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Electromagnetic corrections in hadronic tau decays
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We revisit the isospin-breaking and electromagnetic corrections of some hadronic tau decays, which can also be employed to extract the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elementVus. We extend former analyses by Antonelliet al. working with ChPT with reso-
nances. We find that going beyond the Low approximation, these corrections play an important role between theπ−K0 andK−π0 modes.
TheK−K0 channel is also discussed.
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1. Introduction

Semileptonic tau decays are a valuable tool for studying QCD
hadronization at low energies [1,2], as theτ lepton is the only
known lepton that is heavy enough to decay into hadrons.
With the high-precision measurements achieved in recent
years [3–10], one- and two-meson decays of tau leptons have
become increasingly useful for testing new physics scenar-
ios [11-23]. To this end, it is crucial to account for radiative
corrections in the theoretical predictions.

One-meson transitionsτ− → P−ντ (P = K,π)
have been extensively studied [20, 21, 24–26] and are well-
understood thanks to the precise determination of the pion
and kaon decay constants obtained by lattice QCD collab-
orations [27]. Two-meson transitions, on the other hand,
have been examined in detail mainly for theπ−π0 decay
mode [28–31], which is used in the dispersive evaluation of
the leading-order hadronic vacuum polarization contribution
to the muong − 2 [28, 29, 32]. The(Kπ)− decay mode has
also been investigated [33,34] and can be employed to extract
the Cabibbo-Kobayashi-Maskawa matrix.

This paper is organized as follows. In Sec. 1, we discuss
the amplitude for theτ− → P−1 P 0

2 ντγ decays. Some ob-
servables for these decays are presented in Sec. 2. In Sec. 3,
we evaluate the radiative corrections. Finally, our conclu-
sions are presented in Sec. 4.

2. Amplitude for τ− → P −
1 P 0

2 ντγ

The most general amplitude that describes theτ−(P ) →
P−1 (p−)P 0

2 (p0)ντ (q)γ(k) decays reads

M=
eGF V ∗

ud√
2

ε∗µ

[
(V µν−Aµν)ū(q)γν(1−γ5)u(P )

+
Hν(p−, p0)
k2−2k · P ū(q)γν(1−γ5)(mτ+/P−/k)γµu(P )

]
, (1)

whereP1,2 refers to a pseudoscalar meson, and

Hν(p−, p0) = CV F+(t)Qν + CS
∆−0

t
qνF0(t) , (2)

with t = q2, Qν = (p− − p0)ν − (∆−0/t)qν , qnu =
(p− + p0)ν , ∆12 = m2

1 −m2
2 andCV,S is a Clebsch-Gordan

(CG) coefficient. The vector and axial terms in the first line in
Eq. (1) can be split in two parts, structure-independent (SI)
and structure-dependent (SD), in compliance with the Low
and Burnett-Kroll theorems [35,36].

The structure-independent term is given by [29,37]

V µν
SI =

Hν(p− + k, p0)(2p− + k)µ

2k · p− + k2
+

{
−CV F+(t′)− ∆−0

t′
[CSF0(t′)− CV F+(t′)]

}
gµν

− CV
F+(t′)− F+(t)
k · (p− + p0)

Qνqµ +
∆−0

tt′
{2 [CSF0(t′)− CV F+(t′)] − CSt′

k · (p− + p0)
[F0(t′)− F0(t)]

}
qµqν , (3)

wheret′ = (P − q)2.
Hereafter, we will discuss the strange-changing and -conserving modesi.e., K−π0, K̄0π− andK−K0, respectively. The

usual definition ofHν
Kπ [15] is recovered by substitutingp− → pK , p0 → pπ and∆−0 → ∆Kπ for K−π0, andp− → pπ,

p0 → pK , CV,S → −CV,S and ∆−0 → −∆Kπ for K̄0π−. The CG coefficients for these modes areCKπ,K̄π,KK
V,S =

{1/
√

2, 1,−1}.
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FIGURE 1. Vector and axial-vector meson exchange diagrams con-
tributing to theτ− → P−1 P 0

2 ντγ decays atO (
p4

)
. V 0 stands for

the ρ0, ω andφ resonances,V − = K∗− for the Kπ modes and
V − = ρ− for theK−K0 one,A− = K−

1 in K−K0 andK−π0,
andA− = a−1 in π−K̄0.

The structure-dependent (SD) contribution is parameter-
ized by four vector and four axial-vector form factors. These
terms can be written as

V µν
SD = v1(k · p−gµν − kνpµ

−) + v2(k · p0g
µν − kνpµ

0 )

+ v3(k · p0p
µ
− − k · p−pµ

0 )pν
−

+ v4(k · p0p
µ
− − k · p−pµ

0 )(p− + p0 + k)ν , (4)

and

ASD
µν=ia1εµνρσ (p0−p−)ρ

kσ+ia2 (P−q)ν εµρστkρpσ
−pτ

0

+ia3εµνρσkρ(P − q)σ+ia4(p0+k)νεµλρσkλpρ
−pσ

0 , (5)

wherep− andp0 are the momentum of the charged and neu-
tral meson, respectively.

