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Theory and phenomenology of the three-gluon vertex
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The three-gluon vertex is a fundamental ingredient of the intricate QCD dynamics, being inextricably connected to key nonperturbative phe-
nomena, such as the emergence of a mass scale in the gauge sector of the theory. In this presentation we review the main theoretical propert
of the three-gluon vertex in the Landau gauge, obtained from the fruitful synergy between functional methods and lattice simulations. We

pay particular attention to the manifestation and origin of the infrared suppression of its main form factors and the associated zero crossing.
In addition, we discuss certain characteristic phenomenological applications that require this special vertex as input.
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1. Introduction dominant form factors for Euclidean momenta comparable
to the fundamental QCD scale, and the associated logarith-

The three-gluon vertex plays a pivotal role in the structuremic infrared divergence at the origin. In Sec. 5 we discuss

and dynamics of Yang-Mills theories, reflecting their non-two phenomenological applications of the three-gluon ver-

Abelian nature in the form of the gauge boson self-interactionex, namely &) the effective charge obtained from it, aria (

that itinduces [1-3]. In fact, the most preeminent perturbativets impact on the computation of the mass of the pseudoscalar

property of these theories, namely asymptotic freedom [4,5]glueball. Finally, in Sec. 6 we summarize our conclusions.

is intimately linked to the action of this vertex.

In recent years, the QCD community has been gradu2_ General properties

ally unveiling the rich infrared facets of this vertex, which

are instrumental to a wide array of nonperturbative phenomyve work in the Landau gauge, where the gluon propagator,

ena; for a representative set of references, see [6-30]. Se)ﬁzg (q) = —z‘&“bAW(q), is fully transversei.e.

eral of these works have underscored the subtle interplay of

the three-gluon vertex with the two-point sector of the the- A,y (¢) = Pu(9)A(G%) . A(¢?) = 2(¢®)/¢*. (1)

ory, and in particular the mass-generating patterns associated

- 2 ]
with the gluon and ghost propagators [7-15,31-35]. As aVhereF..(q) s I —4udv/q" 1S the usual transverse pro
result, the three-gluon vertex provides an outstanding tesi€¢tor @ndA(¢”) the scalar component of the gluon propaga-

ing ground for a variety of physical ideas and field-theoreticto" In addition, we have defined the gluon dressing function,
denoted byZ(¢?).

mechanisms [36-41]. In this presentation we provide a syn- , i ,

opsis of some of the most important findings of this explo- |t s a|230 cgn\gement to introduce the ghost propaga-

ration. tor, 2D“ (¢?) =0’ D(q¢?), related to its dressing function,
The outline of this contribution is as follows. In Sec. 2 we Flg”), by

introduce the notation and comment on the general properties D(¢?) = F(¢®) /4% )

of the three-gluon vertex, give one of its standard tensorial

decompositions, and report the Slavnov-Taylor identity (STI) The full three-gluon vertex will be denoted by

that it satisfies. In Sec. 3 we discuss the three main nonpef2’¢, (¢, 7, p) = gf**“I"***(q,r,p), and is represented in

turbative approaches used in the scrutiny of the three-gluokig. 1, withg + p + r = 0, andg the gauge coupling.

vertex, namely functional methods, lattice simulations and It is convenient to decompoge, .. (¢, 7, p) into two dis-

STl-based constructions. Next, in Sec. 4 we analyse in somi@nct pieces [2,3,21],

detail one of the most exceptional nonperturbative features

of the three-gluon vertex, namely the suppression of its pre- " (q,r,p) = I (g, p) + T (g, m,p) ;- (3)



1, b

a)

FIGURE 1. The diagrammatic representations of the three-
gluon vertex;ll“g’jg(q, r,p), and the ghost-gluon scattering kernel,

H,.(q,r,p), with the respective conventions of momenta and in-
dices.

apy

where T/ (q,r,p) and T72*(q,r,p) are the “longitu-

dinal” and “transverse” parts of the three-gluon ver-
While the former saturates the cor

tex, respectively.
responding STIs [see EQq@8)], the latter is automati-
cally conserved when contracted k¢, r#, andp”, i.e,
g TPt = rhTp = p Tt = 0.
The tensorial decompositions of.*"(q,r,p) and
2" (q,r, p) reads
10
F?#V(Qara p) = ZXl(qa Tap)&?“y 3

i=1

4
Lo (g,r,p) = Y Yilg, r, )i, 4)
=1
where the explicit expressions of the basis elemé&Hht§ and
t7"" are given in Egs. (3.4) and (3.6) of [19], respectively.
Another familiar quantity introduced in the studies of
the three-gluon vertex is thieansversally projected vertex

Touw(g,m,p), defined as [11,18]

Ty (q,7,0) =" Y(q, 7, p) P () P () Purs(p) .~ (5)
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FIGURE 2. The SDE of the three-gluon vertex. The white (gray)
circles (ellipses) indicate fully dressed propagators (kernels), while

the dots indicate the omitted terms.

