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We assume that the neutrino mass max, in the model-independent context, is diagonalized by the Tri-Bi-Maximal (TBM) pattern.

In the following, we explore the TBM mixing pattern deviation by considering different textures for the charged lepton matrix, which are
classified into equivalence classes that allow us to reproduce the experimental data on neutrino oscillation. Our target is on the chargec
lepton matrix with the minimum number of free parametérs, the maximum number of zeros of the texture that allows us to correctly
reproduce the value of the reactor mixing angle. We show a deviation from the TBM pattern in terms of the charged leptonic masses,
which provides a prediction value for the phase factors in the charged lepton mass matrices. These are related to the “Dirac-like” CP and
“Majorana-like” phase factors. For the last type of phase, we show its phenomenological implications through effective Majorana mass in
the neutrinoless double-beta decay.
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1. Introduction out by the experimental measurement of the reactor angle,
which reports a reactor mixing angle of the order of eight
The discovery of masses and flavor mixing of the neutrinadegrees [3,5, 17]. However, all is not lost with respect to the
can be regarded as one of the biggest breakthroughs in the uhBM pattern, if we remember that the leptonic mixing matrix
derstanding of particle physics. However, this fact providesU py;n g, arises from the mismatch between diagonalization
the first evidence of a beyond the Standard Model physicsef the mass matrices of charged leptons and the left-handed
(BSM) [1]. The experimental discovery of a nonzero reactomeutrinos. Realistic TBM-like neutrino mixing matrix can be
mixing angle [2] marked the beginning of a new era in parti-reviewed in Refs. [18,19].
cle physics [3-5]. These experimental results have expanded A generalization can be proposed in which the unitary
the flavor structure in the lepton sector by providing us thematrix that diagonalizes the neutrino mass matrix is repre-
first indication for a new CP violation source [6]. Relevant sented by the TBM flavor pattern, while the unitary matrix
works on lepton sector analysis are Refs. [7—12], as Ref. [13}hat diagonalizes the charged lepton mass matrix corresponds
Nevertheless, neutrino oscillation experiments do not reto corrections to the reactor, solar and atmospheric mixing
solve the question of whether neutrinos are Majorana o Dira@ngles.
particles, or give some information about the absolute neu- If neutrinos are considered as Majorana particles, the low
trino mass scale, or about Majorana phase factors, neithegnergy neutrino oscillation phenomenon in the base of flavor
Majorana phases enter in decay amplitudes that violate theigenstates is given by the Lagrangian
leptonic number, such as neutrinoless double beta decay [14].

. . . 95
Hence, an experimental observation of neutrinoless double- L= _EKL'YHVLWM
beta decay can test the absolute scale of neutrinos masses
and the nature of the neutrino mass ter_m_, that is, the neutri- _ EEMVVL —7pMl. +H.c.. 1)
nos would be Majorana particles. Now, it is well known that 2

neutrinos have a small value for their masses, less than e¥he N is the neutrino mass matrix. Th, is the charged
which naturally can be explained by considering neutrinos afpton mass matrix. These mass matrices can be rotated to

Majorana particles [15]. the mass eigenstates basis by means of the unitary transfor-
The TBM pattern [16] considers a maximal atmosphericmations.
mixing angle¢ = 45° and solar angle;; = 35.26°, The mass matrices can be rotated to the mass eigenstates

while the reactor angle is postulated as zero. Also, in théyasis by means of the unitary transformations
TBM framework, the charged lepton mass matrix is consid-

ered a diagonal matrix. The TBM flavor pattern was ruled M, =U*A, Ul and M, = V@AgU;. (2)
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Here,

Au = dlag (muh my2, mVS) ;

Ay = diag (me, my, my) .
The charged currents term takes the form
g -
Loe=——F44 Hy ;
Vol
9 5 ’
L =—20yU viW,, 3
ce \/i LY PMNSV L VW ( )

with ¢’ = U4y, andv/'p, = U,rr. TheUpyns Matrix is the leptonic flavor mixing matrix and governs the neutrinos and
charged lepton couplings

Uel U€2 Ue3
Upnns = UZUV =| Un Uwp U,z |. 4)
UTl UTQ UT3

In the symmetric parametrizatiobpyins can be write down as

C12€13 S12c13€ 912 size” 01
—512023€i¢12 _ 012513823€_i(¢23_¢13) Co3C19 — 823512313e—i(¢12+¢'23—<b13) 0135236—1'4)23 , (5)
5128236 (912+923) — 1551300361018 —C12823€'923 — 5198130936 (P12 ¢13) C13C23
Wherecij = COs 0”-, Sij = sin Hij, and¢12, ¢13,¢)23 are the
physical phases. diag(m., m,, m,), while, the solar, atmospheric and reactor
The mixing angles in terms of tHEp)\ng Matrix entries  mixing angles have the values
are
|U ‘2 |U 12 Sin2912: =, 92311, 913:0. (8)
sin? 615 = 672, sin? 0y3 = “73|, 2 4
1—|U63|2 1_|U€3‘2

