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Evolution of pion mass with temperature
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bInstituto de F́ısica y Mateḿaticas, Universidad Michoacana de San Nicolás de Hidalgo,

Edificio C-3, Ciudad Universitaria, 58040, Morelia, Michoacán, México.
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We study the evolution of light quarks with isospin symmetry and the pion masses in the presence of a thermal bath and study their temperature
dependence. In addition, we analyze the inclusion of a coupling with temperature dependence. We attempt to study the dissolution of bound-
states at temperatures higher than the critical temperature, but we found that the model shows that the bound-state’s mass increases. We
base our study on a momentum-independent symmetry-preserving truncation scheme contact interaction in the Schwinger-Dyson equations
framework.
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1. Motivation

Quantum chromodynamics (QCD) is the quantum field the-
ory of strong interactions between quarks and gluons. These
interactions produce bound-states known has hadrons, which
are the particles that can be found in nature. One of the partic-
ularities of this theory is that its main ingredients, the quarks,
cannot be found as free particles in nature: the quarks are
confined. Confinement is an emergent phenomenon which
appears in the regime of low energies in the theory, where
chiral symmetry is dynamically broken and quarks acquire
dynamical mass, which is responsible for 98% of the visi-
ble mass of Universe. On the other hand, in the regime of
high energies, asymptotic freedom manifests itself, the run-
ning coupling becomes small enough and it is possible to use
perturbation theory [1–3]. In this region, quarks behave as
free particles.

In particular, the behavior of QCD is affected if quarks
are in the presence of heat baths or magnetic fields. At
low temperatures, bound-states continue to be color-singlet
hadrons, whereas at high temperatures, the interaction gets
increasingly screened and weak, and this restores the chiral
symmetry of quarks because the coupling decreases. Thus,
the behavior of quarks and gluons suggest asymptotic free-
dom. This behavior has been widely studied in literature, see
for example Refs. [4–13] for lattice QCD, Refs. [14–24] for
works based upon continuum techniques of the Schwinger-
Dyson equations (SDEs), and Refs. [25–28] within the Chiral
Perturbation Theory Framework.

There are other studies that consider variation of color
and flavor numbers to study the restoration of chiral sym-
metry breaking confinement and resulting in deconfinement,
others that study the quark gap equation under the pres-
ence of strong magnetic fields, which favors the generation

of dynamic mass for any value of the coupling strength.
This phenomenon was first studied in quantum electrody-
namics (QED) and was called magnetic catalysis [29–35].
If we consider a coupling that decreases with larger mag-
netic fields, the restoration of chiral symmetry pops up and
the phenomena of inverse magnetic catalysis appears cataly-
sis [24, 36–40]. A recent work [41] indicates that an electric
field favors the restoration of chiral symmetry.

Moreover, it is known that a quark-gluon plasma has been
produced at the relativistic heavy ion collider (RHIC) [42].
This plasma behaves as a nearly perfect fluid if the temper-
ature of the system is larger than the critical temperature re-
quired for its creation:Tc < T [43]. At this point, the collec-
tive excitations of gluons and quarks should prevail above the
excitation of individual free gluons and quarks. It is possible
to study this phenomena by studying the screening masses of
hadrons above the critical temperatureTc [44], because the
long-range structure of a plasma determines quantities such
as its equation of state and transport properties [18].

However, in most of the studies done in Lattice [45–47],
it is shown that strong correlations persist above the critical
temperature,T > Tc; and, a larger mass of bound-states
appears as an associated screening masses, and the parity-
partner states become degenerate. There are some proposals
that suggests that the inertial masses of light-quark bound-
states may vanish at the deconfinement temperature; and that
this could be a signal of bound-state dissolution [18].

In this work, we study the quark mass equation in the
presence of a thermal bath. With this computed mass, we
calculate the pion mass as a function of temperature. Later
we consider a coupling which becomes smaller with tem-
perature. The detailed analysis and discussions are found in
Refs. [18, 24]. Here, we outline the general expressions and
describe how the results can be obtained.
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2. Pion at zero temperature

We start by presenting the generalities of the contact interac-
tion (CI) for the quark gap equation.