3. Nonperturbative methods

_The rich kinematic structure of the three-gluon vertex makes

its nonperturbative study particularly challenging. There
are three main frameworks for dealing with this problem:
(i) Functional methods, such as the Schwinger-Dyson equa-
tions (SDEs) [7,10,11,13,43-46] and the functional renor-
malization group [15,16,47];ii} large-volume lattice simu-
lations [17,20,24-30,48]; andii() STI-based reconstructions

of the longitudinal partI';*"(q,r,p), in the spirit of the
“gauge-technique” [49-52].

(i) Functional methods The diagrammatic representa-
tion of the SDE that governs the evolution of the three-gluon
vertex is shown in Fig. 2. The self-consistent treatment of this
equation is particularly complicated, and entails its coupling
to additional related equations, such as the SDEs of the gluon
and ghost propagators. In practice, this task is considerably
simplified by using as inputs the lattice results fofq?) and
F(g®).

(i) Lattice simulationsin this case the three-gluon ver-
tex is accessed through the functional averaging of the quan-

In addition, we define the tree-level counterpart oftity (A2 (q) A% (r)As (p)), where A%(q) denotes the SU(3)

Eq. B),

fayu(qa T, p) = ]-—‘()al“/(q’ Tap)Pa’a(Q)PM/;L(T)PL//V(p)v (6)
where Fg‘/“/’/(q,r,p) is the standard tree-level expression,
given by

e = (g —=r)"g™ + (r—p)*g" + (p—q)"9*"; (7)
it may be obtained from Eq. [3] by setting

X, = X4 = X7 =1, and zero for all other form-factors.
The STI satisfied by, (¢, 7, p) reads

pu]ra,uu(Q7 T, p) = F(pz)[%a(ﬁpv Q) - %u(q7p7 T)] ) (8)
with
T

o (1 p,q) == AT ) P (1) Hoa(r,p,9) s (9)

gauge field. Specifically, the connected three-point function,
Gouv (g, 7, p), defined as

G (@:7,0) = 9oy (q,7, 0) A(¢P) A(*)A(p®) ,  (11)

is given by (A%(q)AL(r)AL(p)) = f*Gayu (.7, p)-

w0 (g, 7, p) is finally obtained after an appropriate am-
putation of the gluon propagators.

The typical structure of lattice “observables” is

Warv q,T,p IF()H,V q,7,p
L(g,p,r) = ( Mo ) ’

Wapw (g, 7, p)WoH (q, 7, p)

(12)

where H,,,(q, p,q) denotes the ghost-gluon scattering ker-where theW ¥ (q,r, p) are appropriately chosen projec-

nel, represented diagrammatically in the pamglaf Fig. 1.
Its tensorial decomposition is given by [2,3,42]

HVM(qvpa 7‘) = gl/,uAl + Q,uqu2 + THTVAS
+ quTVA4 + T}LQVAE) )
where we use the compact notatidpn:= A;(q, p, ).

(10)

tors [17,28,29]. In what follows we will focus our attention
on two special kinematic limits involving a single momentum
variable.

(a) Soft limit corresponding to the kinematic choice

0:=pr=m, (13)
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|7[lp| X3(r?, p*, %)

r? [GeV?| 102 p? [GeV? 2 [Gev?) 162 2 [GeV?)

FIGURE 3. A representative case of the three-gluon form fadetr?, p®, 9) (left panel) and foip||r| X3 (2, p2, 0) (right panel) for a fixed
value of the angle} := pr = .

obtained by settingV **¥(q, r, p) — 2r*P**¥(r), namely Due to the Bose symmetry of the three-gluon vertex, the re-

apy T maining six X; may be computed by permuting the argu-
15" (¢,7,p)Taun (g, 7, p) 9 y p yp g g

Lgy(r?) = (14)  ments appropriately (see Eq. (3.8) of [19]).

