Suplemento de la Revista Mexicana dsi€a3 020713 (2022) 1-7
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We consider an extension of the Standard Model, where the difference between the baryon Buandehe lepton numbek is gauged

with an Abelian gauge field, in order to explain the exact conservatidh-efL. To avoid a gauge anomaly, we add a right-handed neutrino

vr to each fermion generation. Here it is not sterile, so the usual Majorana term is excluded by gauge invariance. We provide a mass term for
vr by adding a non-standard 1-component Higgs field, thus arriving at a consistent extension of the Standard Model, where the conservatior
of B — L is natural, with a modest number of additional fields. We study the possible formation of cosmic strings by solving the coupled
field equations of the two Higgs fields and the non-standard U(1) gauge field. Numerical methods provide the corresponding string profiles,
depending on the Higgs winding numbers, such that the appropriate boundary conditions in the string center and far from it are fulfilled.
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1. A modest extension of the Standard Model

N. -
wiB _ gu gl _ _ g uv
The Standard Model of particle physics is a major scientific O =0, 3272 T W W] @)

achievement of the 20th century, and of all times — many ofyhere W is the SU(2), field strength tensor,

its predictions have been confirmed to an enormous precisiony,,, =¢,,,,,,W*? and N, is the number of fermion gener-

Still there are some reservations about it, which often refer tgtions.

the missing inclusion of gravity and Dark Matter. Here we B — [ invariance is not a paradox, but it appears strange

take a different point of departure to motivate a possible exthat this global symmetry should be “accidentally” exact.

tension beyond the Standard Model. This is the conceptually unsatisfactory point that we try to
Since the 20th century, symmetries are a central concegtvercome by going a step beyond the Standard Model. How-

of physics. They can be divided into global and local symme-ever, we do so in an economic way, by essentially introducing

tries. We consider the latter equivalent to gauge symmetriegyst the minimum of additional ingredients which are neces-

which must be exact based on the foundation of gauge invarary to render consistency and some natural features.

ance. This property strongly constrains the options of consis-

Our economic approach proceeds in three steps, which

tent extensions beyond the Standard Model, because one has first describe in words.

to assure that the gauge anomalies still cancel.

On the other hand, there is no compelling reason for
global symmetries to be exact. Indeed, they are usually just
approximately valid in some energy regime, where symme-
try breaking terms are hardly manifest, although they exist at
a higher energy scale. An exception is Lorentz invariance,
which — along with locality — also implies CPT invariance,
but if we invoke gravity (as described by General Relativity),
it turns into a local symmetry, which is naturally exact.

Another exception, which does not have such a plausibil-
ity argument, is the difference between the baryon nuniber
and the lepton numbet. Experimentally no violation oB
or L has ever been observed, but the Standard Model allows
for transitions, which turn quarks into leptons or vice versa.
They are based on topological windings of the Yang-Mills
gauge field SU(3), which affect both the left-handed quark-
and lepton-doublets. However, this simultaneous effect still
keeps the differenc& — L invariant. This is manifest from
the fact that the divergences of the baryon currl;fﬁand the
lepton current]j coincide,

e We promote theB — L invariance to a gauge symme-

try, which corresponds to an Abelian Lie group U(1)
and we denote its gauge field &s,. Thus the gauge
group structure of the Standard Model is extended to
SU(3).®SU(2)L ® U(1)y ® U(1)y-, with dimension
13 and rank 5.4, could couple justtd3 — L, orto a
linear combination of the chargésand B — L, which
are both conserved. We write it as

!/

Y’ :2hY+%(B—L), (2)
whereh andh’ are coupling constants (the factors of
2 and 1/2 will be convenient later). It will become
massive (see below), which leads to a hed{sboson,
while SU(2)r, ® U(1)y gives rise to the standard gauge
bosons¥V*, Z and~, as usual.