The CP symmetry is preserved, this means that phase factors
sin? 013 = |Uss|?. (6) arenull
The unitary matrixUy, is equal to identity matrix, and
Whereas, the phase factors associated with the CP violatiogy ..., = Upyns = U, is expressed as
phases are:

2 1
ER 0
) Jep (1 - |Ues|?) 3 V3
sindcp = , U = D S U 9
T U [Ue2lUes|[ U5 [U7s] e R ®
' T, V6 V3 V2
Sin (—2¢12) = e 3 ) .
[Ue1|Ue2| So, the neutrino mass matrix has the form
T
sin (_2¢13) = W (7) by [ —Qay
ell"1-e3 M,=| a b,+d, b,+c, |, (10)
Jop = Im{UsUsU% U} is the Jarlskog invariant, —ay by+c, by+dy
which is associated with the Dirac-like CP violation phase,
where
Il :Hm{|Uel|2|UeZ‘2} and I2:]Im{|Uel‘2‘Ue3|2}7 1 1 4 5
ay = 5 (Muz —my1), ¢ = 3 \mws = gmuz — gmua |,
which are the invariants associated with the CP violation
. i 1 1
phase factors Majorana-like. b, = 5 (2mu1 +mys), dy = 5 (Mas — mu1) .
2. The TBM leptonic flavor pattern Unfortunately, the TBM leptonic flavor pattern does not work

to describe the nature, since the reactor mixing angle is non
In the theoretical framework of TBM flavor mixing null, by according with the current experimental data on neu-
pattern, the charged lepton mass matrix has a diagonal formnino oscillations [6]:
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Here,
sin® 015 (1071)=3.18 £0.16, 2.71-3.69, i —T,PlO, i—0..5 (12)
- K3 2 ) - RS ?
sin? 055 (1071)= 5.74 +0.14, 4.34—6.10, for NH, .
23 “ 5781019 433-6.08, forlH, where theT; are the elements &5 real representatior®,

is the diagonal matrix of phase factors, add is a real or-
sin? 013 (102) = 2.20010:009, 2.000-2.405 forNH,  thogonal matrix (see Appendix A in Ref. [20]). The PMNS
1 2.225700%, 2.018-2.424 forlH.  mixing matrix takes the form

3. Deviations from the TBM flavor pattern Ubuns = UJ'U, = O/ P, T;Urpy.  (13)

A possible modification to the TBM flavor pattern may come The explicit form of theO, andP, matrices depends on the

from the charged lepton sector considering a non-diagonaquivalence class.

leptonic mass matridvi,.

In order to fix the form of the charged lepton mass ma-3 1. Equivalent classes with two texture zeros

trix, we propose several equivalence classes whose elements

are Hermitian matrices with two texture zeros given by The rule under which texture zeros in a matrix are counted
Mj; _ U}ZAzU?. (11) is; one texture-zero on the diagonal counts as one, while two

off-diagonal counts as one texture zero. Then, we shown the
| four equivalent class kinds with two texture zeros.

Hermitian matrices Type-|

0 Qayg 0 bg CLZ Cy d@ C} 0
M? = a}f b( Cy y M% = ayp 0 0 s M% = Cy bg a}f s
0 CZ dg CZ 0 d@ 0 Qy 0
(14)
0 0 ay d( 0 Cz bg Ce Gy
M:g = 0 dz C; 5 le = 0 0 ap | , M? = Cz dg 0 5
azf Cy bg Cy a}‘ bg ay 0 0
Hermitian matrices Type-Il
fg Qy 0 0 azf Cy d@ Cj 0
Ml=la; O |, Mj=[a fo O, Mi=|c O a}],
0 CZ‘ dg CZ 0 d@ 0 Qy fg
(15)
fg 0 Qyp d@ 0 CZ 0 Cy az
M? = 0 dg C; 5 Mz} = 0 fg ayg | , M? = Cz dg 0 N
a; ¢ 0 ¢ a; O ag 0 fo
Hermitian matrices Type-lll
0 ap ey 0 a; c de ¢, €
M? =la; 0 ¢ |, M} =la 0 e ], M% =lc 0 ajf,
e, ¢ dg c;, e dg ee ag O
(16)
0 e ayp de e ¢ 0 ¢ aj
Mi=|e die |, Mi=|e O as|, Mi=|c; doe €],
a; c 0 ¢, a; 0 ap e 0
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Hermitian matrices Type-IV