In this simple yet effective model, [48–52], it is assumed
that the quark-gluon interaction is effectively the symmetry-
preserving vector-vector CI leading to a constant gluon prop-
agator:

g2Dµν(k) =
4παIR

m2
G

δµν ≡ αeffδµν , (1)

Γa
µ(p, q) =

λa

2
γµ, (2)

wheremG = 800 MeV is a gluon mass scale generated dy-
namically in QCD [53], andαIR is the CI model parameter,
which can be interpreted as the interaction strength in the in-
frared region [54, 55]. Replacing the full quark-gluon ver-
tex by its bare counterpart completes the definition of the
model. As a consequence, a constant mass function is ob-
tained. Since it is necessary to solve divergent integrals, a
regularization procedure should be adopted. To regularize
the integrals in the CI model, the proper time regularization
scheme [56] is adopted. This leads to a quark propagator of
the type:

S−1
f (p) = iγ · p + Mf , (3)

with a constant dressed quark mass.

Mf =mf + αeff

M3
f

8π2
Γ(−1, τUVM2

f , τIRM2
f ) , (4)

wheremf = mu = md is the light-quark current-mass, and
Γ(a, z1, z2) is the generalized incomplete Gamma function:

Γ(a, z1, z2) = Γ(a, z1)− Γ(a, z2) . (5)

The parametersτIR andτUV are infrared and ultraviolet reg-
ulators, respectively. A nonzero value forτIR ≡ 1/ΛIR im-
plements confinement by ensuring the absence of the quark
production threshold [57]. On the other hand, since the CI
model provided by Eq. (1) represents a non-renormalizable
theory, soτUV ≡ 1/ΛUV cannot be removed, it becomes part
of the model and sets the scale for all dimensional quantities.
Additionally, the ultraviolet cutoff also plays an important
role in studying heavier quarks: increasingΛUV mimics the
short-distance effects as the quark mass increases [49,58].

TABLE I. Quarku current massmu, dynamic mass computed from
the gap equation foru current mass and chiral limitmu = 0, and
pion mass computed from the Bethe-Salpeter equation atT = 0.
The results are obtained withαIR = 0.93π and (in GeV)Λir =
0.24 , Λuv = 0.905. (These parameters take the values determined
in the spectrum calculation of Ref. [48]; isospin symmetry is as-
sumed).

mu M0 M mπ

0.007 GeV 0.356 GeV 24.3 GeV 0.140 GeV

Mesons are studied through the Bethe-Salpeter equation,
the relativistic bound-state problem for hadrons. This equa-
tion is characterized by two valence-quarks [59],

[Γ(k;P )]tu =
∫

d4q

(2π)4
[χ(q; P )]srKrs

tu(q, k; P ) , (6)

where [Γ(k; P )]tu represents the bound-state BSA and
χ(q; P ) = S(q + P )ΓS(q) is the BS wave-function;r, s, t, u
represent color, flavor and spinor indices; andK is the rel-
evant quark-antiquark scattering kernel. Equation (6) is an
eigenvalue problem: it has a solution forP 2 = −m2

H , where
mH is the mass of any one of the bound-state’s atT = 0.
Solving this equation could be considered as theT = 0 val-
ues of the quark and mesons masses.

In Table I, we show theT = 0 values ofM and M0

computed from Eq. (4) for mf = 7 MeV andmf = 0, and
the pion massmπ obtained from Eq. (6) with the parameters
listed there.

3. Pion at finite temperature

A primary feature of QCD is that light-particle creation
and annihilation effects occur in its non-perturbative region.
In consequence, thinking about computing a potential be-
tween two light quarks to form a bound-state is inconceiv-
able [60, 61]. However, we aim to profit from one asset of
the DSE framework, which is its ability to treat mesons and
baryons on both at zero and nonzero temperature. We ex-
plain some details about the computation of pion mass in this
section.