The SD part is evaluated using ChPT with resonances up
to O(p4) [38, 39]. The diagrams contributing to the vector
form factors in Eq. (4) are shown in Fig. 1. The axial form

FIGURE 2. Axial contributions to theτ− → P−1 P 0
2 ντγ decays at

O (
p4

)
.

factors are only saturated by the Wess-Zumino-Witten func-
tional [40,41] since the resonance exchange contribution start
atO(p6). The diagrams that contribute to the axial form fac-
tors are depicted in Fig. 2, as we can see, two diagrams con-
tribute to theK−π0 decay mode while only one contributes
to theK̄π− andK−K0 channels. The full expressions for
thevi andai form factors can be found in Ref. [42].

3. Decay rate and spectrum

The differential rate for these decays in theτ rest frame reads

dΓ =
(2π)4

4mτ

∑

spin

|M|2dΦ4 , (6)

wheredΦ4 is the associated 4-body phase space, and|M|2 is
the unpolarized spin-averaged squared amplitudei.

The branching ratios are depicted in Fig. 3 and summa-
rized in Table I as a function ofEcut

γ . The red dashed line
represents the branching ratio using the amplitude in the Low

TABLE I. Branching ratios Br(τ− → K−π0ντγ) for different values ofEcut
γ . The third column corresponds to the complete bremsstrahlung,

and the fourth to theO (
p4

)
contributions in RχT.

Ecut
γ Low SI RχT

100MeV 3.4× 10−6 3.0× 10−6 3.8(3)× 10−6

BK−π0 300MeV 6.2× 10−7 3.4× 10−7 9.4(3.1)× 10−7

500MeV 7.4× 10−8 3.5× 10−8 3.3(1.8)× 10−7

100MeV 2.6× 10−5 1.4× 10−5 1.6(0)× 10−5

BK̄0π− 300MeV 6.2× 10−6 1.1× 10−6 1.9(2)× 10−6

500MeV 1.0× 10−6 7.1× 10−8 2.4(4)× 10−7

100MeV 5.3× 10−7 3.7× 10−7 9.4(2.6)× 10−7

BK−K0 300MeV 4.8× 10−8 1.9× 10−8 3.1(1.4)× 10−7

500MeV 3.7× 10−10 3.0× 10−10 2.9(1.8)× 10−8

Supl. Rev. Mex. Fis.4 021115
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FIGURE 3. Branching ratio predictions for theτ− → K−π0ντγ (left), theτ− → K̄0π−ντγ (center) and theτ− → K−K0ντγ (right)
decays as a function ofEcut

γ . The solid and dashed line represent theO (
p4

)
corrections usingFV =

√
3F andFV =

√
2F , respectively.

The dotted line represents the bremsstrahlung contribution (SI). The red one corresponds to the Low approximation.

FIGURE 4. TheK−π0 (left), K̄0π− (center) andK−K0 (right) hadronic invariant mass distributions forEcut
γ ≥ 300MeV.

limit, while the dotted one shows the SI prediction with
vi = ai = 0. The solid and dashed lines correspond to
the SD prediction of the branching ratios usingFV =

√
3F ,

GV = F/
√

3 andFA =
√

2F [43–46], andFV =
√

2F ,
GV = F/

√
2 andFA = F [39], respectivelyii. For simplic-

ity, we refer as3F and2F to these two approaches. In the
last column in Table I, we use the3F result as the central
value and the difference with respect to2F as a symmetric
error. As we can see, the Low’s approximation describe very
well this transitions forEcut

γ ≤ 100 MeV.
The corresponding hadronic invariant mass distributions

for Ecut
γ ≥ 300 MeV are shown in Fig. 4. ThēK0π− dis-

tribution shows a large difference between the Low predic-
tion and all the other approaches which is not evident for the
K−π0 case. This difference can be attributed to a sign differ-

ence between thēK0π− andK−π0 modes in the term pro-
portional togµν in Eq. (3). This term is absent in the Low’s
approximation since it is a properlyO(k0) contribution, and
as we mention above, this approximation is not sufficient to
describe these decays for energies above100 MeV. On the
other hand, theK−K0 invariant mass distribution is more
sensitive to SD contributions. All these features make these
decays an excellent probe for testing SD effects. The photon
energy distribution and the SI decay spectrum for different
Ecut

γ are also studied in Ref. [42].

4. Radiative Corrections

The overall differential decay width, which includes the con-
tributions from virtual and real photons, is given by

dΓ
dt

∣∣∣∣
PP (γ)

=
G2

F |VuDF+(0)|2 SEWm3
τ

768π3t3

(
1− t

m2
τ

)2

λ1/2(t,m2
−,m2

0)

×
[
C2

V |F̃+(t)|2
(

1 +
2t

m2
τ

)
λ(t,m2

−,m2
0) + 3C2

S∆2
−0|F̃0(t)|2

]
GEM(t) . (7)

Here, the short-distance electroweak corrections are encoded inSEM [47-54], VuD (D = d, s) refers to the CKM matrix
element andGF is the Fermi constant.