With this additional field, and the quarks and leptons
of the (traditional) Standard Model, a gauge anomaly
emerges. This can easily be seen from a fermionic tri-
angular diagram, with a gauge coupling to the charge
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B — L at each vertex, as illustrated in Fig. 1. In each
fermion generation, we have 2 quark flavors, with a
left- and right-handed quark and 3 colors, and baryon
numberB = 1/3, which sums up td3 = 4. In the
lepton sector we have one lepton with both chiralities,
but only a left-handed neutrino, all with lepton num-
ber L = 1, which amounts td. = 3. Cancellation
can be achieved by adding another lepton to each gen-
eration, and the obvious scenario is the inclusion of a
right-handed neutrinog.

It is well-known that this neutrino is “sterile” in the
sense that it does not couple to gauge fields of the Stan-
dard Model. So it does not affect the anomaly cancella-
tions with respect to the Standard Model gauge fields.

ltis also welcome in other respects: it provides the pOS_FIGURE 1. A fermionic triangle diagram, wher¢ runs over all

sibility to include a neutrino mass, while maintaining ii”g'gn;'gvc?r:vtii' Egﬁ;:;ogslr:f;rioghe external legs, A.,
renormalizability, and it is even a candidate for Dark *™” P q '
Matter.

If we want to embed this model into a Grand Unified The-

With vg included in each generation, we can build ory (GUT), we cannot use the unified gauge group SU(5),
Dirac mass terms for the neutrinos, with the SameVVhiCh onIy has rank 4, so the Simplest and obvious choice is
structure as for the quark flavors ¢ and¢, by a  SO(10) [1]. In this framework, the non-standard hypercharge
Yukawa coupling ofv;, and vy to the standard Higgs Y’ takes the specific form [2]
doublet fieldd. 5

Oncevy, is present, it is natural for it to have also a V=Y - Z(B - L), 3)

Majorana-type mass term, which is independent;of

However, in this scenario the usual Majorana term canwhich we will consider below. This form fulfills the orthonor-

not be added to the Lagrangian: it is built solely from mality conditionsy  Y; Y} = 0, >, Y7 = 2/3% , Y[* =

two factors ofvg, hence it had. = 2. In other sce- (10/3)N,, where the sums run over all fermions [2].

narios this is allowed, but in our case this term is not A fully-fledged quantum field analysis of this model is

U(1)ys gauge invariant. beyond the scope of this work. We are going to discuss nu-

In order to be able to construct a Majorana-type (pureb;n_erical_solutions to the coupled fi_eld eql_Jations_ of th_e two
Higgs fields and the U(1) gauge field (without including

right-handed) neutrino mass term, we still add a non- ; ; i o oS
standard Higgs field. In the framework of our eco- fermions and standard gauge fields; fermionic contributions

nomic approach, we assume a 1-component comple§9 cosmic strings are discussed.in Ref. [3]). In this semi-

scalar field,y € €. Now we can add a Majorana- classical analysis, we are interested in the possible formation

Yukawa ter;nx yvLug + c.c. in each generation, and of cosmic strings due to topological defects, where the two
R L. 1 . . . . . .

gauge invariance holds if carries the quantum num- Higgs fields may have arbitrary (integer) winding numbers.

ber B — L = 2 (B and L do not need to be specified Before explicitly addressing the corresponding field equa-
separately) tions, we insert some general remarks about cosmic strings.

Like the standard Higgs fiel® € €2, x can be ap-

plied to give mass tey, in all fermion generations,and 2. Topological defects and cosmic strings

it has a quartic (renormalizable) potential. This poten-

tial gives rise to spontaneous symmetry breaking, withTopological defects are relevant in a variety of condensed
a large vacuum expectation value (VEV) which ar-  matter systems, as reviewed. in Ref. [4]. They appear

ranges for a heavg’-boson. for instance in type Il superconductors [5], and in some cases
Finally, it is also natural to include a mixed Higgs term their percolation is related to a phase transition.
x OTdy*y. The possibility of the mathematically analogous forma-

tion of cosmic strings was first considered by Kibble in 1976
So we have designed a modest extension of the Standaffl]. This scenario has attracted attention ever since, although