fg Qg 0 bg Qy 0 d@ 0 0
MO=la; b O], Mi=|a; fo O, M2=(0 b a}|,
0 0 de 0 0 d( 0 Qyp fg
(17)
fg 0 ay dz 0 0 bg 0 a}‘
Mg’: 0 dz 0 y MZ}Z 0 fg ag |, M?Z 0 dz 0 y
CL}< 0 bg 0 a}f be Qy 0 fg

In this paper, to analyze the feasibility of the textures, and
one of the equivalent class, here we only present the analyslis
for the equivalence class with two zeroes texture type-I. The The parametes, must satisfy the following conditions:
others are developed in Ref. [13].

A0<d<l—my,, for me=—|me].
: . B.0 < 6y < 1 — e, §¢ # iy — e, for mu=—|m,|.
4. Equivalent class with two texture zeros g p= L
Cl-m,<éd<l—me, for m;=—|m.]|.

type-I
L In the above, the minus sign means which chiral rotation we
To analyze the deviation from the TBM pattern, we focus O”apply. Considering the previous results, the PMNS matrix
the Hermitian matrices with two texture zeros type-I Bdi)( takes the forni: — O] P,T,;Uppy, where
PMNS — 14 ? '

By considering Eq/X4) and using the matrix invariants
my fo me fro meﬁLufZS
, , S1y/ TE S2v/ "Dy, S3\/ — ..
Tr{M;},  Det{M;}, bu Dz Des
o 4 . 0,= \/7715(1—54)1%1 \/ﬁlu(l—5z).fz2 \/(1_&),&3 ’
(M} = 5 (Tr{M2) - Tr M) ).

_ [ Mefeafes My fo1 fes o[ feife
. . D S1S2 D S3 D
the mass matrices elements in terms of charged lepton “ 2 “

massesj,, ¢, and¢. parameters have the forila = 1 — §,,  where

MM Dél = (1755) (m/L+S3ﬁLe) (1+32’r7le),
ap = ¢ e giga "’ 8 "
14 1—6@ ’ DE2Z(]_*(S£) (m#+53me) (]_~|»Squn‘u)7
be = (S5 = 1)+ S1me + Samy + 0, Dy = (1= 0) (14 Saie) (1 +517,) . (18)
o = \/mei% In this case, the flavor mixing angles can be expressed as
BT . 1 e
4 sin® 015 = 37 c12) (19)
beingd, such thad < ¢, < 1, with ( m |
. 1(14+som
2 e
5 o3 = - ——F s 20
fo=1=Sife =4 O T S s (20)
p— . -~ _ 1 ~e
fez = S3 (1 = Safy =), sin’ 015 = §g €13- (21)

fiz=1+s3(6—1). .
The explicit form of thes;; parameters depends on the shape

e = me/my, andin, = m,/m,; ¢a = arg{as}, and of charged lepton mass r_natri>_<, explicit e_xpressions for equiv-
¢ = arg {c,} are related to the CP violation and are defined@lent class type-I are given in Appendix A (see the others
in the interval(—m,71]. Sy = sign (mg) with & = 1,2,3.  types in Ref. [13]). The matricesly andM; (M; andMy;

For charged lepton fields the sign of the mass is irrelevanM7 andMy) generate the same form for the, 3, ande13
since the sign can be changed by means of the chiral tranfarameters.

formations,

o o 5. Numerical analysis
ERHE/RZGWSEKR, and ELHKILZGWSEEL.
This section contains the numerical analysis of the allowed
These transformations change the sign of the eigenvaluesggions for the reactor, atmospheric and solar mixing angles,
however, the rest of the Lagrangian keeps invariant. see Ref. [13].
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FIGURE 2. The allowed regions for the solar mixing andle: &
FIGURE 1. The allowed regions for the reactor mixing angie &, for equivalent class with two texture zeros type-l. Remaining

& 4, for equivalent class with two texture zeros type-I. The purple information as in Fig. 1.

stripe corresponds to the values3at for the reactor mixing angle

obtained from the global fit, for normal and inverted hierarchy [6]. The free parametey; should be in the following numeri-
In these panels, the red area is M) and M3, blue area is for gl interval:

M; and M2, the green area is for A and M. In the lower

panel shows an amplification of the region in which the mixing 5 € [0.99132,0.99382] for MY and M3,

angle theoretical expressions simultaneously reproduce the current 1 5
experimental data. op ~0.9994 for M; and My,

6¢ ~0.9997 for M? and M7,

Itis easy to conclude that all charged lepton mass matriypareas for the phase factors
ces are able to reproduce the current experimental values of
reactor mixing angle. However, the numerical values interval |pa| € [76°,180°] for MZ, Mj,
of the free paramete¥,, for theM}, M7, M} andM? mass o 1ono 0 w3
matrices, is too small. @] € [76°,180°]  for My, M.

