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Geometrical causality: casting Feynman integrals into quantum algorithms
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The calculation of higher-order corrections in quantum field theories is a challenging task. In particular, dealing with multiloop and multileg
Feynman amplitudes leads to severe bottlenecks and a very fast scaling of the computational resources required to perform the calculatior
With the purpose of overcoming these limitations, we discuss efficient strategies based on the loop-tree duality, its manifestly causal repre-
sentation and the underlying geometrical interpretation. In concrete, we exploit the geometrical causal selection rules to define a Hamiltonian
whose ground-state is directly related to the terms contributing to the causal representation. In this way, the problem can be translated into
minimization one and implemented in a quantum computer to search for a potential speed-up.
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1. Introduction Furthermore, the LTD framework was recently reformu-
lated by exploiting the emergence of a causal representa-
: : C : tion from the iterated application of Cauchy’s residue the-
It is a well-known fact that particle physics is going through ) . .
P phy going g orem [19-28]. This representation can be derived from al-

the precision era Most of the theoretical predictions ex- ! .
tracted from the Standard Model (SM) seem compatible witrgeb.“"?'c [29, 30] "?‘er geometrlcal [31, 32] a}pproaches,.thus
avoiding an explicit handling of the resulting expressions

the experimental data, within the estimated errors. Thenf th ted id leulati | foul h
reducing the errors (both from experiment and theory) will rom the nested residue caicuiation. In particutar, we have

allow to test the fundamental parameters of SM and She!iecently shown that the geometrical formalism is suitable to
light into potential new physics signals. From the theorystudy the causal representation of multiloop scattering ampli-

side, reaching more accurate predictions forces us to de<I:\LIldes using quantum computers [33, 34], which might allow

with complex calculations. In particular, in the context of afaster.calcglatlon. ) )

high-energy physics (HEP), this implies the need of higher- N this article, we explain how the geometrical causal rep-
orders in perturbation theory. Then, we must compute multi/€S€ntation of LTD amplitudes is specially suited to imple-
loop Feynman amplitudes and integrate multiparticle phaselent Feynman integral calculations in quantum devices. In

spaces: both operations are plagued of technical bottleneciREC- 2 We present a brief explanation of the LTD framework,
that prevent a straightforward calculation. with special emphasis in the causal representation. Then, in

Sec. 2.1, the connection between graph theory and causal-
In the last decades, a tremendous progress has been dqfgjs outlined through the introduction of the geometrical

regarding Feynman integral calculatighsEven if several  c5,sa| selection rules. Making use of this geometrical con-
drawbacks were solved, breaking the current precision frongents, we explain in Sec. 3 how the causal representation can
tier leads to expressions that are so complicated that theye ootstrapped from the collection of directed acyclic graphs
cannot be efficiently handled by traditional methods. In the(DAGs) and how to detect these graphs with quantum algo-
Qirection of exploring' new strategigs for tackling Feynmanithms |n particular, in Sec. 3.1, we explain how to build
integrals and scattering cross-sections, the Loop-Tree Dus Hamiltonian whose ground-state contains all the possible
ality (LTD) [2-7] was unveiled to connect loop and phase-paGs, and how to find the configurations with minimum en-
space calculations in a natural way. The underlying idea Oérgy using VQE-based algorithms. Finally, in Sec. 4, we

the formalism is to remove the energy component of 100p,resent the conclusions and discuss possible future research
momenta, so that the remaining integration is performegyirections.

in a Euclidean space, resembling a traditional phase-space

integratiori!. With the time, this framework has evolved to

allow efficient asymptotic expansions [9—-12], local numeri-2, Causal Loop-Tree Duality

cal renormalization [13, 14] and local integrand-level repre-

sentations of benchmark NLO cross-sections [15-18], amongs mentioned in the introduction, the LTD formalism allows
other applications in HEP. to decrease one degree of freedom per loop integration when
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considering multiloop multileg scattering amplitudes. If the
energy component is removed, then the resulting integral i

G. F. R. SBORLINI

2.1.
S

Geometry, causality and causal propagators

defined over an Euclidean space (instead of a Minkowskin order to achieve a purely geometrical description of the

one), which transforms loops into phase-space integrals. S
let us start from a generit-loop scattering amplitude with
P external particles in the Feynman representation,