16" (@, r p) o (7, p) 1970 It is important to emphasize that in the original work
b) Totally symmetridimit, of [2] the kinetic term of the gluon propagator was de-
(®) yey fined as A=1(¢?) = ¢*J(¢?), while in the nonper-

¢ =p"=1r"=5", 0:=qr=qp=7p=2n/3; (15) turbative generalization presented in Ref. [19] we have
the correspondingV®*”(q,r,p) and the expression for A7'(¢%) = ¢°J(¢*) + m*(¢*), wherem?(¢?) is the running
Laym(s?) may be found in Egs. (2.18) and (2.19) of [20]. ~ 9luon mass [31,34,53,54].
(iii) STt As was first shown in [2], the STI of Eq8), Two representative results for the form factors
together with its cyclic permutation, determines the form fac-X1 (72, p?, 0) and|q||r| X3(r?, p?, §), obtained with Eq.16),
tors X;(q, r, p) in terms of the kinetic part of the gluon prop- are shown on Fig. 3. In this figure we present both form
agator, to be denoted b¥(¢?), the ghost dressing function, factors as a function of the two momentaandr? when the

and three form factors of the ghost-gluon kernel. angle between these two momenta is fixed at the valder.
Specifically, Clearly, one can see thaf, (12, p?,0) has a completely
X — 22\ b b b nontrivial structure, which persists for general values of the
1= 7@ = %) (brpq + bogr — bapr — bprq )] angle. Evidently, the most striking feature of this result is
the reduction of the size ok, (r?, p?, ) with respect to its
2 ? : AN OB . .
+2pgr+apra) +P (barp+brap) tree-level value (unity); this effect is known in the literature
+2(q - pdprg+ 7 - pdpgr)] as “infrared suppression” [9,14,16-19,28].
1 s o Let us also point out that the projection of the three gluon
Xy = 1[2(%,«(] — apgr) = (¢° = 17)(bgrp + brgp) vertex in the totally symmetric limit, defined in Ed5), can
be written as [19]
+2(q-pdprg — 7 pdpgr)
2 2
+ p(bprq — bpqr + bqpr - brpq)] ) Lsym(SQ) = Xl(sz) — %XP’(SQ)
1
X3 = ———5arpq — agpr + 7 Pdgpr — 4 Pdrpg], 4 2
q2 _ ,],.2 Pq qp qp rq + SZH(SQ) _ %}/4(52) . (18)

1
Xi0 = D) [bgrp + brpg + bpgr — bgpr — brgp — bprgl, (16)

where we introduced the following compact notation

aqrp :F(T)J(p)Al (pa r, CI) 9
2y 2,2 2 2 2
barp :=F(r)J(p)As(p,7.q), Log(r?) = Xa(r?, r?,m) = r°Xs(r%, 0%, 1), (19)

On other hand, for the case of the soft limit configuration
of Eq. (13), the expression ok, (r?) is given by

dgrp :=F(r)J (p)[Asa(p, 7, q) — A3(p,7,9)] - (17) " note that the result is free of transverse form faciars
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FIGURE 4. The projection of the three-gluon vertex in the soft gludn, () (left) and in the symmetricLs,..(s%), (right) kinematic
configurations obtained from lattice QCD of [17,28,48] (solid circles) and from the SDE-STIs approach (magenta continuous curve) [48].
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FIGURE 5. Left panel: The unquencheb,(r?) (left) and Ls,m (s?) (right) obtained from lattice QCD witdV; = 2 + 1 dynamical
quarks [20], and from the SDE-STI approach (magenta continuous curve).

Notice that the soft gluon kinematic limit of; and X3 pression, as established clearly in the results of the previous
corresponds to the curves that lie on the diagonal “slice” okection. Thus, form factors such &s, X4, and X, which,
the 3D plots of Fig. 3 where? = 2. In the left panel of due to renormalization, acquire their tree level value (unity)
Fig. 4 we show a comparison of thie,,(r?) computed us- at4.3 GeV, reduce their size to half at arouhdzeV. This
ing the SDE-STI approach (magenta continuous curve) antendency culminates with a characteristic reversal of the sign,
a combination of the lattice data of [17,28,48] (solid circles),known as “zero crossing” [9-11,17,28,35], followed by a log-
for the case of quenched QCD. It is clear that both metharithmic divergence of the corresponding form factor at the
ods corroborate the infrared suppression of the three-gluoarigin.

vertex. In the right panel we show the results 195, (5%), This type of behavior is in sharp contradistinction to what

obtained when we s&f; = 0 in Eq. {18). Once again the co- 5 h6n5'with the other vertices of the theory that have been
incidence with the lattice data is rather notable, and the PréSsyplored so far, such as the quark-gluon or the ghost-gluon
ence of the steep decline in the infrared is visible in both apy oty Indeed, as one can see in Fig. 6, the analogous form
proaches. In addition, the same pattern (suppression and z&f@yrs display a clear enhancement for the same range of in-

crossing) persists qualitatively unaltered whgp = 2 + 1 termediate and infrared momenta

dynamical quarks are added [20], as can be clearly seen in ) ) ) ] )
From the theoretical point of view, this particular feature