In Figs. 1, 2, and 3, the purple stripe corresponds to th&.1. Neutrinoless double-beta decay
values aBo for reactor mixing anglé, 3, solar mixing angle
012, and atmospheric mixing angfeg respective|y, obtained The neutrinoless double beta de(ﬁayﬁﬁ) is a second-order
from the global fit, for normal and inverted hierarchy. In theseProcess in which a nucleus decays into another by the emis-
panels, the red area is fdMi) andM?, and the green area is Sion of two electrons
for M? aqu;%. In each figure, the lower panel shows an (A7) — (A, Z+2) +e +e .
amplification of the region in which the mixing angles theo-
retical expressions simultaneously reproduce the current exrhe experimental discovery of one of these processes could
perimental data. solve the open question about particles, which means that it

Supl. Rev. Mex. Fis4 011008
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FIGURE 3. The allowed regions for the atmospheric mixing angles

023 & 4., for equivalent class with two texture zeros type-l and

type-lll. Remaining information as in Fig. 1. FIGURE 4. The allowed regions for the atmospheric mixing angle
023 & ¢, ¢, for equivalent class with two texture zeros type-I.

would be the first signal of the non-conservation of the lep-

ton number. The amplitude f¢0v33) is proportional to the  \ynere th%m?j —m2 —m?2 andm . I8 the lightest neu-
. . Vi v v
Majorana effective mass trino mass for the normalfinverted] hierarchy in the neutrino

. mass spectrum.
Mee = meUezi, 1=1,2,3, P
i

Figure 4 shows the allowed regions for the atmospheric
wherem,, (i = 1,2,3) are the Majorana neutrino masses mixing anglef,; as function of¢, (upper panel) and.
andU.; the elements of the first row of leptonic flavor mix- (lower panel).

ing matrix PMNS.

In the symmetric parametrization of leptonic flavor mix-  In the upper panel, the red area is for a normal hierarchy
ing matrix, the Majorana effective mass has the form while the orange area is normal hierarchy, both areas are ob-
tained from matriced) andM?3. In the middle panel, the
magenta area is hierarchy while the blue area is for an in-
verted hierarchy, both areas are obtained fiefh and M.
Finally, in the lower panel, the green area is for a normal hi-
erarchy while the cyan area is for an inverted hierarchy, both
areas are obtained froM? andMj. From KamLAND-ZEN
and EXO-200, the following upper limit... < 0.061, which
correspond to the horizontal gray band. From the results re-

. ported by Planck collaboration, obtaining the vertical gray
Muyyy = \/mV1[3] + Amgl[?,l]’ band.

2 2 2 2 _—i2 2 _—i2
[Mee|=|m, cycTs+mu, sToctze 2012 4my, sTae 2919,
where¢:2 and¢;3 are the Majorana phase factor.
Them,, neutrino masses can be written in terms of the
lightest neutrino mass through the expressions

Supl. Rev. Mex. Fis4 011008
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In Fig. 5, [Mmee| & Myiignies: are shown for an inverted
and normal neutrino mass hierarchy, the yellow and purple
stripes are obtained from the current experimental data on
neutrino oscillations &to [6].

6. Summary

In a model-independent theoretical framework, we presented
a generalization of TBM leptonic flavor mixing pattern. In
this modification to the TBM pattern, the unitary matrix that
diagonalizes to the neutrino mass matrix is represented by
means of TBM flavor mixing pattern, whereas the charged
lepton mass matrix is represented by one of the elements of
the equivalence classes with two texture zeros. Particularly,
we shown a deviation from the TBM pattern in terms of the
charged lepton masses as well as the theoretical expressions
and their parameter space for the mixing angles. Further-
more, from the theoretical expressions:=gf in Appendix A

we have for each type of equivalent class M& and M3
matrices generate the same expressionssfpande;3; sim-

ilarly for MZ andM?, as well asMI} andM3.