AP = [ M e [[6ra) . @
6.0 i=1
where ¢; with ¢ € {1,...,n} are the momenta flowing

through each Feynman propagat6iy (¢;) = (¢7 — m? +
20)~ ! is the Feynman propagator andrepresents a generic
numerator. By re-writing the Feynman propagators as

1 1

X K
4,0 + qz%)

+
4i,0 — qz(,o)

with q;*o) = \4(]?2 + m? — 10 the positive on-shell energy as-
sociated to the-th internal line, we can compute the nested

residues [20] and add all the terms to obtain [21, 22]
1 n—L
L
Ap) = / 2Nl
00

oeEX i=1
with h,;) = £1. In the previous expressior}\Z‘(’;” are
calledcausal thresholdand they encode any possiﬂpjlays—
ical threshold singularity of the underlying loop scattering
amplitude: 1/ are the so-calledausal propagators It is

Gr(qi) 2

LT
ho (i)
Ao (i)

A=), 3

worth noticing that the causal thresholds only involve sums

of positive on-shell energiese.

> 40 £ o,
p€O;

)\hnu) _

o = )

with P; ; a combination of external momenta energies. The

quantityn in Eq. (3) represents the number of internal mo-
menta sets: two internal momengzandg; are said to belong
to the sets if they depend on the same linear combination of
primitive loop moment&¢,.}. k = n — L is known as the
order of the diagram, and it tells us how many causal thresh-
olds mustbe simultaneously entangled to reproduce all the
possible threshold singularities of the diagram [31, 32]: then,
Y indicates the set of all the allowed causal entangled thresh-
olds. In this way, Eq. [3) is a generalization of the well-
known Cutkosky rules [35] and enables the reconstruction of
the complete amplitude.

Finally, let us notice that the factar, = [], Qq%)
transforms the integration measure frodf/; into ~

gausal LTD representation, it is necessary to introduce some
previous concepts inspired in graph theory. The first obser-
vation is that Feynman diagrams aygented graphsnade

of vertices(codifying the interaction among particles) and
edges(associated to the propagation of virtual states). We
definereduced Feynman graphsy collapsing all the edges
connecting a certain pair of vertices into a singlalti-edge

For the sake of simplicity, in this article, we work at the level
of reduced graphs, so we can unambiguously refenudi-
edgesas simplyedges The way in which vertice¥” are con-
nected through a set of edgésis encoded within the adja-
cency matrixA: (A);; is 1 (—1) if an edge from: to j (j to

1) exists, otherwise it is 0. It is important to highlight that the
causal structure of a given Feynman diagram is completely
determined by its reduced graph and, hence, by its adjacency
matrix [31, 37]. Moreover, we can proof that the order of a
diagram,k = n — L, is directly related to the number of
vertices, namely =V — 1 [31,32].

Given a reduced Feynman graph, we can build all the bi-

nary partitions of connected vertice8$. These binary par-
titions codify all allowed physical thresholds, which originate
when the diagram is split into two consistent connected sub-
graphs. This condition is directly motivated by Cutkosky’s
rules [35]. In this way, given a partitiopn, we define the
conjugated causal thresholds,, by summing all the mo-
menta flowing through the partition. These conjugated causal
thresholds are in one-to-one correspondence with all the pos-
sible \'s appearing in the denominator of E8) (
So, by using only geometrical concepts, we manage to
identify all the elements appearing in the causal LTD mas-
ter formula. The remaining ingredient is the recipe for prop-
erly entangling the causal thresholds. Summarizing Ref. [31],
there are three compatibility rules to be checked:

1. All the edges involved in a causal threshold must carry
momenta flowing in the same direction.

2. Given a combination of causal entangled thresholds, all

the edges must be cut at least once. This means that the

product]‘[f:1 )\h"()“ for every allowedr € ¥ depends
on qu) forall j € E.

ot

3. Causal thresholds do no intersect: if we represent each

Ap by a line delimiting the partitiop, then these lines
do not cross each other.