Fig. 5.
I of the three-gluon vertex hinges on the subtle interplay be-
tween dynamical effects originating from the two-point sec-
4. Infrared suppression tor of the theory [55-60]. This may be understood at the level

of the one-loop dressed version of the SDE in Fig. 2, which
One of the most remarkable nonperturbative features of thies shown in Fig. 7. The crucial theoretical ingredient is that,
three-gluon vertex in the Landau gauge is its infrared supwhereas the gluon acquires dynamically an effective mass,

Supl. Rev. Mex. Fis3 0308112
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=0 f:*ﬂf: ' Soft gluon Timit in the infrared, and Fhe Iogation of_ the ze_ro-crossing is at
‘ s Quark-gluon about120 MeV. Thus, in the intermediate region of momenta,

=80 ==Ghost-gluon ] which is typically relevant for the onset of nonperturbative

- ilhzesghuon; 1 dynamics, we have (¢?) < 1; this effect is known as the

infrared suppression of the three-gluon vertex.

5. Phenomenology

In this section we discuss two representative phenomenolog-
ical applications, where the infrared suppression of the corre-
sponding form factors plays a crucial role.

s i s 5.1. Effective couplings
0.0 0.5 1.0 1.5 2.0 25 3.0

¢ [GsV] A typical quantity employed in a variety of phenomenolog-

FIGURE 6. The behavior of the form factordi*(¢*), Bi’(¢*), ical applications is the effective charge, defined as a special
and L,4(q”) associated with the classical tensor structures of therenormalization-group invariantombination of propagators
quark-gluon (green dotted), ghost-gluon (blue dashed) and threez 4 artey form factors. In the case of the three-gluon ver-

ﬁrlyl]Ji(t)n (magenta continuous) vertices, respectively, in the soft gluontex in the soft-gluon limit, the corresponding charge, to be
' denoted byvs, (¢°), is defined as [6,28,57,61,62]

by % : sg(q”) = (1) L4 (a*) 2°(4°), (21)
Zr;‘*%f A + © gZ A with 2(¢) defined in Eq. D).
: jr. .Hj It is natural to expect that the infrared suppression of

PR b
L%,(¢*) will affect the shape and size af,(¢*). In order to

meaningfully quantify this suppression, we compasg(q?)
FIGURE 7. The SDE of the three-gluon vertex at the one-loop with the corresponding quantity defined from the ghost-gluon
dressed level. The white (red and blue) circles indicate fully vertex, to be denotedcg(qQ), namely (seee.g, [6,57,63])
dressed propagators (vertices). The diagré&$ and(d.) are the

luon and the ghost triangle contributions entering in the skeleton 2y — 2\ B2 DF2(42 2
gxpansion of tI?ree-quon?/ertex. ’ es(7) = () By Sg(q ED)Z(T), (22)

(dy) (ds)

. . whereB; Sg(qQ) is the ghost-gluon form factor introduced in
the ghost remains massless even nonperturbatively. As arg;, g

sult,hthe IﬁOpS .oth.he7thr('ee—g.Iuon vertex Cogf?'n'ng, r?luons It is important to mention that both effective cou-
(such as thed;) in Fig. 7) give rise to “protected” logarithms, plings are computed in the same renormalization scheme,

because the effective gluon_rr_]aasacts as an infrared reg- namely the Taylor scheme [64-66] where we have fixed that
ulator. Instead, loops containing ghosts (such as dhgif (i) = 0.244, aty = 4.3 GeV (for more details see [62]).
Fig. 7) produce “unprotected” logarithms, which diverge at

the origin [9]. 22—
. . . . . P Effective couplings
In the simplified kinematic circumstances where only % T
a single representative momentuyh is considered, a ba- i ‘.‘ —a3,(q%)
sic model describing qualitatively the resulting dynamics is 15 | \ -
1

given by

2 2 2
L(q%) = by + by In (T) + ben In (Xz) . (200 10

whereL(q?) denotes the particular combination of form fac-
tors, such that, at tree-levely(¢?) = 1, andby, bg1, andbgp 0.5
are positive constants.

It is clear that, asg — 0, the term with the unpro-
tected logarithm will dominate over the others, forcing g
L(q?) to reverse its sign (zero crossing), and finally diverge,
L(0) — —oo. Because, in practicéy; is about one order
of magnitude larger than,,, the point where the unpro- Ficure 8. The comparison of the effective couplings.(q?)
tected logarithm overtakes the protected one is rather degplue dashed line) ands, (¢*) (magenta continuous curve).

q [GeV]
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unraveled by the ongoing synergy of a multitude of tech-
niques and approaches, such as functional methods, lattice
simulations, and STI-based constructions.

