger DCSB is found to
be N cr

c ' 2.2. If the number of massless quark flavors is
increased, mellowing down the interaction strength, higher
color groupSU(Nc) has to be invoked to set off DCSB.

3. Quark gap equation at finite temperature

With increasing temperature, it should be expected that the
strong interaction diminishes, and, therefore, a smaller value
for the critical number of massless quark flavors should be
required to restore chiral symmetry for a given value ofNc.
At finite temperature, the mass function is:

Mf = mf +
2αeff(Nf )MfT

3π3/2

×
τ2

UV∫

τ̃2
IR

dτ
e−M2

f τΘ2(0, e−(2πT )2τ )
τ3/2

, (8)

with

τ̃IR = τIR
Mf (0, 2)

Mf (T, Nf )
, (9)

whereMf (0, 2) is identified with the dressed mass atT = 0,
Nf = 2 andNc = 3. In the chiral limitmf = 0, it is as-
sured that the confining scale vanishes at the chiral symmetry
restoration temperature. This is a simple way of ensuring the
coincidence of transitions to the phase of confinement and
DCSB.

4. Quark Gap Equation in a magnetic field

In the following, we work with the average dynamical mass
in the chiral limit,

M =
1
2
(Mf + Mg) , (10)

whose gap equation is given by

M =
1
2

(mf + mg) +
αeff(Nf )

3π2

1
2

×
∑

l=f,g

|QlB|
τ̃2

IR∫

τ2
UV

dτ
Me−M2τ

τtanh(|QlB|τ)
, (11)
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whereQ is the charge of the quarkf (g).
Solving this gap equation in the chiral limit as a function

of eB, we find that for large values ofeB, the dependence
of M on eB is given by

√
eB which agrees with the results

known in the literature.
Magnetic catalysis enhances DCSB, and this competes

againstNf to generate dynamical quark mass. Finally, it is
found that largereB tends to increase the number of flavors
N cr

f needed for chiral symmetry restoration, contrary to the
behavior of the critical number of fermionsN cr

f as a function
of temperature where it gets reduced asT is increased.

5. Phase diagram at finiteT and B

At finite temperatureT and in a magnetic fieldeB, the gap
equation beyond the chiral limit reads:

M =
1
2

(mf + mg) +
2αeff(Nf )MT

3π3/2

1
2

∑

l=u,d

|QlB|

×
∫

τ̃2
IRτ2

UVdτ
e−M2τΘ2(0, e−(2πT )2τ )

τ1/2 tanh(|QlB|τ)
, (12)

where

τ̃IR = τIR
M(0, 0, 2)

M(T, eB, Nf )
. (13)

for quark flavorl = f, g. In Ref. [34], we usedmu = md =
m = 7 MeV.

To observe the pattern of magnetic catalysis, we compute
the thermal gradient of the dynamical mass for increasing
values ofeB and observe that the maximum increases with
largereB. Thus, it can be seen that increasing temperature
requires larger magnetic field to catalyze DCSB and confine-
ment.

If the effect of the magnetic field is correctly taken into
account in the functional form of the interaction strength, we
observe thatαs decreases with increasingeB in a certain
range of values of the magnetic field. This effect suppresses
the formation of chiral quark condensate and produces the
inverse magnaetic catalysis.

This effect can be incorporated if a magnetic field depen-
dence in the coupling constant is embedded. We adopt the
following eB-dependent interaction strength fitted to repro-
duce the temperature of chiral transition using LQCD calcu-
lations [47]:

αNc

eff (Nf , x) = αNc

eff (Nf , 0)
(

1 + ax2 + bx3

1 + cx2 + dx4

)
, (14)

where theNf dependence of the coupling,αNc

eff (Nf , 0), is
given by Eq. (7), x = eB/Λ2

QCD, with ΛQCD = 300 MeV.
The parametersa, b, c andd can be found in Ref. [48]. on
N cr

f . We now observe the expected behavior. Increasing tem-
perature requires lower magnetic field to trigger DCSB, the
inverse magnetic catalysis.

Additionally, motivated by the assumption that effective
coupling with magnetic fields drives physics with asymptotic
freedom, we can also adopt an improved functional form of
the coupling instead of Eq. (14), incorporating the tempera-
ture dependence as well. This refined approach was adopted
in [49,50], defining the coupling as:

αNc

eff (Nf , x, y) = αNc

eff (Nf , 0, 0)
1− γxy

1 + α ln(1 + βx)
, (15)

wherey = T/ΛQCD. The parametersα andβ are fixed to ob-
tain a reasonable description of the lattice average of up and
down quark condensates atT = 0. γ is obtained from a simi-
lar fit at the highest temperatures. Inverse magnetic catalysis
persists with this improved model of the running coupling.

6. Conclusions

The flavor dependence in our CI model was integrated to
mimic the latest SDE and lattice results. These results show
that chiral symmetry is restored and a deconfinement phase
appeared aboveNf ≈ 7− 10, [46, 51–55]. This observation
indicates that increasing the number of light quark flavors re-
stores chiral symmetry, while increasing the number of colors
tends to confine quarks as expected.

Naturally, temperature also has an effect of restoring chi-
ral symmetry, implying that even a small value ofNf is suf-
ficient to restore chiral symmetry at a give temperature. Sim-
ilarly, the presence of an external magnetic field effect pro-
duces magnetic catalysis. Finally in a heat bath in the pres-
ence of an external magnetic field with an adequate choice of
the strong coupling, inverse magnetic catalysis is realized in
a certain temperature interval.
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