The first condition turns out to be equivalent to order the mo-
menta of all the edges in such a way that there are no cycles

d?=17;/(2E;), namely the phase-space measure with theloops). In other words, it implies that the graphical repre-
proper normalization. For this reason, the causal LTD for-sentation of a causal entangled threshold corresponds to a
malism is specially suited to tackle the cross-section calcubAG [33].

lation at higher-orders in a completely unified way, without

The geometrical compatibility rules also suggest a pro-

splitting into real (extended phase-space integration) and vireedure to build the causal representation. Given a reduced

tual (extended loop integration) corrections [36].
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Feynman graph, one possibility consists in identifying all the
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associated DAGs. Then, we generate all the causal thresholds With this panorama in mind, and noticing that the iden-
{Ap} by computing all the possible binary connected parti-tification of DAGs is the first step towards the full causal
tions. After that, we dress the previously identified DAGsreconstruction, we decided to explore alternative algorithms
with £ = V — 1 different causal propagators in such a wayin search of a potential speed-up. One of these alternatives
that the resulting combination fulfills (ii) and (iii). Withinthis comprises quantum algorithms. They have been very re-
strategy, the efficient identification of all the possible DAGscently applied to a wide variety of problems in HEP, includ-
of a given Feynman diagram is a crucial step for bootstraping jet reconstruction [38—44], determination of parton densi-
ping a causal LTD representation. ties (PDFs) [45], anomaly detection [46], integration of scat-
tering processes [47—-49], among others. In our case, we de-
cided to implement a Grover-based search algorithm [50, 51]
3. Quantum algorithms and causal flow to identify all the DAGs within a given Feynman diagram. In
Ref. [33], we codify the direction of each edge into a single
When dealing with multileg multiloop scattering amplitudes, qubit. This choice is motivated by Ed2)( since a propa-
the number of vertices and edges of the underlying Feynmagator in the Feynman representation can be understood as a
diagrams scales very fast. As a consequence, the compleguperposition of a particle traveling forward and backward in
ity of the causal representation grows almesponentially  time.
because of the large number of allowed entangled causal In Fig. 1, we present the result of the application of our
thresholds. In particular, having in mind the recipe for ge-algorithm to a four-loop RMLT or pizza topology, which
ometrical reconstruction, at a certain point we would need ta@ontains eight edges and five vertices. In the upper part of the
identify all the possible DAGs of a given reduced Feynmanfigure, we present four representative cyclic configurations
diagram. Since the number of directed graphgfswith dressed with the appropriate causal entangled thresholds (fol-
V < E <V(V —1)/2, there is an exponential number of lowing the recipe presented in Sec. 2.1). The corresponding
configurations to be tested for the acyclicity condition. Forquantum circuit was implemented inQiskit  simulator,
solving this task, there are constructisfassicalalgorithms  and required 35 qubits (including ancillary ones) with tran-
which perform well for sparse graphs. However, when thespiled depth 55. After 700 shots, we reach a 5-sigma dis-
graphs are dense or maximally-connected, the complexity isrimination among cyclic and acyclic states, which allows to
exponential. reach a 100% success rate in the identification of DAGs.

[00000111) [00101101) [01111011) 111110101)

X R X

Four eloops (N>MLT), single four-particle vertex (gasm_simulator, 700 shots)

0.032

39/256 causal/total states

0.024
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FIGURE 1. Representative causal entangled thresholds for a four-lcdgLN or pizza topology (upper plot). Probability distribution
originated by our Grover-based DAG search algorithm that allow to identify the 39 acyclic configurations (out of 256 possible states) with a
100% success rate (lower plot).
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large consumption of quantum resources, which are not
Vs available in current devices. Thus, we decided to ex-
plore another strategy to identify DAGs: the minimization

of a Hamiltonian using Variational Quantum Eigensolvers
(VQE).

The first part of this strategy consisted in building a
Hamiltonian whose ground-state embodies all the DAGs of
a given graph. In order to do so, we rely on the adjacency
matrix. Explicitly, we start by fixing an arbitrary orientation
of all the edges of the graph; we denote®y = (Ey, V)

Vo V3

V1 Vo

479 79 70 -0 el ol o0
Ay N g g D) Ny Ny . ) . . K
this oriented graph. We defing ~ |0) (e; ~ |1)) if the di-
FIGURE 2. Representation of two terms contributing to the loop yection of the edge; is the same (opposite) as @,. Then,
Hamiltonian of a pizza topology. In blue, we indicate the edges in- we introduce the projector operator in a single edgfg’l)

(=

volved in the loop, being the direction of each arrow the associatedd
to Go. In the triangle (left figure), we see that must be reversed

in order to have a closed loop, which is reflected by the inverted
projectorr?.