3.1. Gap Equation

For instance, within the contact interaction model provided
by Eq. (1), theT 6= 0 dressed-quark propagator now is ob-
tained from the following gap equation:

S−1(~p, ωn) = i~γ · ~p + iγ4ωn + mf

+
16παIR

3m2
G

∫

l,dq

γµS(~q, ωl)γµ , (7)

where
∫

l,dq
= T

∑∞
l=−∞

∫
d3~q/(2π)3 andωn = (2n+1)πT

is the fermion Matsubara frequency. Luckly its solution is
similar to Eq. (3),

S−1(~p, ωn) = i~γ · ~p + iγ4ωn + Mf , (8)

and the dressed-quark mass function at finite temperature is:

Mf = mf

+
2αeffMfT

3π3/2

∫ τ̃2
IR

τ2
UV

dτ
e−M2

f τΘ2(0, e−(2πT )2τ )
τ3/2

, (9)

where we have introduced an infrared coupling with temper-
ature dependence

τ̃IR = τIR
Mf (0)
Mf (T )

, (10)
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Mf (0) is provided by Eq. (4), which is the dressed-quark
mass atT = 0 andΘ2(x, y) is the second Jacobi Theta Func-
tion. With the quark propagator, it is possible to compute
the quark-antiquark condensate, which serves as an indicator
parameter to determine chiral symmetry breaking. At finite
temperature, the condensate reads:

−〈ψψ〉 1
3 =

3M(T )T
2π3/2

∫ τ̃2
IR

τ2
UV

dτ

× e−M(T )τΘ2(0, e−4π2T 2τ )
τ3/2

. (11)

It has been seen in Ref [49] that a reduction in the coupling
is reflected in an increase of the ultraviolet cutoff. Consid-
ering this, we see in Eq. (10) that temperature has an effect
in the ultraviolet cutoff,̃τIR increases with temperature. This
indicates that the coupling must be a function of tempera-
ture. However, the objective of this manuscript is not to de-
rive a coupling with temperature dependence, we just propose
a temperature dependence function to determine a variation
in the mass function. Thus, we follow a QCD-like approach
from Ref. [24], and define

αeff(x) =
αeff

1 + α ln(1 + βx)
, (12)

whereα = 1.4, β = 1.33, x = T/ΛQCD, andΛQCD =
300 MeV . The parametersα andβ are fixed to obtain a rea-
sonable description of the lattice average of up and down
quark condensates atT = 0. For the objectives of this
manuscript, the parameters have been slightly changed to
have a notorious decrease in the quark mass function and the
quark-antiquark condensate in the region of study (0.0 – 0.3
GeV). Studies with more justified couplings are planned in
the near future.

In Fig. 1 we show the evolution with temperature of quark
mass function formf = 0.007MeV andmf = 0 MeV. In
both cases, we see a reduction of the dynamic mass after a
certain critical temperature. In particular, in the chiral limit it
is assured that the confining scale vanishes at the chiral sym-

FIGURE 1. Quark Mass Function formf = 7 MeV andmf = 0.

FIGURE 2. Quark-antiquark condensate formf = 7 MeV and
mf = 0.

FIGURE 3. Comparison of quark Mass Function formf = 7 MeV
without (solid curve) and with (dashed curve) the coupling given
by Eq. (12).

FIGURE 4. Quark-antiquark condensate formf = 0 MeV with-
out (solid curve) and with (dashed curve) the coupling given by
Eq. (12).

metry restoration temperature. This could be interpreted as
the transition region of confinement, because the quark shows
its current mass.

This effect is also present in the quark-antiquark con-
densate, provided by Eq. (11), as shown in Fig. 2. It is
notable that in the chiral limit, the condensate vanishes at
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the critical temperature, a result that is consistent with Refs.
[25, 27, 28, 62, 63]. In Fig. 3, we plot the mass equation for
mf = 7 MeV when we include the dependent-temperature
coupling given by Eq. (12) and, in Fig. 4, we show the con-
densate for the chiral limit with and without a temperature
dependent coupling. Here, the effect of the coupling is to
reduce the critical temperature for chiral restoration.

3.2. Bethe-Salpeter equation

At leading order in the symmetry-preserving truncation
scheme of Ref. [64], the Bethe-Salpeter Eq. (6), in the ho-
mogeneous rainbow-ladder prescription takes the form,

ΓH(P ) = −4 αeff

3

∫

l,dt

γµS(t + P )ΓH(P )S(t)γµ , (13)

whereS is obtained from Eq. (7) andP = {~P , 0} is the to-
tal momentum entering the amplitude. For this work, we aim
to study the behavior of the spatially screening mass, so it is
necessary to focus only on the meson’s zeroth Matsubara fre-
quency . The rainbow-ladder truncation is known to provide
reliable results for theT = 0 properties of vector and flavor
non-singlet pseudoscalar mesons [65,66].