Model, with one additional Abelian gauge fiell,, a right-  there is no evidence so far for the physical existence of cos-
handed neutrina/z in each fermion generation, plus a 1- mic strings (bounds on the string tension are obtained in par-
component non-standard Higgs figldEach of these fields is ticular from the Cosmic Microwave Background [7]). The
hypothetical, but they have a clear motivation, as we pointedecent search for evidence of cosmic strings focuses on the
out above. detection of gravitational waves [8].
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f(r) 3. Field equations for the extended gauge-
Higgs sector

According to the description in Section 1, we consider the
gauge-Higgs Lagrangian

L= D,® D'd +d,x*d"x

1 v
- Zf,uyfu - V((I)v)()v

0 r
Fuv =0 A, — 0, A,
FIGURE 2. A prototype profile functionf(r) of a cosmic string, V(® — 20D 4 \(PTP)2 12 %
with a topological defect at = 0, and f(r — oo) = v (in cylin- (@) =n + X ) XX
drical coordinates). + N (x*x)? — k®Tdy "y . (8)

_ . The potential must be bounded from below, which requires
Regarding the early Universe, there are attempts to rex, M’ > 0, ands < 2v/AN. Spontaneous symmetry breaking

late cosmic strings with the electroweak phase transition (thef both Higgs fields, with VEV, v > 0, further requires
electroweak symmetry remains unbroken in the core) [9].

- . . . 2 2)\/ 2 /2/\
For a stability discussion of electroweak strings, seg W2, 102 <0, K> maX( _hA 2R ) .9
Ref. [10]. ' I

Cosmic strings could also be superconducting [11],Together this implies? < 4A\.
which would establish a direct link to condensed matter ~® andx are the standard and non-standard Higgs fields,
physics. with the charged®’s = 1/2, (B — L), = 2, hence (ignoring

Here we briefly sketch the basic idea; for extensive re-the SU(2), and U(1)- gauge fields) the covariant derivatives

views we refer to Refs. [12, 13]. As a toy model, we con-take the form

sider a 1-component complex scalar figld:), with the well- D,®=0,® +ihA,®, d,x=0,x+ihNA,®, (10)
known Lagrangian

where we refer to our conventioB)(
) ) Following the lines of Sec. 2, we make an ansatz for static
L(¢,0,0) = 0,90" ¢ — 15" ¢ — Ao(¢*#)° . (4)  solutions in terms of cylindrical coordinates,

a(r) .

_ 0 ing _ in’p _
For 2 < 0 we obtain a continuous set of classical vacua, ¢ = (1) ¢(r)e™” ., x=&(re o Au= r ©

whereg, £, a € R are the radial profile functions of the field
— v, y= [_ 2 /9\ , 5 configurationsp, n’ € Z are the winding numbers of the two
¢ Ha/ 2o ®) Higgs fields, and is the tangential unit vector.
In these terms, the Euler-Lagrange field equations read
with an arbitrary phase € (—, 7). It can be generalized to [4,14]
static solutions with non-minimal energy, for which we write 22 2
: S X X 1d +h

— in cylindrical coordinates — the ansatz de ;d—(f = [% + 1?2207 — /162} o,

. d?¢ 1de (n' + h/a)z /2 12 2
¢(r7907z):f(r)ezn¢7 (6) W—’_;E_ [TJ’_M +2)‘§ _’%¢ :|§7
d?a  1lda 9 o ,
wheren € Z is the winding number. Fon # 0 this rep- pro el (n+ha) + 205 (0 + h'a) . (11)
resents a topological defect, and the profile functjim) The boundary conditions in the core and asymptotically

should vanish at = 0 (this avoids a phase ambiguity). Far 4y from it — where the Higgs profile functions become con-

from this defect we requirg(r — oc) = v. These are the  gtant — are summarized in the following table.
boundary conditions for the field equation