From the analysis performed for equivalence classes
type-1, we had that it is easy to conclude that all charged lep-
ton mass matriceM; (i = 0,...,5) are able to reproduce
the current experimental values of reactor, solar and atmo-
spheric angles. But, the numerical interval of the free param-
eterd,, for theM}, M2, M} andM?, is too small,

5 € [0.99132,0.99382] for M) and M3,

6, ~0.9994 for M} and MJ,

§¢ ~0.9997 for M7 and M;.

On the other hand, for all mass matrichd} (i =
0,...,5), the solar and reactor mixing angles have a weak
dependence on phasgs and¢.; whereas foiM; and M3,
the atmospheric mixing angle has a weak dependencg, on
ando.,.

However, to reproduce the current experimental data for
the mixing angledss, for MY and M3 (M? and M}), the
phasep. (¢,) runs over the numerical range

ba| € [76°,180°]
be| € [76°,180°]

for M? and My,
for M) and M;.

Appendix

FIGURE 5. In these panels, regions allowed for the magnitude of A. Parameters of equivalent class with two tex-

Majorana effective magsn..| are shown.

ture zeros type-|

For the mass matric@el andM?,

Supl. Rev. Mex. Fis4 011008
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(1+s3(6e—1)) fel + (1 — 8¢) fe2 +51522y/ (L +53 (8¢ — 1)) (1 — d¢) fe1fe2 cos pe
Ze ) (14 samme) + 3 22 (feo (1453 (6 — 1)) + fer (1= 60) — 2/ T+ 83 3¢ — 1) (1 80) fer fez cos b )

€23 =

(1-30) (

_ fre (4830 1)+ for (1 —6p) = 2/ (1 —6&¢) (1 +55 (8¢ — 1)) fer fe2 cos ¢cA
(1754)( g;;;;) (1 + safne) '

mﬂ

fe2 (1+S3 (51/71)) +fe1 :‘;7“*‘1’,)0[1 (1761{) +2\/(1+33 (6[71)) (176[) f/{lfggcc+(*1)j'512 (\/ mu (1+53 (5/ 1)) f({lngCaC+fe1\/% (17(”)611)

(1=6¢) <1+53 ) (14s2me) —1 2 £ (1453 (50 — 1)) + (1 — 8¢) fer—21/(1—06¢) (1453 (0¢—1)) fe1 feace

3 o

E12= )

(A1)

where: = 0 for M% i =1for M3, ¢, = o8 ¢g, ¢c = €08 ¢, ANy = 08 (¢g + Pc).
ForM; andMj:

e fea + (1453 (8 — 1) for + 512/ 1= (1455 (8¢ — 1)) foa fez cos (da + bc)

€23 =

s

(1 —=14¢) (1 +53 = ) (1 +s2me) — %,;1‘ (fm (I1+s3(0e—1))+ m” Efn *512\/ arn (1453 (82 — 1)) fe1 fea cos (da + ¢c ))

For (1455 (80 — 1)) + 2 for — 512/ T (1455 (8¢ — 1)) fen fea cos (da + bc)
(1—60) ( 485 "’e) (1 + saie)

€13 =

s

fea (1453 (8e—1)) +for 2+ for (1—6z)+2sl\/',',i“ (1453 (8¢=1)) fer fezCac+(— 1)2(\/(1+53(52—1))(1—5£)fz1f1320c+51f21\/m (1- 6z)c«z>

me

€12=

)

(1=6) (1+53 = ) (14s2me) — % 7’7’;5 fe2 (1453 (0¢—1)) +fer s 251\/m“ (1483 (0¢—1)) fe1fe2cac

my me me

(A.2)

wherei = 0 for MA:} i = 1 for Mj.
For M7 andM,

fea (1 — 80 + me + 522\/ e 1 - 6[)COS ¢a)

€23 = )
(1—61)(1 +S3§}z)(1+52me) ;:;;e f“(1—5g+ +512\/ (1—64)(:0@@5(1)
for (1 — 80+ ’;fl“ +sl2\/§§z (1- 5e)COS¢a>

€13 = )

(1=60) (1453 2=) (1 +s2rmc)

my

fra (1485 (0 =1) +For ot fin (1=01) <281 fn | T2 (1=b0)cut (=12 (/TF83 G=10) (1=07) T Frace—1y 5 (1455 (60=D) for Fracac )

€12= ’

(1—5,) (1+53 nle) (14s2me) _?n e Iy 1o (1_5e+%+312\/ Z‘L’: (1—55)cos¢a)
(A.3)

wherei = 0 for M2, i = 1 for M7. cional de Supe@mputo del Sureste dedto (LNS), a mem-
ber of the CONAHCYT national laboratories, with proyect
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