We have focused on the interplay between the dynam-
ics of the three-gluon vertex and the Landau-gauge two-point
sector of the theory. In particular, as has been argued in
Sec. 4, the characteristic infrared suppression displayed by
the main form factors of the three-gluon vertex is tightly in-
k_ terlocked with the mass generating pattern established in the

FIGURE 9. The diagrammatic representation of the Bethe-Salpeterdauge sector of QCD.

equation for the pseudoscalar glueball with total momeniyrand There is an additional key aspect of the three-gluon ver-
by = P/2£ L forl =k, q. tex, which is worth mentioning, albeit in passing. In partic-
lar, the three-gluon vertex develolmngitudinally coupled

The comparison of the two effective charges is displayecgound state massless palashich trigger the well-known

n F|g.28. One clearly sees that, as the momen_jtdecreases, Schwinger mechanism [76,77], endowing the gluons with
aszg(¢”) (magenta continuous) becomes considerably smaller

thanas(?) (blue dashed ne). The suppressionaf(¢*), 1 20 SE8 B850 2028 Ll L e e ereal
located in the region belo@ GeV is consistent with previ- brop ! P P y

ous finding [10,15,44,47,67,68], and its origin is exclusiveIyprOJeCt.eOI vertef_%,,(q,r_, p) Isee Eq._ o, Wh.ICh enters in
. . : 5 the lattice quantities defined according to Et2)( Conse-
associated with the suppression of theg (¢°).

quently, these dynamically produced poles do not induce di-
vergences in the results displayed in Fig. 4 and 5. Nonethe-
less, as has been recently demonstrated in Ref. [36], the mass-
The dynamical generation of a mass gap in pure-gauge QCI®ss poles leave smoking-gun signals of their presence, by
is intimately connected with the attendant appearance ofducing finite displacements to the non-Abelian Ward iden-
glueball bound-states [31]. The rich glueball spectrum, andity satisfied by the pole-free part of the three-gluon ver-
related fundamental properties, has been obtained by meatx. Quite interestingly, this displacement is identical to the
of detailed lattice simulations, seeg, [69-73]. Evidently, Bethe-Salpeter amplitude that controls the dynamical forma-
these results serve as valuable benchmarks in the ongoing éfon of the massless poles [78-81], thus establishing a pow-
fort of continuum bound-state methods to reach an intuitiveerful constraint on the entire mass generating mechanism put
understanding of the underlying dynamics [39-41,74]. forth in a series of works (see [36] and references therein).

In this context, the/” = 0~ glueball represents the It would be clearly important to continue the research ac-
simplest case, because the pertinent Bethe-Salpeter equati@fity surrounding the three-gluon vertex in the future. In this
possesses a single dynamical kernel, which essentially deontext, a major challenge for functional methods is the ex-
scribes the four-gluon scattering process. The lowest-ordegnsion of the results for this vertex from space-like to time-
contribution of this kernel is shown in Fig. 9; evidently, jike momenta. Such information will be particularly impor-
the three-gluon vertex constitutes one of its central ingreditant, both from the theoretical as well as the phenomenolog-

5.2. Pseudoscalar glueball

ents [40]. _ o ical point of view. The methods and techniques developed
Moreover, the corresponding amplitude involves only onein Refs. [82-85] may be decisive for making progress with
scalar function, namely this demanding endeavor.
v (ki s k) = €napk® PPF(k; P), (23)

simplifying considerably the treatment of this problem.
It turns out that the infrared suppression of the three-
gluon vertex, and the overall attenuation of the interactiorACknow'GdQments
strength that it induces is instrumental for the formation of
the pseudoscalar glueball state, with a mass compatible withe thank the organizers of the 19th International Confer-
that obtained from the lattice [40]. ence on Hadron Spectroscopy and Structure (Hadron 21-
Let us finally mention that the need for a considerablevirtual) for the kind invitation. The work of J. P. is supported
suppression has also been established in studies of hybriy the Spanish AEI-MICINN grant PID2020-113334GB-
states by means of Faddeev equations [75]. I00/AEI/10.13039/501100011033, and the grant Prome-
teo/2019/087 of the Generalitat Valenciana. A. C. A. is sup-
ported by the CNPq grants 307854/2019-1 and 464898/2014-
5 (INCT-FNA). A. C. A. and M. N. F. also acknowledge fi-

In this presentation we have reviewed some of the most chapancial support from the FAPESP projects 2017/05685-2 and
acteristic nonpertubative features of the three-gluon vertex2020/12795-1, respectively.

6. Conclusions
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