r=20 r— 00

g ey o | G| |
a7 v = Gz +2) s (7) X(r) (if n’ # 0) o = /N
a(r) 0 Y N—Y

The shape of a typical solution is depicted in Fig. 2. (if n # O andn’ # 0)
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4. Profiles of U(1)» cosmic strings Lo : o L0
0.8
In the following we are going to show a set of solutions to the 06
system of coupled second order differential equations given -
in Eq. (11). They are based on Refs. [4,14], and obtained with s 0a
the Python functionscipy.integrate.solve _bvp, ' oo
which applies the damped Newton method. Consistency tests oa o(r) _'O ,
show that the errors occur mostly closerte- 0 (where we '
have to deal with removable singularities), but even there they o4
attain at most2(10~3), and forr > O(1) they decrease by ' w06
several orders of magnitude. The solutions have also beer —0.8
reproduced with the Relaxation method and with the Runge- 3 73 5 5 a1 -10
Kutta 4-point method, although the latter has difficulties in T 10
attaining stable plateaux at large 100 tr) Wos
A solution is uniquely specified when we fix the Higgs o5 06
self-couplings\ and )\, the Higgs field winding numbers 0.50 o4
andn’ and the asymptotic largevalues of the three fields. . o(r) 0'2
We choose them by fixing directly and«’, as well as the '
gauge couplingé and?’, with the constraint,/h = '/}, 000 00 K
which is given in the table of Sec. 3, and which is obvious -0.25 02
from the last line in Eq/X1). -0.50 -04
In Figs. 3 to 5 we choose the parameters of the Higgs _ . -0.6
potentials as a(r) |[k-os
-1.00 10
v=05,v=1, Ax=XN=1, ke[-1,1. (12) L

Thus the non-standard Higgs field has a larger VEV than thg;gure 4. Solutions for the cosmic string profile functions, with
one of the Standard Model (in physical units> 246 GeV),  static fields®, v, in the absence (above) or presence (below) of a
hence theZ’-boson tends to be heavy, although this also deq{static) U(1)» gauge field4,. These plots refer to the parameter
pends on its coupling constaritandh’. The parametexis  setv =05, =1, A =N =1;n=n"=1,h=h"=1.

in the range, which is allowed by the condition for the poten-
tial to be bounded from below, < 2.

If we take the value of as a reference to convert all quan-
tities to physical units, then the length unitsoEorresponds
to 0.0008 fm, so our cosmic string solutions have radii of
O(1073) fm, as the following figures show, while other the-
oretical scenarios arrive at larger radii up®1) fm.

Figure 3 shows the case wherk, only couples to the
chargeB — L, hencep(r = 0) does not need to vanish. We

see that it deviates only mildly from(r — oo) = v, but
only for ¢(r < 4) the value ofx is relevant. Here(r — o)

is fixed by choosing the-winding numbem’ = 1, and the
couplingh’ = 1. The profile functiong(r) anda(r) move
from 0 to their larger values in a manner, which is qualita-
tively compatible with the feature of the prototype in Fig. 2.

In Fig. 4 we proceed to the winding numbers= n’ = 1.
This requires the same couplings, which we choosk as
h’ = 1. Here we show the cases without or with the presence

1.00 0 ;: of the A,, gauge field,.e. B — L conservation is a global
0.75 or a local symmetry, respectively. The behaviog6f) and

o5 | e #(r) is similar in these two cases, but the Uf1pauge sym-
s o(r) % metry causes a faster convergence to the lartisit as r

' 02 increased, e. it reduces the characteristic string radius, and it
0:00 00 & suppresses the-dependence.
023 2 In Fig. 5 we consider a higher winding number of the
~0.50 o4 x-field, n’ = 2, again for the cases of a global and local
~075 oo B— L-symmetry. (We recall that the conservation of the weak
100 a(r) [-os hyperchargeY” is local in any case due to the gauge group