efined ast? [¢) = |[v) andn} |[¢) = 0if e; is in the same
direction as inGy. With all of these, it is possible to write
the adjacency matrixl as a function ofr operators and we
define the Hamiltonian as

3.1. Hamiltonian formulation for VQE Maq
. . Hg, = ) tr(A"), (5)
The Grover-based algorithm turned out to be very efficient n=1

and provided a certain speed-up w.r.t. classical strategies.
Although the success rate was perfect with a very reducewith M, the maximal size of the cycles @,. The ground-
number of shots, the rapid growth in the number of qubitsstate is composed by all DAGs and has energy 0. For in-

and the need of implementing depth circuits translates into &tance, if we consider a pizza of MLT topology, the Hamil-
|  tonian reads

0.0_0_0 1,111 1.1_0 0.0._0_1_0 0.0 1 1,11 0_1
Hysypr = 4mg m) g w5 + 4w My Ty T3+ 3my Ty Ty + DTy Ty Ty Ty Ty, + 3Ty T4 Ty + DT Ty T3 T4 T

1,110 0.0,_1_0 1,10 0.0,_0_1_0 0.0 0_1 11,01
+dmy Ty Mg + ATy T3 Ty T + 3T T T+ STy Ty T3 Ty W+ Amg T T4 g + Ay T T T

Ome 4 5my i my my wo 43S wh w0 + dmi my wE Y+ And wh wh w0

5

0.0 1 1,1 1
+ 3wy my Mg + Oy My T3 T
+ 3my wg w9 4 5m) 7wl g w8 4+ 5ad Al aQ adwl + 3nd Al wl +and ) wdwl + Am) wy Wl wh

0,0 1 1.1_1_0_1
+ 3wy mg w7 + by Wy My WG e (6)

which is defined w.r.t. the initial orientation drawn in Fig. 2.
In that figure, we present the graphical description of two from O(4%) in the naive VQE toO(90 %) with the im-
concrete terms off, to better explain their meaning. proved multi-run VQE, as reported in Ref. [34] with a set of

G ) .. benchmark topologies.
Once the Hamiltonian is defined, we proceed to mini- polog

mize it using a multi-run VQE strategy, which is an hybrid

classical-quantum algorittfh In the original VQE, we start 4.  Conclusions and outlook

with an ansatz codified into a parameterized quantum circuit,

and we measure the expectation value of the Hamiltonian om this article, we discussed how to use the Loop-Tree Du-
this ansatz. This feeds a classical optimizer which modifieslity (LTD) to cleverly rewrite Feynman integrals, switch-
the value of the parameters and the measure is repeated. Timg from a Minkowski to a Euclidean integration domain.
process is iterated till an approximation to the ground-stat&Ve proved that the nested residues strategy leads to a man-
is found. This procedure works very well for problems with ifestly causal representation of multiloop scattering ampli-
low-degeneration of the ground state. However, the identifitudes. This causal representation can be re-derived by-
cation of DAGs implies solving a multiple-degenerated prob-passing the explicit calculation of the residues applying a set
lem (i.e. there could be up t@” global minima), so we ex- of geometrical rules. In concrete, given a reduced Feynman
ecuted multiple runs of the VQE, collect the solutions foundgraph, we have to identify all the binary connected partitions
and modify the Hamiltonian for the next run by adding pe-(in one-to-one correspondence with the causal thresholds)
nalization terms (to avoid re-finding the already detected soand the associated directed acyclic graphs (DAGS). Then, the
lutions). By means of this strategy, the success rate jumpedset of DAGs isdressedwith the causal propagatofs\; }, in

Supl. Rev. Mex. Fis4 021103
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such a way that only a certain subsetacoimpatiblecausal  scattering amplitudes, potentially allowing to surpass the cur-
entangled thresholds remain. The result of this procedureent limitations of standard classical algorithms in quantum
is Eq. @), namely a master formula describing the causalfield theories.

LTD representation of any multiloop multileg scattering am-
plitude.

Furthermore, it turned out that the geometrical formal-

ism is specially suited for translating the reconstruction ofl would like to thank G. Rodrigo, L. Vale Silva, A.
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Speaker. We refer the interested reader to the very complete re8
view presented in Ref. [1].

We refer the interested reader to the very complete review pre-
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available in Ref. [8].

For a complete review of VQE, we refer the interested reader to
Ref. [52].
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