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Nucleon structure from a light-front hamiltonian
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We obtain the light-front wave functions (LFWFs) of the nucleon in the leading Fock sector representation using basis light-front quantization
(BLFQ) approach. We adopt a light-front effective Hamiltonian, which includes a three-dimensional confining potential and a one-gluon
exchange interaction with fixed coupling, and solve for its mass eigenstates. We then employ the LFWFs to compute the axial form factor
and the transverse charge and magnetization densities for the nucleon. The axial form factor is found to be consistent with the experimental
data. The charge and magnetization densities agree qualitatively with the phenomenological fits.
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1. Introduction

BLFQ [1] is a nonperturbative framework, which has
emerged as a promising tool for solving relativistic bound-
state problems in quantum field theories [2–10]. This ap-
proach is based on the Hamiltonian formalism and has been
successfully applied to QED [2, 3, 11, 12] and QCD [4–10,
13–17] systems. In this work, we adopt a light-front effective
Hamiltonian, which incorporates the light-front holographic
QCD confinement potential [18] supplemented by a longi-
tudinal confinement [4] along with the one-gluon exchange
interaction with a fixed coupling constant. The LFWFs are
obtained by diagonalizing the effective Hamiltonian and em-
ployed to calculate the axial form factors and the transverse
charge and magnetization densities.

For the nucleon, the matrix element of the electromag-
netic current is parameterized by two independent form fac-
tors (FFs), namely, the Dirac and the Pauli FFs. There are
numerous dedicated experimental and theoretical efforts for
studying the nucleon FFs [19–23]. The transverse charge
and magnetization densities are defined through the two-
dimensional Fourier transformation of the Dirac and Pauli
FFs [24–28].

Unlike electromagnetic FFs, our information about the
axial FFs is very narrow. Till date, there are only two sets of
experiments, which determine the axial FFs, the charged pion
electroproduction and the (anti)neutrino scattering off pro-
tons or nuclei [29, 30]. Meanwhile, the axial FFs have been
investigated using various theoretical approaches [31–48].
Recently, the lattice QCD simulations of nucleon axial FF
in 2 + 1 flavor near the physical pion mass has been reported
by the PACS Collaboration [49].

2. Light-front hamiltonian

For the valence Fock sector of the nucleon, we adopt the fol-
lowing light-front effective Hamiltonian [9,13]

Heff =
∑

i

m2
i + ~p2

i⊥
xi

+
1
2

∑

i,j

V conf
i,j +

1
2

∑

i,j

V OGE
i,j , (1)

wherem is the constituent mass of quark,
∑

i xi = 1, and
i, j indicate the index of particles in a Fock sector.V conf

i,j

corresponds to the confining potential that includes both the
longitudinal and the transverse confinements. The complete
confining potential is given by

V conf
i,j = κ4~r2

ij⊥ +
κ4

(mi + mj)2
∂xi(xixj∂xj ), (2)

whereκ is the strength of the confining potential in both the
longitudinal and transverse direction,~rij⊥ = √

xixj(~ri⊥ −
~rj⊥) is the relative coordinate, and∂x ≡ (∂/∂x)rij⊥ . The
third term in Eq. (1) corresponds to the one-gluon exchange
(OGE) interaction:

V OGE
i,j =

4πCF αs

Q2
ij

ūs′i(p
′
i)γ

µusi(pi)ūs′j (p
′
j)γµusj (pj), (3)

with fixed coupling constantαs, whereQ2
ij = −(1/2)(p′i −

pi)2 − (1/2)(pj − p′j)
2 is the average of four-momentum

square carried by the exchanged gluon and the color factor
CF = −2/3. The spinorusi(pi) represents the solution of
the free Dirac equation, with the subscripts denoting the spin
and~pi⊥ is the momentum of the quarki. We generate the
dynamical spin structure in the LFWFs by implementing the
OGE interaction.