o ; P 6 T % & . e U(1)y, which is always present, although it is not included in

our field equation analysis.) The impact of the U{1yauge

FIGURE 3. Solutions for the cosmic string profile functions, with 9roup is consistent with Fig. 4; it accelerates the convergence
static fields®, y and.A,,, in cylindrical coordinates, for the param-  Of £(r) and¢(r) to their plateau values asincreases, and it
etersetv = 0.5, v = ;A =N =1,n=0,n" =1, h =0, reduces to impact of thé-y-mixing term,i.e. of the param-
=1 eters.
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. 1.0 1.0
1.04 1.5
&(r) Jtos §(r) | fos
1.0
0.8] 0.6 0.6
0.4 0.5 0.4
0.2 ¢(r) 0.2
0.61 : 0.0
00 K 00 K
-0.5
0.41 -0.2 -0.2
-0.4 -1.0 -0.4
0.21
-0.6 —15 -0.6
-0.8 a(r) -0.8
001 -2.0
— . - . . . ; . -1.0 -1.0
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

r r

1.001 FIGURE 6. Solutions for the cosmic string profile functions, with

| =f F°8
gl ¢r) [gos static fields®, x and.4,,, for the parameter set= 0.5, v’ = 1.5;
ng A=05XN=1n=n"=1,h=h =0.5.
0,50+
o(r) W%
0.251 0.2 1.0
0.00 0.0 K 1.5 5(7) 0.8
—0.25- -0.2 1.0 0.6
—0.50- 94 0.5 0.4
R o) M
—0.754 0.0 .
al(r) -0.8 00 K
=1.001 ) - i _ 05
0 2 4 5 8 10 12 14 10 —0.2
! -1.0 -0.4
FIGURE 5. Solutions for the cosmic string profile functions, with —06
static fields®, x, in the absence (above) or presence (below) of a a(r) 08
(static) U(1)- gauge field4,. These plots refer to the parameter ~ -2.0 1o
setv =057 =L, A=XN=1Ln=1,n"=2,h=1,A =2. 0 2 4 6 8 10 12 14 '

In the global symmetry case, the latter is most relevaniFicure 7. Solutions for the cosmic string profile functions, with
aroundr ~ 2, where we observe an interesting phenomenonstatic fields®, x and.A,,, for the parameter set= 0.5, v' = 1.5;
the standard Higgs profile cavershoot, i.eexceed thevalue A =05\ =1;n=1,n"=2,h=05h"=1.
of v at a moderate radius. In addition, we see at small

r € 0(0.1) thatn’ = 2 keepst(r) small, in particularinthe At € O(0.1) we observe again a suppression¢of),
absence aoft,,, before it turns to the regime of maximal slope Similar to the lower plot in Fig. 5 (which also refens = 2
atr € O(1). We will come back to this point. in the presence ofl,,). We will probe this property further at

Figures 6 and 7 go beyond the parameter2) gy en- ~ €ven larger values gft'|. _ _
hancing the ratio’ /v and assuming different Higgs field Let us finally return to the aforementioned scenario where

self-couplings, we consider this model as a subset of the SO(10) GUT. In this
case, the couplings and?’ are fixed by Eq.3), which also
v=05,v=15, A=05,N=1, rke[-1,1]. implies a specific ratio between the winding numbers,
(13)
n' = —bn. (14)

Figure 6 refers to the case = n’ = 1, but we also . . . .
modify the couplings compared to Fig. 4. The condition (There are other conventions in the literature, whetelif-

is only that they have to coincide, so we now set them tJers by a constant factor, but relatiat4j does not depend on

h = h' = 0.5. The qualitative features agree with Figs. 3 to it.) This relation also takes us to examples of a large winding
5, in particular in the presence of the gauge fidig, which ~ "UMDPer, which we have not addressed so far.

shows that these features are quite robust against parameter Figures 8 and 9 refer to the parameters

modifications. —05. v =1. A=1. N =1
Figure 7 returns to the case of the double winding of the vEEes U= T

x-field, withn = 1, n’ = 2; h = 0.5, A’ = 1. This plot h=0.5, A =-25. (15)
shows in particular that the overshooting effect of the profile

¢(r) can also occur in the presence of the W(1gauge field, Figure 8 assumes the winding numbers= 1, n’ = —5,
which strengthens the relevance of this observation. while Fig. 9 addresses the even more exotic case —2,