The explicit form for the BSE of theπ is readily obtained
following the procedures described in Refs. [49,67,68]. For
the pion we found an obvious analogue of Eqs. (A4)–(A6)
in Ref. [49]. Herein,C01(M) andC02(M) are replaced by
C01(M;T ) and C02(M; T ) respectively. The argument of
these functions is:

M = M(M2, α, Q2
0) = M2 + α(1− α)P 2 . (14)

Given these observations, one can readily express the
pseudoscalar BSE:

[
Eπ(P )
Fπ(P )

]
=

αeff

3π2

[ Kπ
EE Kπ

EF

Kπ
FE Kπ

FF

] [
Eπ(P )
Fπ(P )

]
, (15)

FIGURE 5. Temperature dependence of pion mass with isospin
symmetry. The solid curve is formf = 7 MeV, dash-point curve
is for mf = 0. Pion should become massless after certain tem-
perature, that we could relate with a bound-state dissolution. The
Goldstone boson should be massless for all temperatures, but its
mass increases after the critical temperature.

where the matrix elements are:

Kπ
EE =

∫ 1

0

dα
[
C01(M(M2, α,−m2

π); T )

+ 2α(1− α) m2
π C02(M(M2, α,−m2

π); T )
]
, (16a)

Kπ
EF = −m2

π

∫ 1

0

dα C02(M(M2, α,−m2
π); T ), (16b)

Kπ
FE =

1
2
M2

∫ 1

0

dα C02(M(M2, α,−m2
π); T ), (16c)

Kπ
FF = −2KFE , (16d)

and

C01(M; T ) =
∫ τ2

ir

τ2
uv

dτ e−τM 2Tϑ2(e−τ4π2T 2
)
√

π

τ3/2
, (17)

C02(M; T ) = − d

dM
C01(M; T ) (18)

beingϑ2(x) is a Jacobi theta-function [69].
In Fig. 5, we show the evolution with temperature of pion

mass withmf = 7 MeV and for the Goldstone boson with
mf = 0. We notice that after the critical temperature point,
where the bound-state must cease to exist, the mass of the
bound-state becomes larger with temperature. This behavior
is also present in Lattice studies [45–47], but it is inconsistent
with Chiral Perturbation Theory results [26], where the pion
mass as a function of temperature gets lower as temperature
increases. We will aim to obtain a similar result in a future
study. Additionally, we see that its mass, originally zero, be-
comes larger after the critical temperature point is reached.

Finally, in Fig. 6 we compare the evolution with temper-
ature of pion mass withmf = 7 MeV with and without the
temperature-dependent coupling from Eq. (12). We notice
that the effect of the temperature-dependent coupling is neg-

FIGURE 6. Temperature dependence of pion mass with isospin
symmetry. The solid curve is formf = 7 MeV, dashed curve is
considering a temperature-dependent coupling Eq. (12). In both
cases, the mass increases after the critical temperature point is
reached.
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ligible on the pion mass. This could be an indication that
the coupling strength is not the agent which produces the in-
crease of pion mass after the critical temperature.

4. Conclusions

We studied the effect of temperature of light quark mass
dressed and pion masses. We noticed that temperature has
the effect of restoring chiral symmetry in the quark mass,
leading the quark mass to its current value after the critical
temperature is reached. Surprisingly, despite the fact that the
quark mass diminishes with temperature, we cannot claim
the same about the pion mass. This increases slightly be-
fore the critical temperature, and after the critical tempera-

ture is reached, its mass increases more drastically. However,
this behavior is also present in Lattice studies. In addition,
we do not see any improvement in this behavior if we take a
temperature-dependent coupling. In the future, we are plan-
ning to study the effects of temperatures in the other meson
channels: scalar, vector and axial, and we expect to develop
a model which could show bound-state dissolution after the
critical temperature point.
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