For each Fock-particle we employ a two-dimensional
harmonic-oscillator (2D-HO) wave function,φni,mi(~pi⊥; b)



2 S. XU, C. MONDAL, Y. LI, X. ZHAO AND J. P. VARY

with b being the HO scale parameter, to describe its trans-
verse degrees of freedom and a plane-wave to describe its
longitudinal motion [2]. Diagonalizing the light-front Hamil-
tonianHeff within the BLFQ basis, we obtain the eigenval-
ues that correspond to the mass spectrum. We also obtain the
corresponding eigenvectors that represent the LFWFs in the
BLFQ basis. The lowest eigenstate is naturally recognized as
the nucleon state, labeled as|P, Λ〉, where theΛ denotes the
helicity of the nucleon. The LFWFs in momentum space is
then written as an expansion in the orthonormal basis [13]

ΨΛ
{xi,~pi⊥,λi} = 〈P, Λ|{xi, ~pi⊥, λi}〉

=
∑

{ni,mi}

(
ψΛ
{xi,ni,mi,λi}

∏

i

φni,mi(~pi⊥; b)
)
, (4)

whereψΛ
{xi,ni,mi,λi} represents the LFWFs in BLFQ. We fix

the model parameters by fitting the nucleon mass and the fla-
vor FFs [13].

3. Results and discussions

Expanding the nucleon states with the BLFQ basis, the flavor
Dirac and Pauli form factors can be expressed in terms of the

overlap of the nucleon LFWFs

F q
1 (Q2) =

∑

{λi}

∫
[dX dP⊥] Ψ↑∗{x′i,~p′i⊥,λi}Ψ

↑
{xi,~pi⊥,λi}; (5)

F q
2 (Q2) = − 2M

(q1 − iq2)

∑

{λi}

∫
[dX dP⊥]

×Ψ↑∗{x′i,~p′i⊥,λi}Ψ
↓
{xi,~pi⊥,λi} , (6)

wherex′1 = x1 and~p′1⊥ = ~p1⊥ + (1 − x1)~q⊥ for the struck
quark, whereasx′i = xi and~p′i⊥ = ~pi⊥ − xi~q⊥ for the spec-
tators (i = 2, 3). Considering the frame, whereq+ = 0,
Q2 = −q2 = ~q 2

⊥. Here, we use the abbreviation

[dX dP⊥] =
3∏

i=1

[
dxid2~pi⊥

16π3

]

× 16π3δ

(
1−

3∑

i=1

xi

)
δ2

(
3∑

i=1

~pi⊥

)
. (7)

Meanwhile, the nucleon FFs can be expressed using the fla-
vor FFs as

FN
1(2) =

∑
q

eqF
q
1(2), (8)

whereN stands for the nucleon, andeq is the quark charge.

FIGURE 1. The transverse charge and anomalous magnetization densities for the unpolarized nucleon. a) and c) for the proton; b) and d) for
the neutron. The red bands represent the uncertainty range of the BLFQ results. The blue and black lines correspond to the parameterizations
of Kelly [50], and Bradfordet al. [51], respectively.
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FIGURE 2. The axial form factorsGA = Gu
A−Gd

A as the function
of Q2. The gray band, red band, and orange band are the BLFQ re-
sults forGA, Gu

A, andGd
A, respectively. The blue circles represent

the extracted data taken from the Refs. [29, 40] and the green and
black circles correspond to the lattice calculations taken from [41].
The magenta line represents the dipole fit to the extracted data [29].