Supl. Rev. Mex. Fis3 020713
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Lo L0 5. Summary and conclusions
&(r) | tos
0.5 0.6 We have studied an extension of the Standard Model, where
9(r) 04 the exactB — L conservation is explained by a U¢l)gauge
o0 02 symmetry. Gauge anomalies are avoided by adding a right-
—05 00 K handed neutrinar to each generationvy obtains an in-
o dividual mass term when we add a 1-component additional
-0 o4 Higgs field x, with quantum numbe(B — L), = 2, and
. e use it to build a Majorana-Yukawa term yvivg. For the
' standard Higgs fieldb and for y we assume (renormaliz-
20 a(r) -oe able) quartic potentials — with negative quadratic terms that
0 2 4 6 8 o 12 14 e imply spontaneous symmetry breaking — as well as a term
" —k®T DY y.

) o ] _ We then studied the coupled field equationsdofand
FlepREE Solutlorc;s for thehcosmlc string profile func/tlons,. for x and the U(1). gauge fieldA,. In particular, we made
static fields®, x and.A,., for the parameter set = 0.5, v" = 1, 51 aneatz for cosmic string solutions, and applied numerical
A=1,N=1n=1n"=-5h=05h =-25. . . . . . .
methods to obtain the radial profile functions with a variety of
winding numbers. This analysis also includes the case where
this model is considered part of the SO(10) GUT, such that

a0 Lo the winding numbers of and x, n andn’, are related as
N a(r) | tos n' = —b5n. Sincen, n’ € Z, this requires a large value of
0.6 |n’|
30 0.4 Taking the VEV of® as a reference to fix the energy scale
25 0.2 suggests that the cosmic strings that we obtain are very thin,
2.0 00 K typically with radiir € O(1073) fm. The solutions that we
15 —02 found do not lead to any objection against the possible exis-
o 0N =¥ tence of such (hypothetical) cosmic strings.
—06 In some cases we compared the Higgs field profiles in the
03 o(r) M-os presence and absence of thg gauge field. The difference
0.0 1o tends to be modest, but involving, further reduces the radii
g 4 & & B B 12 I of the cosmic strings.

Also the ®-y coupling constank has only a mild in-
FIGURE 9. Solutions for the cosmic string profile functions, for ﬂue.nce on the solutions. Its 'mp'?‘Ct 'S most r_namfest in the
static fields®, y and.A,,, for the parameter set = 0.5, v = 1; regime of a_bout half of the cosmic string radlus_, Whgre the
A=1,N=1n=-2n=10h=05h = —2.5. profile functions have their maximal slopes, and it mainly af-

fects thed-profile.

Increasing winding numbers, in particular the increase of
n’ =10 (which is certainly unstable under quantum fluctu- ,,/|, keeps the profile function of close to zero at very small
ations). This entails larger absolute valuesa6f) than in ;. This effect was systematically observed: # 0 implies
the previous plots, with(r — o) = —2 and4, respectively. (= 0) = 0, and increasing’| keeps x| small next to the
We did not encounter any conceptual or numerical difficultiescore of a cosmic string.
in dealing with these extraordinary cases. Originally we were interested in the possibility of “co-

These scenarios of strong windings of théield confirm  axial cosmic strings”, where the profile functions®for x

previous observations, now in an amplified form. At smallwould be negative in some range inside the cosmic string.
r, the x-profile functioné(r) is kept close to zero, in arange This would have been a novelty in the literature, but an ex-
which grows monotonically withy'|; for |n’| = 10 thisrange  tensive search did not lead to any solution of this kind.
extends up to > 1. We did, however, find the opposite behavior: in some

Moreover, these plots further confirm that the overshoot*35€s the standard Higgs profile “overshodteinside the

ing effect of () can also occur in the case with U(2) string it can take a value, which is larger than its VEV far
gauge symmetry. The comparison with Fig. 7 shows that als§©™M the cosmic string.
this effect is enhanced by an increasing valugof
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