The GEM (t) factor includes the QED corrections to theτ− → P−1 P 0
2 ντ with virtual plus real photon radiationiii. We

split the contributions toGEM (t) in two parts:G(0)
EM (t), which includes the non-radiative with the virtual contribution plus

the leading Low approximation, andδGEM (t), which encodes the remaining contributions to the amplitude. The prediction
for both are depicted in Fig. 5, where model 1/2 describe the factorization prescription of the radiative correction to the form
factorsiv.

Supl. Rev. Mex. Fis.4 021115
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FIGURE 5. Correction factorsG(0)
EM(t) (left) andδGEM(t) (right) to the differential decay rates of theK−π0, K̄0π−, K−K0, andπ−π0

modes from top to bottom.

Integrating upont, we obtain

ΓPP (γ) =
G2

F SEWm5
τ

96π3
|VuDF+(0)|2 Iτ

PP

(
1 + δPP

EM

)2
, (8)

where

Iτ
PP =

1
8m2

τ

m2
τ∫

tthr

dt

t3

(
1− t

m2
τ

)2

λ1/2(t,m2
−,m2

0)
[
C2

V |F̃+(t)|2
(

1 +
2t

m2
τ

)
λ(t,m2

−,m2
0) + 3C2

S∆2
−0|F̃0(t)|2

]
. (9)

These results are summarized in Table II. The second column shows a former estimation of the radiative corrections [33]
which is in agreement with the results for Model 1 and Model 2 in the third and fourth column, respectively. In Ref. [34], an
estimation of the radiative corrections gaveδK̄0π−

EM = δm.i.
EM /2 ' −0.063% which also agrees with our results. The last three

columns represent the remaining contribution usingδGEM (t) in Fig. 5.
The overall contribution is obtained by adding the results fromG

(0)
EM (t) andδGEM (t). Using the outcomes from Model 1

andδGEM (t) with 3F , we get

Supl. Rev. Mex. Fis.4 021115
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TABLE II. Electromagnetic corrections to hadronicτ decays in%.

δEM Ref. [33] G
(0)
EM (t) δGEM (t)

Model 1 Model 2 SI SI + 2F SI + 3F

K−π0 −0.20(20) −0.019 −0.137 −0.001 +0.006 +0.010

K̄0π− −0.15(20) −0.086 −0.208 −0.098 −0.085 −0.080

K−K0 − −0.046 −0.223 −0.012 +0.003 +0.016

π−π0 − −0.196 −0.363 −0.010 −0.002 +0.010

δK−π0

EM = − (
0.009+0.008

−0.118

)
%,

δK̄0π−
EM = − (

0.166+0.010
−0.122

)
%,

δK−K0

EM = − (
0.030+0.026

−0.179

)
%, (10)

where the main asymmetric uncertainty comes from the dif-
ference between model 1 and 2. Additionally, we take the
difference between the2F and3F results as a symmetric er-
ror for our model-dependence.

Finally, we can use the results for theπ−π0 decay mode
in Ref. [29] to get

δπ−π0

EM = − (
0.186+0.024

−0.169

)
%, (11)

which is in agreement with the value reported in Ref. [32],
δπ−π0

EM ' −0.08%, using the VMD model for the SD contri-
bution.

5. Conclusions

At the current level of precision achieved in semileptonic tau
decays, radiative corrections are required to test the SM and
to extract information about NP.

In this work, we investigate the electromagnetic correc-
tions to the hadronic tau decays. Specifically, we present
a new calculation of the long-distance radiative corrections
to the τ− → (P1P2)−ντ decays for theK−π0, K̄0π−

andK−K0 decay modesv. Although the model-independent
contribution of these corrections was already available for
theKπ modes, a survey of the structure-dependent one was
missing in the literature. Our results, which align with prior
estimates for the(Kπ)− decay channels, bridge this gap and
decrease the uncertainty by a factor approximately2, en-
abling more precise tests of NP.
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i. Further details can be found in Ref. [42].

ii. The former corresponds to the constraints from up to 3-Green
functions which includes operators that contribute atO(p6) in
RχT, while the second are the constraints from just 2-Green
functions.

iii. GEM (t) was originally studied in Ref. [29] using RχT at
O(p4) and recently atO(p6) in Ref. [31] for theπ−π0 decay
mode. Additionally, a reevaluation ofGEM (t) for these decays
was performed in Ref. [30, 32] using a Vector Meson Domi-
nance (VMD) model [55].

iv. See Eqs. (4.2)-(4.3) in Ref. [42] for further details.

v. Additionally, an estimation of the radiative corrections to
the K−η(′) modes using onlyG

(0)
EM (t) gave δK−η

EM =

− (
0.026+0.024

−0.162

)
% andδK−η′

EM = − (
0.304+0.380

−0.030

)
% [42].
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17. S. Gonźalez-Soĺıs, et al., Effective-field theory analysis of the
decays,Phys. Rev. D101 (2020) 034010,https://doi.
org/10.1103/PhysRevD.101.034010 .
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