The transverse charge density of an unpolarized nucleon
is written as the two-dimensional Fourier transform of the
Dirac FF [24]

ρch(b⊥) =
∫

d2~q⊥
(2π)2

F1(Q2)ei~q⊥·~b⊥ , (9)

whereb⊥ = |~b⊥| defines the impact parameter. Similarly, the
magnetization density is given by

ρ̃m(b⊥) =
∫

d2~q⊥
(2π)2

F2(Q2)ei~q⊥·~b⊥ , (10)

while the anomalous magnetization density is defined as

ρfm(b⊥) = −b⊥
∂ρ̃fm

∂b⊥
. (11)

We show the transverse densities of the nucleon in
Fig. 1. We compare our results with the two different global
parametrizations proposed by Kelly [50] and by Bradfordet.
al. [51]. We observe that the proton charge density shows
an excellent agreement with those global parameterizations.
However, for the neutron transverse charge density, our cur-
rent treatment predicts an insufficient magnitude. Although,
the qualitative behavior of the neutron charge density agrees
with the parametrizations. The behavior the anomalous mag-
netization densities for the nucleon in our model is also more
or less in agreement with the global parametrizations, but
our results are smaller in magnitude. Note that these results
are computed within the leading Fock representation, while
the higher Fock sectors|qqqqq̄〉 and|qqqg〉 are anticipated to
have significant effects on the Pauli FF and on the magneti-
zation densities.

Based on our resulting LFWFs, the axial FF is given by

Gq
A(Q2) =

∑

{λi}

∫
[dX dP⊥]

× λ1 Ψ↑∗{xi,~p′i⊥,λi}Ψ
↑
{xi,~pi⊥,λi}, (12)

whereλ1 = 1(−1) for the struck quark helicity.
We show our results for the axial FFs of the nucleon

(GA = Gu
A − Gd

A) and the contributions from the up and
the down quark inGA(Q2) in Fig. 2. We compare our results
with the available extracted data from the (anti)neutrino scat-
tering off protons or nuclei and charged pion electroproduc-
tion experiments [29,30,40] and the lattice QCD simulations
from the Ref. [41]. Taking into consideration the experimen-
tal uncertainties, we find good consistency between our cur-
rent treatment of the BLFQ computation and the experiment.

The axial FF is identified as the axial charge atQ2 = 0.
We obtaingA = 1.41± 0.06. The BLFQ result is somewhat
larger than the extracted data1.2723± 0.0023 [52]. The ax-
ial charge of the nucleon describes the difference of the spin
carried by the up and the down quarks in the nucleon. In con-
trast with the extracted data, our prediction for the up quark
is overestimated (∆Σu ∼ 1.1), while the value of the down
quark is underestimated (∆Σd ∼ 0.2). Summing over the
flavors, we find that the quark spin contributes∼ 90% to the
proton spin in our current treatment for the nucleon, while the
contribution of quark spin occupies only∼ 40% as reported
from the experiment [53]. This evident discrepancy suggests
the need to extend our model to incorporate the higher Fock
components, which have a notable effect on the quark contri-
bution to the nucleon spin.

4. Conclusions

We adopted an effective light-front Hamiltonian that incorpo-
rates confinement in both the transverse and the longitudinal
direction and one gluon exchange interaction for the valence
quarks suitable for low-resolution properties. We obtained
the nucleon LFWFs by solving its mass eigenstates. We then
employed the LFWFs to compute the nucleon axial FFs, and
the transverse charge and magnetization densities.

We computed the transverse charge and magnetization
densities by employing the two dimensional Fourier transfor-
mation of the Dirac and Pauli FFs. We found that the BLFQ
results are qualitatively consistent with the global parameter-
izations.

We also evaluated the axial form factor of the nucleon
from our resulting LFWFs. We found that the proton axial
form factor is in a good agreement with the experimental
data. However, the axial charge of the proton is somewhat
overestimated as compared to the extracted data. We also no-
ticed that the quark spin contribution to the proton spin is sig-
nificantly larger (91%) than the expected result from the ex-
periment (40%). This emerges due to the fact that our current
treatment does not consider the higher Fock sectors. With
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dynamical gluons and sea quarks, the quark spin contribution
can be reduced and the orbital angular momentum can play a
important role in understanding the nucleon spin.
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